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PREFACE 





Analytic Geometry, Third Edition, designed for students with a reasonably sound 
background in algebra and trigonometry, contains more than enough material for a 
three-semester-hour or five-quarter-hour course in analytic geometry. 

As in the previous editions, my aim has been to write a text that students find to be 
interesting, clear and readable, and that instructors find will enhance their presenta- 
tions of the material. Several changes have been made in this edition to further this 
aim. Although the vector approach of the previous editions has been retained, it has 
been supplemented with a nonvector approach to the same material. Thus the instruc- 
tor has the option of taking either approach without having to depart from the text. 

Although most of the problems have remained from the second edition, there have 
been several changes with regard to them. Of the few changes in the problems them- 
selves, most have been to simplify problems with tediously difficult arithmetic. Re- 
view problems have been added to each chapter; students find these to be helpful in 
studying for examinations. In addition, most problem sets have been divided into three 
sections labeled A, B, and C. Section A consists of routine problems that every student 
can be expected to master. Those of section B are less routine but still not a great chal- 
lenge. The average student can be expected to master most of them. The C problems 
present something of a challenge; only the better students can be expected to work 
them. Of course, any such system of classification must be very subjective; it should 
be considered to be a rough guide only. Finally, another change with regard to the prob- 
lems is that answers are provided to al/ odd-numbered problems. In some cases (for 
example, when a problem asks the student to prove something analytically), the answer 
given is a complete solution of the problem. While some students are certainly going 
to look up the solution rather than working such problems, it is hoped that the majority 
will look upon them as an aid to check their own work and to help them with solutions 
to the even-numbered problems. 

Other improvements are: many more worked examples; more explanation and im- 
proved graphs in solid analytic geometry; several results that had previously not stood 
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out on the page have been put into theorem form (Theorems 9.2, 10.34, and 10.35) 
to emphasize their importance; the introduction to the chapter on conic sections has 
been completely rewritten and expanded to give a smoother transition into that ma- 
terial; the chapters on polar coordinates and parametric equations have been combined; 
and the section on translation has been divided into two sections, one devoted entirely 
to the translation of conic sections, and the other to more general translations. 
Finally, since there is clearly more material here than can be covered in a three- 
semester-hour or five-quarter-hour course, we are presented with the problem of what 
to omit. There are several sections that are clearly intended as enrichment material 
that might be assigned to some of the better students. Included in this category are 
Sections 3.5, 5.5, and 5.6. The first of these, Section 3.5, is intended to give a pre- 
view of an application that the student is likely to encounter in other courses in 
chemistry, physics, or engineering. Another group of topics includes material that 
is covered elsewhere—either in this course or another. For example, Section 1.8 
helps to tie together the two main problems of analytic geometry; but the material 1s 
covered in Chapters 3, 4, and 5. Similarly, the graphs of the transcendental curves, 
while important, are covered in courses in trigonometry and calculus. Finally, there 1s 
material that is simply less important. Again any such judgment is quite subjective, 
and the following should be taken as a rough guideline only. The following suggested 
coverage 1s for a semester or quarter of 45 class days. It allows for 6 days for exam- 
inations and review and 2 days for the inevitable loss of time at the beginning and 
end of the semester or quarter. This leaves 37 days to cover the material listed below. 


Chapter Sections 
l 1-7 
2 1-3 
3 1-3 
4 1-2 
5 1-4 
6 1, 3,4 
7 1-4 
9 1-4, 6 
10 1-6, 8-10 


My thanks go to William E. Bradkin, American River College; Clifton F. Gary, 
Oscar Rose Junior College; Larry F. Heath, University of Texas at Arlington; and 
Harold Huneke, University of Oklahoma at Norman, for their many helpful sug- 
gestions. 
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PLANE ANALYTIC 
GEOMETRY 


1.1 
THE CARTESIAN PLANE 


Analytic geometry provides a bridge between algebra and geometry that makes it 
possible for geometric problems to be solved algebraically (or analytically). It also 
allows us to solve algebraic problems geometrically, but the former is far more im- 
portant, especially when numbers are assigned to essentially geometric concepts. 
Consider, for instance, the length of a line segment or the angle between two lines. 
Even if the lines and points in question are accurately known, the number repre- 
senting the length of a segment or the angle between two lines can be determined 
only approximately by measurement. Algebraic methods provide an exact deter- 
mination of the number. 

The association between the algebra and geometry is made by assigning num- 
bers to points. Suppose we look at this assignment of numbers to the points on a 
line. First of all, we select a pair of points, O and P, on the line, as shown in Figure 
1.1. The point O, which we call the origin, is assigned the number zero, and the 
point P is assigned the number one. Using OP as our unit of length,* we assign 
numbers to all other points on the line in the following way: Q on the P side of the 
Origin is assigned the positive number x if and only if its distance from the origin 
is x. A point Q on the opposite side of the origin is assigned the negative number 
—x if and only if its distance from the origin is x units. In this way every point on 
the line is assigned a real number, and for each real number there corresponds a 
point on the line. 

Thus, a scale is established on the line, which we now call a coordinate line. The 
number representing a given point is called the coordinate of that point, and the 
point is called the graph of the number. 

Just as points on a line (a one-dimensional space) are represented by single 
numbers, points in a plane (a two-dimensional space) can be represented by pairs 


*We shall use the notation AB for the line segment joining the points A and B, and AB for its length. 


2 1 Plane Analytic Geometry 


O P QO 
—o_______—_—_____—_-6—____—_____—__-o_—__> 
—X 0 I x 

ag 

Unit of 

length 


ee 
Distance x Distance x 


Figure 1.1 


of numbers. Later we shall see that points in a three-dimensional space can be rep- 
resented by triples of numbers. 

In order to represent points in a plane by pairs of numbers, we select two inter- 
secting lines and establish a scale on each line, as shown in Figure 1.2. The point 
of intersection is the origin. These two lines, called the axes, are distinguished by 
identifying symbols (usually by the letters x and y). For a given point P in the 
plane, there corresponds a point P, on the x axis. It is the point of intersection of 
the x axis and the line containing P and parallel to the y axis. (If P is on the y» axis, 
this line coincides with the y axis.) Similarly, there exists a point P, on the y axis 
which is the point of intersection of the y axis and the line through P that parallels 
(or is) the x axis. The coordinates of these two points on the axes are the coordi- 
nates of P. If ais the coordinate of P, and bis the coordinate of P,, then the point 
P is represented by (a, 6). In this example, a is called the x coordinate, or abscissa, 
of P and bis the y coordinate, or ordinate, of P. 

In a coordinate plane, the following conventions normally apply: 


|. The axes are taken to be perpendicular to each other. 





Figure 1.2 
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2. The x axis is a horizontal line with the positive coordinates to the right of the 
origin, and the } axis is a vertical line with the positive coordinates above the 
origin. 


3. The same scale is used on both axes. 


These conventions, of course, need not be followed when others are more con- 
venient. We shall violate the third rather frequently when considering figures that 
would be very difficult to sketch if we insisted upon using the same scale on both 
axes. In such cases, we shall feel free to use different scales, remembering that we 
have distorted the figure in the process. Unless a departure from convention is 
specifically stated or is obvious from the context, we shall always follow the first 
two conventions. 

We can now identify the coordinates of the points in Figure 1.3. Note that all 
points on the x axis have the y coordinate zero, while those on the y axis have the 
x coordinate zero. The origin has both coordinates zero, since it 1s on both axes. 

The axes separate the plane into four regions, called quadrants. It 1s convenient 
to identify them by the numbers shown in Figure 1.4. The points on the axes are 
not in any quadrant. 





y 
34(0, 3) 
(-1,2)° 2 °(2,2) 
1$(0, 1) o(3, 1) : 
(0,0) (2,0) 
II I 
o(—3, -2) —24(0, -2) ° 
(-2,-3)e 3 °(2, -3) HI IV 
Figure 1.3 Figure 1.4 


The coordinates of a point determined in this way are sometimes called carte- 
sian coordinates, after the French mathematician and philosopher René Descartes. 
In the appendix of a book published in 1637, Descartes gave the first description 
of analytic geometry. From it came the developments that eventually led to the in- 
vention of the calculus. 
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1.2 
DISTANCE FORMULA 


Suppose we consider the distance between two points on a coordinate line. Let P, 
and P, be two points on a line, and let them have coordinates x, and x, respec- 
tively. If P, and P, are both to the right of the origin, with P, farther right than 


x, Xe 
x 
O P, P, 
(a) 
x; Xe iz 
(b) 
x; Xe 
P, O P, 
(c) 
Figure 1.5 


P, (as in Figure |.5a), then 
P,P, = OP, — OP, = x. -— X. 


Expressing the distance between two points is only slightly more complicated if 
the origin is to the right of one or both of the points. In Figure 1.5b, 


P,P, = PO ~- P,O = — x, -(-x)) = x) - X1, 
and in Figure 1|.5c, 
P.P,-= PO 4 OPPs 2 20 EF = XS Nic 


Thus, we see that P, P; = x, — x, in all three of these cases in which P, is to the 
right of P,. If P, were to the left of P,, then 


P,P, = xX, — x, 


as can be easily verified. Thus, P; P, can always be represented as the larger coordinate 
minus the smaller. Since x. — x, and x, — x, differ only in that one is the negative of 
the other and since distance is always nonnegative, we see that P, P, is the difference 
that is nonnegative. Thus, 





Theorem 1.1 
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This form is especially convenient when the relative positions of P; and P, are un- 
known. However, since absolute values are sometimes rather bothersome, we will 
avoid them whenever the relative positions of P, and P, are known. 

Let us now turn our attention to the more difficult problem of finding the dis- 
tance between two points in the plane. Suppose we are interested in the distance 
between P, = (x,,y,;) and P, = (x2, yz) (see Figure 1.6). A vertical line is drawn 





P.(%, y) 





P, (Xo, Yo) 





Q(x, Yo) 


Figure 1.6 


through P, and a horizontal line through P, intersecting at a point 0 = (x), y>). 
Assuming P, and P, are not on the same horizontal or vertical line, P, P,Q forms 
a right triangle with the right angle at 0. Now we can use the Theorem of Pythag- 
oras to determine the length of P, P). By the previous discussion, 
OP,=|x.-x,| and POQ=\|y- yi! 

(the absolute values are retained here, since we want the resulting formula to hold 
for any choice of P, and P,, not merely for the one shown in Figure 1.6). Now by 
the Pythagorean theorem, 


PP = Vix, - xl? + lye - vil’. 


But, since | x, — x, |? = (x. — x,)*? = (x; — x2)’, the absolute values may be 
dropped and we have 


PP, = V(x2 — x1)’ + (2 — yi)’. 


Thus we have proved the following theorem. 


The distance between two points P, = (x,,y,) and Py = (X2,y2) is 


P, P; = V(X. -— x1) + (2 - yi)’. 


Example 1 


Solution 
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In deriving this formula, we assumed that P, and P, are not on the same hori- 
zontal or vertical line; however, the formula holds even in these cases. For exam- 
ple, if P, and P, are on the same horizontal line, then y, = y, and y, — y, = O. 
Thus, 


PP, = V(x. -x1)? = |x. — x1]. 


Note that V(x, — x,)* is not always x, — x,. Since the symbol Vv indicates the 
nonnegative square root, we see that if x, — x, is negative, then V(x) — x,)’ is 
not equal to x, — x, but, rather, equals | x, — x, |. Suppose, for example, that 
x) -x, = -5. Then V(x, - x)? = V(-5) = V25 = 5 = |x. - x1. 

Theorem 1.1 depends upon the convention that the axes are perpendicular. If 
this convention is not followed, Theorem 1.1 cannot be used, but another more 
general formula based on the law of cosines can be derived. However, we shall not 
derive it here, since the convention of using perpendicular axes is so widely 
observed. 





Find the distance between P, = (1,4) and P, = (—3, 2). 


PP; = V(-3 - 1)? + (2 - 4 = 2V5 





Figure 1.7 


Example 2 


Solution 


Example 3 


Solution 
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Determine whether A = (1,7), B = (0,3),and C = (—2, —5) are collinear. 


VO = OI = wit 
(-2 -— 0)? + (-5 — 3)? = V68 = 2V/17 
V(-2 — 1)? + (-5 - 7)? = V153 = 3V17 
Since AC = AB + BC, the three points must be collinear (Figure |.7a). If they 


were not, they would form a triangle and any one side would be less than the sum 
of the other two (Figure |.7b). 


mam &, & 
“| Al bl 
ll 


Show that (1, 2), (4, 7), (—6, 13), and (—9, 8) 
are the vertices of a rectangle. 


The points are plotted in Figure 1.8. Let us 
check lengths. 


PP, = V(4 — 1)? + (7 - 2)? = V34 
PP, = V(-9 + 6 + (8 — 13P = V34 
P,P, = V(-6 — 4) + (13 — 7) = V/136 
P,P, = V(1 + 92 + (2 — 87 = V136 


Although P,P, = P;P,and P,P; = P,P,, we 
are not justified in saying that we have a rec- 
tangle: we can merely conclude that we have 
a parallelogram. But if the diagonals of a 
parallelogram are equal, then the parallelo- 
gram 1s a rectangle (see Problem 30). Let us Figure 1.8 
then consider the lengths of the diagonals. 





P,P, = V(-6-ly + (13 — 27 = V170 
PyP, = V(-9-4F + (8 — TF = V170 


Since the parallelogram has equal diagonals, 
we may conclude that it 1s a rectangle. 


A second method of verifying that the parallelogram 1s a rectangle is to establish that 
one of the interior angles is a right angle. We can do this by the converse of the 
Pythagorean Theorem, which states that if AB? + BC* = AC’, then ABC is a right 
triangle with right angle at B. Thus, instead of finding the lengths of both diagonals, 
we find only one, say P,P, = V170. It is then a simple matter to verify that 
P,P; = P,P, + P,P,’, showing that the angle at P, is 90°. 














Example 4 


Solution 
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When we use the methods of analytic geometry to prove geometric theorems, 
such proofs are called analytic proofs. When carrying out analytic proofs, we 
should recall that a plane does not come fully equipped with coordinate axes— 
they are imposed upon the plane to make the transition from geometry to algebra. 
Thus, we are free to place the axes in any position we choose in relation to the 
given figure. We place them in a way that makes the algebra as simple as possible. 


Prove analytically that the diagonals of a 
rectangle are equal. 


First we place the axes in a convenient po- y 
sition, Let us put the x axis on one side of 

the rectangle and the y axis on another, as 
illustrated in Figure 1.9. Since we have a 

rectangle, the coordinates of B and D de- D(0,b) 
termine those of C. 


AC = V(a—- 0% + (6-0 = Va +B 
BD = V(0 - a)’ + (b-0Y = V@ +b 


Since AC = BD, the theorem is proved. 






A(0,0) 


Figure 1.9 
PROBLEMS 
In Problems 1-8, find the distance between the given points. 
1. (1, —3), (2. 5) 2. (4, 13), (—1, 5) 3. (3, —2), (3, -—4) 
4. (-5, 1), (0, — 10) 3. (1253/2) =5/ 2,2) 6. (2/3, 1/3), (—4/3, 4/3) 


7. (V2, 1), (22, 3) 8. (13, —- V2), (-3-V73, V2) 


In Problems 9-14, determine whether the three given points are collinear. 


9. (2,1), (4, 3), (-—1, -2) 

10. (3.2), (4,6), (0, —8) 
N23) = 2): 5) 

12. (2, -—1), (-1, 4), (5, —6) 

13. (1, -1), (3, 3), (0, —3) 

14. (1, V2), (4, 3V’2), (10, 6V2) 
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In Problems 15-18, determine whether the three given points are the vertices of a right triangle. 


15. 


16. 
17. 
18. 


(0, 2), (—2. 4), (I. 3) 


(—1, 3), (4, 6), (-3, 1) 
(9, 6), (—5, 4), (7, 10) 
(9, —2), (8, 0). (—6. —7) 


In Problems 19-22, find the unknown quantity. 


19. 
20. 
21. 
22. 


23. 


24. 
25. 
26. 


27. 


28. 


29. 


30. 


P, = (1,5) Pp = (x.2) PPP) = 5 
P, = (-3.4), Py = (9,2), Pp P) = 13 
P, = (x.x). Pp = (1.4). PPP) = V5 


P, = (x,2x), Pp = (2x, 1), P, P, = V2 


Show that (5, 2) 1s on the perpendicular bisector of the segment AB where A = (1, 3) 
and B = (4, —2). 


Show that (—2, 4), (2, 0), (2. 8), and (6, 4) are the vertices of a square. 
Show that (1, 1), (4, 1), (3, —2), and (0, —2) are the vertices of a parallelogram. 


Find all possible values for y so that (5,8), (—4, 11), and (2, y) are the vertices of 
a right triangle. 
Determine whether each of the following points is inside, on, or outside the circle 


with center (—2,3) and radius 5: (1,7), (—3,8), (2,0), (-5.7), (0,-1), (—5, -1), 
(—6, 6), (4, 2). 


Find the center and radius of the circle circumscribed about the triangle with vertices 
(5,1), (6,0), and(—1, —7). 


Show that a triangle with vertices (x,, »), (x2, y2), and (x3, y3) has area 
| 
5 | Xih2 + X2¥3 + XV — XV; — XM — X3)2 | 
| m OM l 
= lei Ae NS l 
2 eae 
Yr, V3 l 


[ Hint: Consider the rectangle with sides parallel to the coordinate axes and contain- 
ing the vertices of the triangle. ] 


Prove analytically that if the diagonals of a parallelogram are equal, then the parallelo- 
gram is a rectangle. [Hint: Place the axes as shown in Figure 1.10 (page 10) and show that 
AC = BD implies that A is the origin.] 
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Figure 1.10 


31. Prove analytically that the sum of the lengths of two sides of a triangle is greater than 
the length of the third side. 


1.3 
POINT-OF-DIVISION FORMULAS 


Suppose we want to find the point which 1s some fraction of the way from A to B. 
Is it possible to express the coordinates of the point we want in terms of the co- 
ordinates of A and B? Let A = (x,,y,) and B = (x,y) be given and let 
P = (x,y) be the point we are seeking. If we let 


AP 
C= == 
AB 


(see Figure |.11), then Pis 1/3 of the way from A to B when r = 1/3, P is 4/5 of 
the way from A to B when rr = 4/5, and so on. Thus we generalize the problem to 
one in which x and y are to be expressed in terms of x,, y,, X2, y2, and r. 
The problem can be simplified considerably by working with the x’s and y’s 
separately. 

If A, B, and P are projected onto the x axis (see Figure 1.11) to give the points 
A,, B,, and P,, respectively, we have, from elementary geometry, 








Solving for x gives 


By projecting onto the y axis, we have 


y=yh+r(y2 - ji). 


Theorem 1.2 


1.3 Point-of-Division Formulas 11 







» B(x, yz) 


:P(x, y) 










:A(M, y) 





: . . x 
A (x, 0) P(x, 0) BX, 0) 


Figure 1.11 


These two results, known as point-of-division formulas, are stated in the follow- 
ing theorem. 


IfA =(x,,¥,), B = (x2,y2), and P is a point such that r = AP/AB, then the co- 


ordinates of P are 


X =X, + r(X2 -— X)) and y=aye+r(yr2 - V1). 


Figure 1.12 gives a geometric interpretation of the terms in the point-of-division 
formula for x. A careful examination of this figure will help you to understand and 


B(x», yo) 





Figure 1.12 


Example 1 


Solution 


Example 2 


Solution 
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remember the formulas. Note that if B is to the left of A, x. — x, is negative, but 
it has the same absolute value as the distance between the projections of A and B 
on the x axis. You might sketch this and compare your sketch with Figure 1.12. Of 
course, a similar figure can be used to interpret the y terms of the point-of-division 
formula. 


Find the point one-third of the way 
from A = (2,5)to B = (8, —1). 


_AP_| ¥ 
AB 3 
x =x, + r(% - X)) 
| 
= 2 —~ (8 -— 2 
He ak ) 
= 4 


y=uetr(yr - V1) 





] 
5 TAenlp cae 
gs ) 


=.) 


Figure 1.13 


Thus the desired point is (4, 3) (see 
Figure 1.13). 


So far we have tacitly assumed that ris between 0 and 1. If ris either 0 or 1, the 
point-of-division formulas would give us P = A or P = B, respectively, a result 
that r = AP/AB would lead us to expect. Similarly, if r > 1, then r = AP/AB 
indicates AP > AB, which is exactly what the point-of-division formulas give. 
Thus if we wanted to extend the segment AB beyond B to a point P which is r 
times as far from A as B is, we could still use the point-of-division formulas. 


If the segment AB, where A = (—3,1) and B = (2,5), is extended beyond B to a 
point P twice as far from A as B 1s (see Figure 1.14), find P. 


(= = 2 
X= xX, + r(x. - X) y=y+r(y2 - yi) 
= —3 + 2{2 - (-3)] = 1 + 2(5 —- 1) 
=: 5] = 9 
Thus P = (7,9). 


While negative values of r do not make sense in r = AP/AB, we find that their 
use in the point-of-division formulas has the effect of extending the segment AB in 
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the reverse direction—that is, from B through A to P. Suppose, for example, that 


r = —2. Then AP is twice AB, and P and B are on opposite sides of A. However, 
we can get the same result by reversing the roles of A and B and using a positive 
value of r. 
y 
P 
8 
6 
B(2,5) 
4 
4 
A(—3,1) 2 
0 X 
2 2 4 6 
Figure 1.14 


Example3 Given the segment AB, where A = (-3, 1) 
and B = (2,5), is extended beyond A toa 


point P twice as far from B as 4 is (see Figure 
1.15); find P. 


Solution Suppose we use a negative value of r. Since 
AP = ABwith A between P and B, 


Therefore 
xX =X, + r(x. — x) 
= -3 — 1[2 - (-3)] 
= -—8 





y=yt+r(yr2 - yi) 


= | —- 1(5 - 1) Figure 1.15 
= —3 


Thus P = (—8, —3). 
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Reversing the roles of A and B, we have 


pee laD RatagieOs). wan Aa tee eau: 
BA 
X= xX, + 7(X. - xX) y=yt+r(yo2 - vy) 
= 2+ 2(-3 —- 2) = 5+ 2(1 — 5) 
Sos = —3 


and P = (—8, —3), as before. 


One very important special case of the point-of-division formulas arises when 
r = |/2, which gives the midpoint of the segment AB. Using the point-of-division 
formulas, we have the following theorem. 


Theorem 1.3 If P is the midpoint of AB, then the coordinates of P are 


X, + X) Vit y2 
x = ——— and eee 
D ; D 


Thus, to find the midpoint of a segment AB, we merely average both the x and » 
coordinates of the given points. A moment of thought will reveal the reasonable- 
ness of this; the average of two grades is halfway between them, the average of two 
temperatures is halfway between them, and so forth. 


Example 4 ‘Find the midpoint of the segment AB, where A = (1,5) and B = (—3,-1). 





Solution _ xX + X) oe y\ + y2 
aa: fo G 
_1-3 2 Sd 
2 2 
= — = 2 


Thus P = (—1, 2). 


Example 5 = Prove analytically that the segment joining the midpoints of two sides of a triangle 
is parallel to the third side and one-half its length. 


Solution 
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Let us place the axes as indicated in Figure y 
1.16 and let D and E be the midpoints of 
AC and BC, respectively. By the midpoint 
formula, D = (a/2,c/2)and E = 
(b/2,c/2). Since D and E have identical y 
coordinates, DE is horizontal and there- 
for parallel to AB. Finally DE = b/2 — 
a/2 = (b — a)/2and AB = 6b — a;thus 
DE = AB/2. 





Figure 1.16 


PROBLEMS 


In Problems \ 6, find the point P such thatAP/AB = r. 


(4,—2),B = (-2, -5)r = 2/3 
(2,4), B = (-5,2),r = 2/5 
(-6,2),B = (4.4),r = 5/2 


= 
e 
lI 


(3.4), B = (7,0),r = 1/4 2. A 
3. ASS AIR EH HAS) re TS aA 
(-4.1) B = (3,8)7 = 3 


In Problems 7 10, find the midpoint of the segment AB. 


(—3,3),B 
(-1,4),B 


(1.5) 
(0, 2) 


7. A = (5, -2).B = (- 1,4) 8. A 
9. A = (4,.-1),B = (3,3) 10. A 


Il. If A = (3,5), P = (6,2),andAP/AB = 1/3, find B. 
12. If P = (4.7). B = (2. -1),and AP/AB = 2/5, find A. 
13. If P = (2. -5),B = (4, -3),andAP/AB = 1/2, find A. 


14. If A = (3.3). P = (5,2), and AP/AB = 3/5, find B. 


In Problems 15 18, find the point P between A and B such that AB is divided in the given 
ratto. 


15. A = (5.-3),B = (-1,6),AP/PB = 1/2 
16. A = (-1.-3).B = (-8.11),AP/PB = 3/4 


16 


17. 
18. 


19. 
20. 


21. 


22. 
23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 
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A = (2,-1),B = (4,5), AP/PB = 2/3 

A = (5,8),B = (2,-1),AP/PB = 5/\ 

If P = (4, —1)is the midpoint of the segment AB, where A = (2,5), find B. 

Find the center and radius of the circle circumscribed about the right triangle with 


vertices (1, 1), (1, 4), and (7, 4). 

Find the point of intersection of the medians of the triangle with vertices (5, 2), (0, 4), and 
(—1, —1). (See Problem 26.) 

Prove analytically that the diagonals of a parallelogram bisect each other. 

Find the point of intersection of the diagonals of the parallelogram with vertices (1, 1), 
(4,1), (3, —2), and (0, — 2). 

Prove analytically that the midpoint of the hypotenuse of a right triangle is equidistant 
from the three vertices. 


Prove analytically that the vertex and the midpoints of the three sides of an isosceles 
triangle are the vertices of a rhombus. 


Prove analyticallv that the medians of a triangle are concurrent at a point two-thirds of 
the way from each vertex to the midpoint of the opposite side. 


The point (1, 4) is at a distance 5 from the midpoint of the segment joining (3, —2) and 
(x, 4). Find x. 


The midpoints of the sides of a triangle are (—1, 3), (1, —2), and (5, —3). Find the 
vertices. 


Three vertices of a parallelogram are (2,5), (—7,1), and (4, —6). Find the fourth 
vertex. (Hint: There is more than one solution. Sketch all possible parallelograms 
using the three given vertices. | 


Show that if a triangle has vertices (x1, y1), (%2, 2), and (x3, 3), then the point of inter- 
section of its medians Is 


Xy; + X2 + X3 Vi + V2 + V3 
3 3 


Prove analytically that the sum of the squares of the four sides of a parallelogram 1s 
equal to the sum of the squares of the two diagonals. 


INCLINATION AND SLOPE 


An important concept in the description of a line and one that is used quite ex- 
tensively throughout calculus has to do with the inclination of a line. First let us 
recall the convention from trigonometry which states that angles measured in the 
counterclockwise direction are positive, while those measured in the clockwise 
direction are negative. Thus we have the following definition. 


Definition 


Definition 


1.4 Inclination and Slope 17 


The inclination of a line that intersects the x axis is the measure of the smallest 
nonnegative angle which the line makes with the positive end of the x axis. The in- 
clination of a line parallel to the x axis is 0. 


We shall use the symbol @ to represent an inclination. The inclination of a line 
is always less than 180°, or w radians, and every line has an inclination. Thus, for 
any line, 


0° < 6 < 180° or O<d< fT. 


Figure 1.17 shows several lines with their inclinations. Note that the angular 
measure is given in both degrees and radians. Although there 1s no reason to show 
preference for one over the other at this time, radian measure 1s the preferred way 
of representing an angle in more advanced courses. 


y 
0° =0 
Qn 
120° = = 
45° = = * IK 90° = 2 135° = = 
4 2 4 
x 
Figure 1.17 


While the inclination of a line may seem like a simple representation, we can- 
not, in general, ind a simple relationship between the inclination of a line and the 
coordinates of points on it without resorting to tables of trigonometric functions. 
Thus, we consider another expression related to the inclination --namely, the slope 
of a line. 


The slope m of a line is the tangent of the inclination, thus, 


mr = tan. 


While it is possible for two different angles to have the same tangent, it Is not 
possible for lines having two different inclinations to have the same slope. The 
reason for this is the restriction on the inclination, O° < @ < 180°. Nevertheless, 
one minor problem does arise from the use of slope since the tangent of 90° is not 
defined. Thus vertical lines have inclination 90° but no slope. Do not confuse “‘no 
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slope’ with ‘‘zero slope.”’ A horizontal line definitely has a slope and that slope 
is the number 0, but there is no number at all (not even 0) which is the slope of a 
vertical line. Some might object to this nonexistence of tan 90° by saying that it is 
“infinity,” or ‘“‘ 2 .”” However, infinity is not a number. Also, while the symbol x 
is quite useful in calculus when dealing with limits, its use in algebra or in an 
algebraic development of trigonometry leads to trouble. 

While the nonexistence of the slope of certain lines is somewhat bothersome, it 
is more than counterbalanced by the simple relationship between the slope and the 
coordinates of a pair of points on the line. Recall that if @ is as shown in either of 





(b) 


Figure 1.18 


the two positions in Figure 1.18, then 


tan@ = 


IS 


Unfortunately, the lines with which we are dealing are not always so conveniently 
placed. Suppose we have a line with a pair of points, P, = (x,,y,) and P, = 
(X>, ¥2), On it (see Figure 1.19). If we place a pair of axes parallel to the old axes, 
with P, as the new origin, then the coordinates of P, with respect to this new co- 
ordinate system are x = x) — x, and y = y,) — y;. Now @ is situated in a 
position that allows us to use the definition of tan @ and state the following 
theorem. 


Theorem 1.4 A line through P, = (x,,y,) and P, = (x2, 2), where x; # X2, has slope 


VITA 3 VV ee 


n= SS 


X2 — X| X; — X2. 
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y y 
A 
P2(X2, Yo) 











P2(X2, Y2) 


yo ye Vi 
XD Pils 0) 


Figure 1.19 


Note the agreement of the subscripts in the numerator and denominator. The slope 
of the line joining two points is the difference of the y coordinates divided by the 
difference of the x coordinates taken in the same order. The numerator and denomi- 
nator are signed (or directed) vertical and horizontal distances. 

One description of the slope of a line is that it is the vertical rise of the line 
divided by the horizontal run, or simply, rise over run. When the “trun” ts to the 
left, it is negative, giving a negative slope. This description of the slope as rise over 
run is one that is often used to describe the pitch of a roof or the grade of a road. 
They are often given as percentages, where a 1% grade corresponds to a slope of 0.01. 


Example 1 Find the slope of the line containing P, = (1,5) and P, = (7, —7). 
Solution fa Sie Se +9 
Xp 3] 7 - 1 6 
Since 


m =tan @ = -2, 
8 = arctan (—2) = 117°. 


The line through P, and P; is shown in Figure 1.20. A slope of —2 means that, as 


we move a unit distance to the right on the line, we move down (because of the minus) 
a distance 2. 


Example 2. Graph the line through (2, 1) with slope 3/2. 


Solution Remember that the numerator and denominator of the slope represent vertical and 


horizontal distances. Starting at the point (2, 1), we proceed horizontally a distance 2 
in the positive direction (to the right) and vertically a distance 3, again in the positive 
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Figure 1.20 


direction (upward). This takes us to the point (4, 4). The desired line is the line joining 
the given point (2, |) and the point (4, 4) as shown in Figure 1.21. 

Note that if the slope had been — 3/2, then, putting the minus with the numerator, the 
only difference would be that the vertical distance would be in the negative direction 
or downward. 

Since a vertical line has no slope, Theorem 1.4 does not hold in that case; how- 
ever, X; = xX) for any pair of points on a vertical line, and the right-hand side of 
the slope formula is also nonexistent. Thus there is no slope when the right-hand 
side of the slope formula does not exist. 





Figure 1.21 
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1.5 
PARALLEL AND PERPENDICULAR LINES 


If two nonvertical lines are parallel, they must have the same inclination and, 
thus, the same slope (see Figure 1.22). If two parallel lines are vertical, then neither 
one has slope. Similarly, if m, = m, or if neither line has slope, then the two lines 
are parallel. Thus, two lines are parallel if and only if m, = my, or neither line 
has slope. 





Figure 1.22 Figure 1.23 


If two nonvertical lines /, and /, with the respective inclinations 6, and 6 are 
perpendicular (see Figure 1.23), then (assuming /, to be the line with the larger 
inclination) 


a, = 0, = 90°, 
and 


6, 6, + 90°. 


Thus 





tan 0, = tan (6, + 90°) = --cot 6, = — 


tan 0; 


OF 


Theorem 1.5 


Example 1 


Solution 


A 
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On the other hand, if m, = 1/m, the argument can be traced backward to show 
that the difference of the inclinations is 90° and the lines are perpendicular. There- 
fore we have the following theorem. 


The lines |, and 1, with slopes m, and m2, respectively, are 


(a) parallel or coincident if and only ifm, = mz, 
(b) perpendicular if and only ifm,ym, = —\. 


Find the slopes of /, containing (1,5) and 
(3,8) and /, containing (—4, 1) and (0, 7); 
determine whether /, and /, are parallel, co- 
incident, perpendicular, or none of these. 


ip ee 
3 -— | 2 
and 
i ee ee 
0O+4 4 2 


We now know that /, and /, are either parallel 

or coincident. While it is clear from 

Figure 1.24 that they are parallel rather than 

coincident, this would not be so obvious if 

the lines were closer together. Let us show it 

analytically. We begin by finding the slope 

of the line /, joining (1, 5) on /, and (—4, 1) 

on). Figure 1.24 
5-1 4 


“144 5 








my, 
If /, and /, were coincident, then /; would be 
coincident to both of them; therefore it would 
have the same slope as /, and /,. Since its 


slope is 4/5 rather than 3/2, /, and /, are not 
coincident; they are parallel. 


PROBLEMS 


In Problems |-8 find the slope (if any) and the inclination of the line through the given points. 


1. (2, 3), (5, 8) 2. (-1, 4), (4, 2) 3. (-—2, —2), (4, 2) 
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4. (3, —5), (1. -1) 5. (-4, 2), (-4, 5) 6. (2, 3), (-4, 3) 
7. (a, a), (b, b) 8. (a, a), (—a, 2a) 


In Problems 9-14, graph the line through the given point and having the given slope. 


9. (5, —2),m =2 10. (-2, 4), m = 3/4 
ll. (3, 1), m = -1/3 12. (0, 4), m = -3 
13. (4, 2),m =0 14. (-—3, 1), no slope 


In Problems 15-22, find the slopes of the lines through the two pairs of points; then determine 
whether the lines are parallel, coincident, perpendicular, or none of these. 


15. (1, —2).(—2. -11): (2.8), (0, 2) 16. (1,5), (-—2, -7): (7, —1), (3, 0) 
17. (1.5).(-—1. —1): (0, 3), (2. 7) 18. (1,3),(-1, —1): (0,2), (4, —2) 
19. (1,1). (4. -1): (—2, 3), (7. -3) 20. (1, —4), (6,1): (2, 3), (-1, 6) 
21. (1,2). (3,2): (4. 1). (4. =2) 22. (1,5), (1. 1): (—2, 2), (-2, 4) 


23. Find the pitch (slope) of the roof shown in Figure 1.25. 





Figure 1.25 


B24. Find the percentage grade of the section of road shown in Figure 1.26. 


Figure 1.26 


24 


25. 
26. 
27. 


28. 


29. 
30. 


31. 


32. 


33. 
34. 
35. 


36. 
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If the line through (x, 5) and (4, 3) is parallel to a line with slope 3, find x. 
If the line through (x, 5) and (4, 3) is perpendicular to a line with slope 3, find x. 


If the line through (x, 1) and (0, y) 1s coincident with the line through (1, 4) and (2, —3), 
find x and y. 


If the line through (—2, 4) and (1, y) 1s perpendicular to one through (—2, 4) and (x, 2), 
find a relationship between x and y. 


If the line through (x, 4) and (3, 7) is parallel to one through (x, —1) and (5, 1), find x. 


Show by means of slopes that (1, 1), (4, 1), (3, —2), and (0, —2), are the vertices of a 
parallelogram. 


Show by means of slopes that (—2, 4), (2, 0), (6, 4), and (2, 8) are the vertices of a 
Square. 


A certain section of railroad roadbed rises 100 feet per mile of track. What is the per- 
centage grade for this section of track? 


Prove analytically that the diagonals of a square intersect at right angles. 
Prove analytically that one median of an isosceles triangle is an altitude. 


Prove analytically that the diagonals of a rhombus intersect at right angles. 


Prove analytically that the medians of an equilateral triangle are altitudes. 


ANGLE FROM ONE LINE TO ANOTHER 


If /, and /, are two intersecting lines, then an angle from /, to /, is any angle 
measured from /, to /,. If the measurement is in the counterclockwise direction, 
then the angle is positive; if it is in the clockwise direction, the angle is negative. 





Figure 1.27 


While there are many angles from /, to /;, all are related (see Figure 1.27) in that, 
if a is one of them, all can be expressed in the form 


a +n-180°,"~ 
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where n is an integer (positive, negative, or zero). Since any two of these angles differ 
from each other by a multiple of 180°, they all have the same tangent. 


Theorem 1.6 If 1, and 1, are nonperpendicular lines with slopes m, and mz, respectively, and a 
is any angle from |, to l,, then 


Wl>y — May 


tana = , 
1 + miymy 


Proof Figure 1.28 shows that 
a = 0, — G, 
for one of the angles a from /, to /,. Thus 


tan 6, — tan @, 


tana = —————__. 
1 + tan 6, tan 0, 


But, since m, = tan 6, and m, = tan 6,, we have 





Figure 1.28 


We have assumed in this argument that /, and /, intersect. If they do not, then 


m, = m,. Using m, = m, in Theorem 1.6, we find that tan a = O anda = 0°. 
Thus we shall use the convention that a = 0° if /,; and /, are parallel. This is in 


agreement with the convention that m = 0 for horizontal lines. 


The trigonometric identity used in this proof is, of course, true only when tan a 
and (m, — m,)/(1 + m, mz) both exist. Tan a does not exist if a = 90°, but then 
m, = —|/m, and 1+ m,m, = O, which gives the one case in which (m, — m,)/ 
(1 + m,m,) does not exist. Thus Theorem 1.6 holds for all values of @ except 


a = 90°, for which case neither side of the equation exists. 


Definition 


Example 1 


Solution 
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The angle from |, to l, is the smallest nonnegative angle from |, to |). 


If /, and /, have slopes m, = 3 and m, = —2, respectively, find the angle from /, 
to l,. 


bias. ny See = | 
1 +m m), 1 + 3(-2) 


Thus a = arctan | = 45°. 

Theorem 1.6 assumes that both /, and /, have slopes. If one of the two lines is 
vertical, it has no slope; but it does have an inclination of 90°. If the inclination of the 
other line is 0, then we have one of the four situations shown in Figure 1.29. From (a) 





Figure 1.29 


and (b) of this figure we see that when /, is vertical, the angle a from /, to /, 1s either 
6 + 90° or 6 — 90°. Since these two values differ by 180°, which is the period of the 
tangent, it follows that 


Example 2 


Solution 


Example 3 


Solution 
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tan (6 + 90°) = tan (6 — 90°) 
| l 


tan @ 





—cot d= - 


9 


tan@ m 


where m 1s the slope of J). 

Similarly, when J, is vertical, we see from (c) and (d) of Figure 1.29 that 
a = 90° — 6 or a = 270° — @. Again they differ by 180°; again their tangents are 
equal. Thus when /; 1s vertical, 


1 | 
tan a = tan (90° — 86) = cot 0 = —— =—_. 
tanQ m 


Find the angle from /, to /,, where /, 1s a vertical line and /, has slope 1/2. 


The inclinition of /, 1s 90°; the inclination V 
of /, is 8, where tan 0 = 1/2 (see Figure 
1.30). Since we want the angle a from 

/, to l,, we see that one angle from /, to 

l, 1s 


a’ = 6+ 90° 
and 


tan a = tana’ = tan (@ + 90°) 
—cot 0 
l l 


= ——= —-?, 
tan 0 1/2 








Figure 1.30 


Thus the angle we want is the smallest positive angle whose tangent is —2. Using tables 
or a pocket calculator, we see that a is approximately 117°. 


Find the slope of the line bisecting the angle from /,, 
with slope 7, to /,, with slope 1. 


Let m be the slope of the desired line. Since a, = a, 
(see Figure 1.31), we have 


tana, = tana) 





Figure 1.31 
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and 
m— m, myz—-m 
l1+mm 1 +m sm 


m-/] _l-—-m 


1+7m l+m 
(m — 7)(1 + m) = (1 + 7m)(1 -— m) 
8m? — 12m — 8 = 0 


m= —-1/2 Or m= 2 








We have two answers, but obviously we want only one. Which one? Since one of 
them is the negative reciprocal of the other, they represent slopes of perpendicular 
lines, one of which is the bisector of the angle from /, to /,, while the other bisects 
the angle from /, to /,. An inspection of Figure 1.31 shows that the answer we 
want is m = —1/2. 


Example 4 __ Find the slope of the line bisecting the angle from /,, with slope 2, to /,, with no slope. 


Solution Let m and @ be the slope and inclina- 
tion, respectively, of the desired line. 
Since /, has no slope, it is a vertical 
line (see Figure 1.32). Thus a, = 
90° — 6 and 


tan a, = cot 0 = 


l 


tand m 





Since / and /, have slopes m and m, = 2, 
m—-— mM, m-—2 

tan a, = ——_ = ———_. 
1+mm, 1+2m 


Finally, the equality of a, and a, gives 





tan a, = tan a> 





m—-2 _ 1 Figure 1.32 
1+ 2m om 
m?>—2m =1+ 2m 
m> —4m —1=0 
4+Vi6+4 
= 2 
=2+V5 


Again we have two answers, representing the slopes of the bisectors of the angle 
from /; to /,; as well as that from /, to /,. It is easily seen from Figure 1.32 that the one 
we want ism =2+ V5. 
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PROBLEMS 


A In Problems 1-8, find the angle from 1, to l, with slopes m, and mo, respectively. 


l,m, = —2.m) = 3 2. m, = l,m = 4 3. m, = —3,m, = 2 
4. m, = 5.m) = -1 5. m, = 10. my, does not exist 6. m, = O.m, = -1 
7. m, = 2/3, m2 does not exist 


8. 


m, does not exist, m. = —2 


In Problems 9-16, find the angle from |, to l,, where |, and |, contain the points indicated. 


9. 
11. 
13. 
15. 


/): (1.4), (3. —1): 4: (3,2), (5 - 1) 10. /,: (2.5), (-—3.10): 4): (-1, —3). (3, 3) 
1: (4.5). (1): dy: (3. -—3), (0. 4) 12. /,: (1,1), (0.5): 4p: (4.3). (- 1, 2) 

1: (3, 4). (3, -1); b: (2, 5), (- 1, 2) 14. 1;: (-1, 2), (-1, —-1); 2: (—3, 4), C1, 0) 
ho: D353); 2 Oy. LS = 3) 16. /;: (3, —4), (2. 3); b: (2, —3), (2, 4) 


In Problems 17-24. find the slope of the line bisecting the angle from |, to l, with slope m, and 


m2, respectively. 


17. 
20. 
23. 
24. 
25. 


26. 


27. 


28. 


29. 


30. 


31. 


my, = 3.m) = -2 18. m, = 1, m. = -7 19. m, = 2.m) = 
my = —lom) = 2 21. m, = —3, m,=5 22. m, = 2.m, = 0 
m, = 3/4, m2 does not exist 


m, does not exist, m. = 1 


Find the interior angles of the triangle with vertices A = (1.5). B = (3,—-1). and C = 
(-1.-1). 

Find the interior angles of the triangle with vertices A = (3.2), B = (4.5), and C 
(—1,-1). 

Find the slope of the line /; such that the angle from /, to /) is Arctan 2/3, where /, 
contains (2. 1) and (—4. —5). 


Find the slope of the line /, such that the angle from /, to /) 1s 45°, where the slope of 
ls is —2. 

Find the slope of the line /; such that the tangent of the angle from /, to /, is — 1/2. where 
/, 1s a vertical line. 


A line with slope | bisects the angle from /, to />, where /, has slope 2. What ts the slope 
of /,? 


A line with slope 3 + V 10 bisects the angle from /; to /;, where /; has slope |. What is the 
slope of /,? 
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32. Show by means of angles that A = (1,0), B = (4.4), and C = (8,1) are the vertices 
of an isosceles triangle. 


C 33. Lines /, and /, have slopes m and 1/m, respectively. What is the slope of the line bisecting 
the angle from /, to /,? 


34. If lines /, and /, have slopes | and m, respectively, what is the slope of the line bisecting 
the angle from /, to /,? 


1.7 
GRAPHS AND POINTS OF INTERSECTION 


The graph of an equation in two variables x and y is simply the set of all points 
(x, y) in the plane whose coordinates satisfy the given equation. The determina- 
tion of the graph of an equation is one of the principal problems of analytic geom- 
etry. Although we shall consider other methods in Chapter 7, we consider only 
point-by-point plotting here. To do this, we assign a value to either x or y, sub- 
stitute the assigned value into the given equation, and solve for the other. 


Example 1 Graph 2x + 3y = 6. V 


Solution x 


—6 
=) 
0 
3 
6 a 


NONA QA! < 





Figure 1.33 


Example 2. Graph x? + y? = 25. 
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Solution 





Figure 1.34 


One obvious question that arises is how many points must be plotted before 
drawing the graph. There is no specific answer—plot as many as are needed to get a 
reasonable idea of the appearance of the graph. 

Since each point of a graph satisfies the given equation, a point of intersection 
of two graphs is simply a point that satisfies both equations. Thus, any such point 
can be found by solving the two equations simultaneously. 


Example 3 Find all points of intersection of x? + y* = 25 and 
xo yp SD, 


Solution Solving the second equation for y and substituting 
into the first, we have 


x? + (2 — x)? = 25 





2x? — 4x — 21 =0 
yo tet V1I6+ 168 _ 2+ V46 V46_ | LILLE 
4 2 2 
aes = 5 V4 
Thus, the two points of intersection are Figure 1.35 


( + , 46.1 - 5 Vi 
and 
l- =. V46,1 + = V 46}. 
pant 
A function is an association, or pairing, of the numbers of one set, called the 


domain of the function, with those of another (not necessarily different) set, called 
the range, such that no number in the domain is associated with more than one 
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number in the range. A function is often given as an equation giving y in terms 
of x. For example, the equation y = x’ defines y as a function of x, since it pairs 
each real number x with a single nonnegative real number y which is the square of 
x. Not all equations define functions, however. 

Since a function must be single-valued, it is a simple matter to identify the graph 
of a function of x—no vertical line can interset the graph in more than one point. 
Thus Figure 1.33 represents the graph of a function of x, while Figure 1.34 does 
not. Although we are more concerned with equations than functions in this text, 
functions are very important in other areas, especially calculus. 


PROBLEMS 


Plot the graphs of the equations in Problems \-12. Indicate which give y as a function of x. 


ly =2x -1 Zick 2 S39 S63 ON SZ 
4. 4x + 2y =3 §S.y=x' t+] 6.y =2x -x° 
7.y=x°-x-2 8. y =x°-—4r +3 9 x+y = 
10. x° + y* = 16 il. y =x? 12. y =x° -— 2x? 


In Problems 13-16, find the points of intersection and sketch the graphs of the equations. 


13. 3x -— 5y =2 14,.2x +y=—-l 
4x + 2y = 1 3x + 2v =0 
18.3% + 2y = 1 16. 3x — 2y = 10 
Lady a —12 6x + 6y = -1 


Plot the graphs of the equations in Problems 17-24. Indicate which give y as a function of x. 








17. x°-y? =4 18. x? -y?=—-4 19. 4x°> + y?=4 
2 2 x +1] 
20. X — 4y = 4 21. y= 22. y= 
x +1 x 
23. yo =x’ 24. Vx + Vy =4 


© 


In Problems 25-32, find the points of intersection and sketch the graphs of the equations. 


Zo. X = y+ 2 = 0 26. x —2y = -1 27.x +y = 1 
v=x’ yo=xt+4 xe+y? = 5 
28. 2x +y =1 29. y =x? 30. y =x° 
x°>+y?=2 =y* x? +y?=2 
Sl. x + 2y =3 32. 2x + 3y = 6 
x*>+y*=4 x>+y*? = 16 


Example 1 


Solution 


1.8 An Equation of a Locus 33 


33. Plot the graph of x° + y* = 0. 

34. Plot the graph of x° + y* = —1. 

35. Graph y = x, y = x*, and y = x”, using the same axes. What do you think the graph of 
y =x” looks like? Verify by plotting a few points with the aid of a pocket calculator. 

36. Graph y = x’, y = x*, and y = x°, using the same axes. What do you think the graph of 
y = x'™ looks like? Verify by plotting a few points with the aid of a pocket calculator. 

37. Graph y = x, y = —x, y = |x|, and y = Vx’, noting the similarities and differences. 
Recall that the definition of |x| is given by 


ie x ifx 20, 
—-x ifx <0. 


Also note that, while there are normally two square roots of a number, the symbol V is used 
to represent the nonnegative square root. 


38. Find the points of intersection and sketch the graphs of 
(a) x°+y*=4 (b) y = V4 — (& - 2)’ 
(x —-2/ +y*=4 x=V4-y’ 


Note the similarities and differences. 


1.8 
AN EQUATION OF A LOCUS 


In the last section we considered one of the two principal problems of analytic 
geometry—finding the graph of an equation. Let us now consider the other—find- 
ing an equation of a locus. In other words, given a description of a curve, we want 
to find an equation representing that curve. Since an equation of a curve is a rela- 
tionship satisfied by the x and y coordinates of each point on the curve (but by 
no other point), we need merely consider an arbitrary point (x,y) on the curve 
and give the description of the curve in terms of x and y. Let us consider some 
examples. 


Find an equation for the set of all points in 
the xy plane which are equidistant from (1, 3) 
and (—2, 5). 


Let (x, y) be one such point (see Figure 1.36). 
Then 


V(x — 1)? + (y - 3)’ 
= V(x + 2)? + (y — 5) 


(x — 1)? + (y - 3)’ 
= (x + 2)? + (y — 5)’ 





Figure 1.36 


Example 2 


Solution 
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x*>—-Ix +1 ty? -6y+9=x> + 4x +44 y? — 10y + 25 
6x — 4y + 19=0 


Note in the above example that the first equation given is an equation of the 
desired curve. Of course, we want the equation in as simple a form as possible. 
In carrying out the simplification, however, we must be sure that the final equation 
is equivalent to the original. One way to be sure of this is to simplify only by 
reversible steps. 

It might also be noted in the example that the first step in simplifying was squar- 
ing both sides of the original equation. This is not normally a reversible operation. 
(If x = 5, then x? = 25; but if x? = 25, then x = +5.) However, since we are 
dealing only with positive distances, we need only consider positive square roots in 
reversing the operation. Thus it 1s reversible. The remaining operations are clearly 
reversible; the first and last equations are equivalent. 

There is a second way to verify that the first and last equations are equivalent. 
Clearly, any point (x, y) that satisfies the first equation must satisfy the subsequent 
ones. The only question in doubt is: Does any point satisfying the last equation 
also satisfy the first? In order to answer this question, let us consider a point (x, vy) 
which satisfies the last equation. Solving for y, we have 


Let us now substitute this expression for y into both sides of the first equation. 
Since both sides simplify to 


VW 52x? + 52x + 65 
4 9 


we see that the first equation is satisfied by any such point (x, y). In this way, we 
see that the first and last equations are equivalent. 


Find an equation for the set of all points (x, y) such that the sum of its distances 
from (3, 0) and (—3, O) 1s 8 (see Figure 1.37). 


V(x - 3)? + y? + (x + 3)? + y? = 8 
x? - 6x +94 y? = 64 - 16V (x + 3)? + yp? + x? 
+ 6x +94 y’ 
l6V(x + 3 + y? = 64 + 12x 
4vV/(x + 3% + y? = 16 + 3x 
16x? + 96x + 144 + 16y? = 256 + 96x + 9x? 
Tx? + l6y? = 112 
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Figure 1.37 


Again, the steps are reversible. Although we squared both sides twice, both sides 


of the equation had to be positive in each instance. 


PROBLEMS 


Find an equation for the set of all points (x, y) satisfying the given conditions. 


It is equidistant from (5, 8) and (—2, 4). 
It is equidistant from (2, 3) and (—4, 1). 
Its distance from (5, 8) is 3. 


Its distance from (3, 1)1s 4. 


It is on the line having slope 2 and containing the point (3, — 2). 
[t is on the line having slope — 1 and containing the point (—2, 5). 
It is on the line containing (3, —2) and (5, 3). 

It is on the line containing (4, 2) and (2, — 1). 

Its distance from (0, 0) 1s three times its distance from (4, 0). 


Its distance from (2, 5) 1s twice its distance from (-—3, 1). 


. [tis the vertex of a right triangle with hypotenuse the segment from (2, 5) to(— 1, 4). 
. [tis the vertex of a right triangle with hypotenuse the segment from (3, —2) to (I, 4). 
. [tis equidistant from (4, 0) and the y axis. 


. [tis equidistant from (2, 3) and the x axis. 
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15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
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[t is twice as far from (3, 0) as it is from the y axis. 

It 1s twice as far from the y axis as it is from (3, 0). 

The sum of its distances from (0, 4) and (0, —4) is 10. 

The sum of its distances from (4, —2) and (2, 5) is 10. 

The sum of the squares of its distances from (3, 0) and (— 3,0) is 50. 
The sum of the squares of its distances from (4, —2) and (2, 5) is 20. 
The difference of its distances from (3, 0) and (— 3, 0) is 2. 

The difference of its distances from (4, 2) and (1, —3) is 4. 

The product of its distances from the coordinate axes is 4. 


The product of its distances from (4, 0) and the y axis is 4. 


REVIEW PROBLEMS 


. Find the point of intersection of 2x + y = 5 andx — 3y = 7. 


. Use distances to determine whether or not the three points (1, 5), (—2, —1), and (4, 10) are 


collinear. Check your work by using slopes. 


3. Find the lengths of the medians of the triangle with vertices (—3, 4), (5, 5), and (3, —2). 


4. Use distances to determine whether or not the points (1, 6), (5, 3), and (3, 1) are the vertices 


of a right triangle. Check your work by using slopes. 


5. Determine x so that (x, 1) 1s on the line joining (0, 4) and (4, —2). 


. Line /, contains the points (4, 7) and (2, 3), while /, contains (5, 6) and (—3, 4). Are /, and 


!, parallel, perpendicular, coincident, or none of these? 


. Find the slopes of the altitudes of the triangle with vertices (—2, 4), (3, 3), and (—5, —2). 


8. Find the points of trisection of the segment joining (2, —5) and (—3, 7). 


9. Find an equation of the perpendicular bisector of the segment joining (5, —3) and (—1, 1). 


10. 


11. 


12. 


13. 


14. 


[Hint: What is the relationship between a point on the desired line and the two given points? ] 


Find the points of intersection of x — 7y + 2=0 and x* + y* — 4x + 6y — 12 =0. 
Sketch. 


The point (5, —2) is at a distance V 13 from the midpoint of the segment joining (5, y) and 
(—1, 1). Find y. 

Prove analytically that the lines joining the midpoints of adjacent sides of a quadrilateral 
form a parallelogram. 


Find the point of intersection of the medians of the triangle with vertices (4, —3), (—2, 1), 
and (0, 5). (See Problem 26, page 16.) 


Find an equation for the set of all points (x, y) such that it is equidistant from (0, 1) and the 
X axis. 
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15. 


16. 
17. 


18. 


19. 
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Find the center of the circle circumscribed about the triangle with vertices (—1. 1), (6, 2), 
and (7, —S). 


Two vertices of an equilateral triangle are (a, —a) and (—a, a). Find the third. 


A square has all its vertices in the first quadrant and one of its sides joins (3, 1) and (6, 3). 
Find the other two vertices. 


A parallelogram has three vertices (3. 4). (6, 3), and (1, 0) and the fourth vertex in the first 
quadrant. Find the fourth vertex. 


Find an equation for the set of all points (x, y) such that the angle from the x axis to the line 
joining (x, y) and the origin equals \. 
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VECTORS IN 
THE PLANE 


2.1 
DIRECTED LINE SEGMENTS AND VECTORS 


Since quantities such as force, velocity, and acceleration have direction as well as 
magnitude, it 1s convenient to represent them geometrically. To do so we use the 
concept of vectors, which have both magnitude and direction. Not only are vectors 
important in physics and engineering, but their use can considerably simplify geo- 
metric problems, especially in solid analytic geometry. One reason vectors are so 
useful is the wide range of interpretations they may be given. Since we are in- 
terested mainly in the geometric applications, vectors will be introduced geo- 
metrically by means of directed line segments. 

Suppose A and B are points (not necessarily different) in space. The directed line 


segment from A to B 1s represented by AB: B is called the head and 4A the tail of 


this segment. Two directed line segments AB and CD are equivalent, AB = CD, (1) 
if both are of length zero or (2) if both have the same positive length, both lie on 
the same or parallel lines, and both are directed in the same way (see Figure 2.1, 


in which AB = CD and EF = GH). With this information, we can easily prove 
the following theorem. 


a mN, 
A 


Figure 2.1 


Theorem 2.1 


Definition 


Definition 
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(a) AB = AB for any directed line segment AB. 
(b) IfAB = CD, thenCD = AB. 
(c) IfAB = CDandCD = EF, then AB = EF 


Now let us choose an arbitrary directed line segment AB. Let M, be the set of all 
e ° e ee — > 
directed line segments equivalent to AB. Now let us choose another segment CD 


not in M, and let M, be the set of all directed line segments equivalent to CD. 
Proceeding in this way, we can partition the set of all directed line segments into a 
collection of subsets, no two of which have any element in common. These sub- 
sets are what we call vectors. Thus a vector is a certain set of mutually equivalent 
directed line segments. 


The set of all directed line segments equivalent to a given directed line segment is a 
vector v. Any member of that set is a representative of v. The set of all directed 
line segments equivalent to one of length zero is called the zero vector, 0. 


It might be noted that a vector has magnitude (length) and direction, but not 
position. Any representative of a given vector has not only magnitude and direc- 
tion but also position. Let us now consider how vectors may be combined. 


— — 
Suppose uand v are vectors. Let AB be a representative of u. Let BC be that repre- 
sentative of v with tail at B. The sum u + v of u and v is the vector w, having 


——> . 
AC as a representative. 


This is represented geometrically in Figure 2.2. Since the sum of two vectors 1s 
given in terms of representatives of those vectors, the question remains, “‘Is the 
sum well defined---that 1s, 1s it independent of the representatives used?” Theorem 
2.1 and the congruence of triangles easily show that the sum ts well defined. 

It might be noted that this definition is equivalent to the well-known para.lelo- 
gram law for the addition of vectors (see Figure 2.2). Let us observe that the fig- 
ures given here represent vectors graphically by means of representative directed 
line segments. In Figure 2.2, the vector u is represented by two equivalent directec 
line segments, both of which are labeled u. 


A . D A 5 2D 


Figure 2.2 Figure 2.3 


Definition 


Definition 


Definition 
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We can now use the sum of two vectors in order to define the difference. 
If wand v are vectors, then u — v ts the vector w such that u=v + w. 


Geometrically, u — v can again be given by a parallelogram law; but u — v is 
represented by the other diagonal. This is shown in Figure 2.3. Note that the direction 
onu — vis from the head of v to the head of u. It is easily verified that u — vis a vector 
w such that u = v + w. 

When dealing with vectors, we use the term sca/ar for a real number. A scalar has 
magnitude but not direction. In order to distinguish a scalar from a vector, we use 
boldface Roman type for vector symbols and lightface italic for scalars. This use of 
boldface type for vectors is generally followed in printed works; however in hand- 
written work, a vector is usually written with an arrow over it. 


If v is a vector, then |v| is the length of any representative of v. It is called the 
absolute value, or length, of v. 


Note that the absolute value of a vector is not a vector, but a scalar. 


If k is a scalar and v a vector, then kv is a vector whose length is |k\| |v| and 
whose direction is the same as or opposite to the direction of v, according to whether 
k is positive or negative. It is called a scalar multiple of v. 





Figure 2.4 


Figure 2.4 gives several examples of scalar multiples of the vector v. 

Let us take note of the fact that we are not adding and multiplying ordinary 
numbers; thus it is not obvious that the rules of ordinary arithmetic hold—they 
must be proved from the given definitions. 


Theorem 2.2 


Definition 


Theorem 2.3 


Proof 
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The following properties hold for arbitrary vectors u,v, and w and arbitrary scalars 
aand b. 


(a) u+v=avt+u (fi OWw=0 

(b) u+(v+w) = (ut+y)+w (zg) av=0 

(c) (ab)v = a(bv) (h) |av| = la| ly 

(d) (a + b)yv = av + bv (i) [u+vl] < Jul + {v| 
(e) v+O0=V (j) a(u+v) = au +ayv 


The proofs of these properties are quite simple. For example, Figure 2.2 can be used 
to prove (a). From triangle ABC and the definition of the sum of two vectors, it follows 


that AC is a representative of u + v. But triangle ADC shows that AC is also a 
representative of v+ u. Thusu+v=v+u. 

The remaining proofs are left for the student (see Problem 44). Be careful not to 
confuse the scalar 0 with the zero vector 0. 

If we form the scalar multiple of the nonzero vector v and the scalar 1/ lv|, the 
result is easily seen to be the unit vector (that is, the vector of length 1) in the 


direction of v. It is usually written 
v 





Iv] 


Of special interest are the unit vectors along the axes. 


IfO = (0,0), X = (1,0), and Y = (0,1), then the vectors represented by OX and 
OY are denoted by i and j, respectively, and are called basis vectors. 


Every vector in the xy plane can be written in the form 
ai + bj 


in one and only one way. The numbers a and b are called the components of the 
vector. 


Suppose we have a vector v in the plane. Let us consider the representative of v 
with its tail at the origin O (see Figure 2.5). The head is at P = (a,b). Let us 
project P onto both axes, giving points A = (a,0) and B = (0,b). Since OA rep- 
resents a vector of length | a@| that is either in the direction of i or in the opposite 
direction, depending upon whether a is positive or negative, it represents ai. Sim- 
ilarly OB represents bj. Itis clear thatv = ai + bj. 

Since the point P can be represented in rectangular coordinates by a pair (a, b) 
of numbers in one and only one way, the vector v has one and only one representa- 
tion in component form. 


It might be noted that this implies that a pair of numbers, a and b, defines a vector 
in the plane. Thus the vector ai + bj is sometimes represented by the ordered pair 
(a, b). In fact, some authors define a vector as an ordered pair of numbers and derive 
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B(O, 5) 





A(a, 0) 


Figure 2.5 


their geometric properties from this. It might be argued that the point (a, b) and the 
vector (a, b) are easily confused. However, since the vector (a, b) is represented by 
a directed line segment from the origin to the point (a, b), we may use the point as an 


interpretation of the vector. One of the reasons that vectors are so useful is their wide 
range of interpretations. 


Theorem 2.4 If AB, where A = (x,,y,) and B = (x2, 2), represents a vector Vv in the xy plane, 


thenv = (x2 — xX,)i + (y2 - yi)j. 


y 
B(x., yo) 
V 
W 
A(x, y1) C(x, y:) 





Figure 2.6 


Proof Let C be the point (x), y,) (see Figure 2.6). Then 
v=u¢+ W, 


where u is represented by AC and w by CB. Since u is of length |x, — x,| and 


Example | 


Solution 


Theorem 2.5 


Example 2 


Solution 
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is in either the same or the opposite direction as i, depending upon whether x, — x, 
IS positive or negative, it follows thatu = (x, — x,)i. Similarly w = (y. — y,)j. 


Thus 


Vv = (xX, — x))i + (2 -— Wi)j. 


Find the vector v in the plane repre- 
sented by the directed line segment 
from (3, —2) to (—1, 5). Sketch v. 


v= (m - mit Or - W)J . 
(—1 —3)i + (5 + 2)j 
—~41 + 7j 


The vector v may now be 
sketched as a directed line seg- 
ment from (3, —2) to (—1, 5) or 
from (0, 0) to (—4, 7) as shown 
in Figure 2.7. Of course any 
other parallel displacement of 
either of these directed line seg- 
ments 1s an equally valid repre- 
sentation of v. 





Figure 2.7 


(a) (at + Bij) + (a2 + bj) = (ay + an)t + (5) + 52)j 
(b) (ai + bj) — (api + bj) = (a, -— an)i + (b) - 42)j 
(c) d(ai + bj) = dai + dbj 
(d) |ai+ bj| = Var +b? 


The proof ts left to the student. 


If u = 3i — 2j and v = —i+ 5j, find u + v, u — vy, |vj, and 2v. 


ut+v=(3—1)i + (-2 + 5)j = 21+ 3j 
u—v=(3—(—1))i + (-2 - 5)j = 41 - Jj 
lvl = V(-1)? + 3° = v 26 
2v = 2(-i + 5j) = —2i + 10j 


Example 3 


Solution 


(a) (b) 
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Using the vectors of Example 2, give graphical ¥ 
representations of u, v, u + v,u — Vv, and 2u. 


u = 3i — 2j is represented by the directed 
line segment from the origin to (3, —2) 
(see Figure 2.8). Similarly, v = —i + 5j 
is represented by the directed line seg- 
ment from the origin to the point 

(—1, 5). Now we complete the parallel- 
ogram with u and v as two sides. The two 
diagonals are u + vandu—v,u+tv 
being directed from the origin to the 
Opposite vertex and u — v from the head 
of v to the head of u. Finally, 2u is the 
directed line segment from the origin, in 
the same direction as u, but twice as 

long as u. 





Figure 2.8 





Figure 2.9 


Example 4 


Solution 


Example 5 


Solution 


2.1 Directed Line Segments and Vectors 4§ 


Given the vectors of Figure 2.9a, sketch u + v and u — v. 


One way to handle this problem is to take a parallel displacement of v with its tail at 
the origin, and then use the parallelogram law. This was done in Figure 2.9b. 
However, let us first note that when the head of u and the tail of v correspond, then 
u + v goes from the tail of u to the head of v. Thus there is no need to draw the entire 
parallelogram; we can simply draw u + v directly. Finally, it is easily seen that 
u—v=u-+ (—v). But —visa vector whose length is the same as the length of v and 
whose direction 1s opposite that of v. By sketching — v with the same tail as v, we can 
then use u — v = u + (—V) to get the result we want as shown in Figure 2.9c. 

It might be noted that the two different methods gave u — v in two different posi- 
tions. Nevertheless, they have the same length and direction; they are both u — v. It 
is sometimes convenient to have the tail of u — v at the origin, and the second method 
above puts it in that position directly. 


Find the endpoint A of v, represented by AB, ifv = 41 — 2j and B = (-2, 1). 


Since Vv = (x, — x;)i + (y2 — y;)j, where A = (x, y,) and B = (x, yz), it follows that 
4=-2-x, =2 => |= y; 
xX; = —6 yt 3. 

Thus A = (—6, 3). See Figure 2.10. 





Figure 2.10 
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PROBLEMS 


In Problems \-8, give in component form the vector v that is represented by AB. 


1. A = (4,3),B = (-2,1) 
3. 


A 


5. A 
7. A 


2. A = (2,5), B = (0,1) 


(—3,2),B = (4,3) 4. A = (-2,4),B = (0,4) 
(1,2), B = (0, 3) 6. A = (0,2),B = (1,4) 
(=3.9)2R = <1) 8. A = (4,-3),B = (0,5) 


In Problems 9-16, give the unit vector in the direction of v. 


9. 
11. 
13. 
15. 


Vv 


V 


v 


Vv 


3i - j 10. v = 29+ 4 
-~i + 2j 12. v = 3j 
i+ 2j 14. v = 3i - j 
—4i + 3j 16. v = 4j 


—_ 
In Problems 17-24, find the endpoints of the representative AB of v from the given information. 


17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 


Vv 


3i — j,A = (1,4) 
2i+ 3j,A = (-1,3) 
—i + 2j,B = (4,2) 
2i — 4j,B = (0, 3) 
i- j,A = (5,1) 

2i + j,A = (—2,0) 
3i — j,B = (4,2) 

2i + 2j,B = (1,1) 


In Problems 25-32, find u + v and u — v. Draw a diagram showing u, v,u + V, and u — V. 


25. u= 3i-j,v =i+t 2j 


26. 
Zi. 
28. 
29. 
30. 
31. 
32. 


csc Ss & & & & 


2i+ 3), Vv = 21 - j 
1—j,v = 21+ 2j 
31+ j, v = 2i 

1-— 3j,v = 2i + 4j 
4i+ j,v=i+ 2j 
31 — j, Vv = 21 - 2j 
i-j,v=2i+ j 
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33. Given the vectors of Figure 2.11, sketch u + v. 


34. Given the vectors of Figure 2.11, sketch u — v. 


Vv 
u 
V 
Vv 

u u 

(a) (b) (c) 

v 
v 
u u 
v 
u 
(d) (e) (f) 


Figure 2.11 


—_ 
In Problems 35-38, find the end points of v = AB from the given information. 


35. v = 3i + 5j,(4, |) isthe midpoint of AB 
36. v = 4i — 6j,(2,5)1s the midpoint of AB 
37. v = i + j,(2,0)is the midpoint of AB 

38. v = 2i — j,(O, —2)is the midpoint of AB 


In Problems 39-42, find the vector indicated and sketch u, v, and the new vector. 


39. u = 5i+ j, v = —2i + 3j; find 2u + v. 
40. u = —2i + Sj, v = 3i — J; find u — 3v. 
41. u = 31+ j, v =i -— Jj; find —2u + v. 

42. u = -i + 2j, v = 31 — 4j; find 3u + 2v. 


43. Prove Theorem 2.1. 
44. Prove Theorem 2.2. 


Definition 


Theorem 2.6 


Proof 
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45. Prove Theorem 2.5. 


46. Show that the sum of two vectors is well defined (see the paragraph following the 
definition of the sum). 


47. Show that ai + bj = ci + djifandonlyifa = candb = d. 


Zz 
THE DOT PRODUCT 


We have considered the sums and differences of pairs of vectors, but the only 
product considered so far is the scalar multiple—the product of a scalar and a 
vector. We shall now consider the product of two vectors. There are two different 
product operations for a pair of vectors, the dot product and the cross product. 
We shall take up the dot product in this section but defer a discussion of the cross 
product to Chapter 10 (since it requires three dimensions). First let us consider the 
angle between two vectors. 


The angle between two nonzero vectors wand v is the smaller angle between the rep- 
resentatives of uand vy having their tails at the origin. 


Note that the angle between two vectors is nondirected. That 1s, we do not con- 
sider the angle from one vector to another, which would imply a preferred direc- 
tion, but rather the angle between two vectors. If # is the angle between two vec- 
tors, then 


O° < A < 180° 


Ifu = a,i + b\j and v = azi + b2j (u = Dandy = O) and if 6 ts the angle between 
them, then 


cos 8 = M2 + 41 
Jul |v| 
By the law of cosines (see Figure 2.12), 
Iv—ul? = [ul? + |v{? —- 2] ul |v cos@. 


Since v — u = (a, — a,)i + (5) — 5,)j, we have 
(a, — ay + (b&) — bY = a2 + 67 + ah + bf -— 2I/ ul |v|cosé, 
|u| |v|cosé = aja) + bby, 
a Q,;Q, + b, by 


Jul |v 


2.2 The Dot Product 49 





Figure 2.12 


Example 1 Find the cosine of the angle between 
u = 31 — 4jandv = Si + 12j. 


Solution cos = 1 + bb, y 
jul fv 
_ _GB)G) + (—4)(12) 2 
V9 + 16V 25 + 144 
33 10 
65 
8 
= —0.5077 
6 = 120.S° Vv 
6 
4 
2 
/\ , 
-. ON 3 4 6 
=) 
u 
—4 


Figure 2.13 


Definition 


Example 2 


Solution 


Theorem 2.7 


Example 3 


Solution 


Theorem 2.8 
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If u and v are unit vectors, the denominator of the expression for cos # is one— 
it may be omitted. Thus 1/ |u| |v|is a normalizing factor, which is not needed 
if uw and v are unit vectors. The dot product of two vectors is simply the expression 
for cos # without this normalizing factor. Thus, while the dot product of two vec- 
tors is generally not the same as the cosine of the angle between them, it does equal 
this cosine when either |u| |v| = 1 or (more significantly) when cos@ = 0. 


If wu = aji + bj and v = ani + byj, then the dot product (scalar product, inner 
product) of wand v is 
u-V = @,@ + b, bo. 


Note that the dot product of two vectors is not another vector; it 1s a scalar. 


Find the dot product of u = 3i — 2jandv = i + j. 
u-v = (3)(1) + (-2)Q) = I 


Let us now consider some applications of the dot product. 


The vectors u and vy (not both 0) are orthogonal (perpendicular) if and only if 
u-v = 0 (the zero vector is taken to be orthogonal to every other vector). 


This follows directly from Theorem 2.6 and the definition of the dot product. 


Thus we have a simple test for the orthogonality (perpendicularity) of two vectors. 
As we shall see later, orthogonality of vectors is an important concept. 


Determine whether or notu = 2i — jandv = 1 + 2jare orthogonal. 


u-v = (2)(1) + (—I)(2) = 0 
They are orthogonal, sinceu-v = 0. 
Again there is the question of whether or not the dot product of vectors has the 
Same properties as the product of numbers. The definition itself shows one dif- 


ference, in that the dot product of two vectors is not itself a vector. While there 
are Other differences, let us first note the similarities. 


[f u,v, and w are vectors, then 


and 


Theorem 2.9 


Example 4 


Solution 


Definition 


Definition 
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This is easily proved from the definitions. The proof is left to the student. It 
might be noted that the dot product of three vectors u - v - w is meaningless, since 
the dot product of any pair of them 1s a scalar. 


[fu and v are vectors and 0 is the angle between them, then 
u-v = |u| |vl|cosé 
and 


veve= |vl?, 


The proof is left to the student. It might be noted that u - v = |ul |v| cos @ is often 
used by physicists as the definition of the dot product. 


Find u - v for the vectors of Figure 2.14. 


uv = |u| |v| cos 6 





= 6: 10 cos 60° 10 
] 
=6:10°-- 
2 
= 30 
Figure 2.14 


We might note some special cases of Theorem 2.9. First we need a definition. 


The nonzero vectors wand v are parallel if u = kv for some scalar k. 


If u and v are orthogonal, 6 = 90° and u- v = 0, as we have seen before. If u and 
v are parallel, 9 = 0° or 6 = 180° andu-: v = = |u| |v. 

The projection of one vector upon another is determined by the angle between them 
or the dot product. 


The projection of won Vv # 0) is a vector Ww such that if AB is a representative of U 
and AC isa representative of v, then a representative of w is a directed line segment 
AD lying on the line determined by AC with BD perpendicular to that line (see Fig- 
ure 2.15). 
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Figure 2.15 


The projection of u on v is defined in terms of representatives of these vectors. 
Thus we again have the question of whether or not the projection is well defined. 
Theorem 2.1 and the congruence of triangles show that the projection of u on v is 
independent of the representatives considered. 


Theorem 2.10 If wis the projection of u onv and 6 is the angle between uand v, then 


iw) = eel and te Fort ae 


Ivi/ iv] dvi? 


Proof We-can see from Figure 2.15, that 


| w | |u| |cosé@| 


— ful lv{ [cosé | 
lv | 


= tu-v) (by Theorem 2.9). 


|v | 


Now we can easily find w. Its length is |u-v|/|v|, and its direction is de- 
termined by v, since the projection is upon v. Thus 


a v 
WS. 4 |= 
Iv] / |v 


Now if the angle 6 between u and v is less than 7/2, u-v > O. But w and v have 
the same direction in this case and 


meagan” CT 





Example 4 
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If6 > 2/2,u-v < Oand wand v have opposite directions. This leads to 
( u ) v (5 +] v 

w= — |——— = 
Ivi / |v Ivi/ |v 


Find the projection w of u = 3i + j on v = 3i + 4j. ‘ 











u- v = (3)(3) + (1)(4) = 13, 








Wl= VE 4+ 4 = 5. 
Thus 
ea 
w= — 
Iv] / Iv 
I3 3i+ 4j 39, 52, 
oe mae = 
5 5 25 25 


Figure 2.16 gives a graphical representation 
of u. v. and w. 





Figure 2.16 


PROBLEMS 


In Problems \ 8. find the angle 6 between the given vectors. 


lou = 38 - jxv =i 4+ 2j 2,u = 41+ j,v =i + 2j 
3. u = -i + 2j,v = 21+ J 4,u=i1+ jv = 2i - j 
§.u = 2i - jxv = i + 2j 6. u = 31+ 2j,v =i —- j 
7. u = 2i — 2jyv = 41+ j 8.u =i + j,v = 21 + 4j 


In Problems 9 16, find u - v and indicate whether or notu and v are orthogonal. 


9, u =i - j,v = 21 + j 10. u = 21+ jyv =i — 2j 
Il. u = 31 + 2j,v = 2i - j 2. u = 2i - 4j,v = 2i + j 
13. u =i - j,v = 31 + 4j 14.u =i + jy = 2i - 3j 
ISB. u = 21 - 3j,v = 31 + j 16. u = 4i,v = i + j 


In Problems \71 24, find the projection ofu ony. 


17, u = 2i - jyv = i + j 18. u =i - 3j,v = 23 + j 
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19. u = 21 + 4j,v = i — 2j 20. u = 41 + j,v = 2i + j 
21.u =i —j,v = 2i + j 22. u = 2i — 3j,v = 31 + 2j 
23. u = 21+ j,v = 41 - 2j 24. u = 3i — j,v = 2i + 2j 


25. Find u-: v for the vectors of Figure 2.17. 
26. Find u - v for the vectors of Figure 2.18. 





Figure 2.17 Figure 2.18 


In Problems 27-38, determine the value(s) of a so that the given conditions are satisfied. 


27. u = 3i — Jj, V = 1+ aj, u and v are perpendicular. 

28. u=i+ j, v = 3i — aj. u and v are perpendicular. 

29. u = 41 + j, v = 2i + aj, u and v are perpendicular. 

30. u = 2i — j. Vv = ai + j, u and v are perpendicular. 

31. u =i — 2j, v = ai + j, u and v are parallel. 

32. u = ai — j, Vv = 2i + aj, u and v are parallel. 

33. u=i+ jJ. Vv = ai — j, u and v are parallel. 

34. u=ai+ 3j, v = 2i + j, u and v are parallel. 

35. u = ai + 2j, v =i — j, the angle between u and v is 77/3. 

36. u = 3i — aj, Vv = 2i + j, the angle between u and v = 77/4. 
37. u = 2i + j, v = ai — j, the angle between u and v is 27/3. 
38. u =i — j, v = 4i + aj, the angle between u and v is 77/6. 


Example 1 


Solution 
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— — — 
In Problems 39-42, let u be represented by AB, v by AC, and w by BC. Find the projections 
of vand Won U. 


39. A = (0,0),B = (1,4),C = (2.-1) 40. A = (2,3),B = (-3.-1),C = (4.2) 
41. A = (4.1),B = (3,-1).C = (0.2) 42. A = (2,0).B = (5.5),C = (3.5) 
43. Prove Theorem 2.7. 44. Prove Theorem 2.8. 

45. Prove Theorem 2.9. 46. Show that |u - vj < |ul |v}. 

2.3 


APPLICATIONS OF VECTORS 


Let us now consider some applications of vectors. Vector methods can be used in 
some of the proofs of elementary geometry. Sometimes the resulting proof is much 
shorter than either an analytic or a synthetic argument. ; 


Using vector methods, prove that the line join- 
ing the midpoints of two sides of a triangle is 
parallel to and one-half the length of the third 
side. 


Suppose D and E are the midpoints of AB and 
BC, respectively. Let us give directions to the 
line segments involved and consider them to be 


representatives of vectors as shown in Figure 
2.19. Then 





u+Vv¥=W 
Lai ey 
5 Shr 5 = ’ 
and Figure 2.19 
= W a se aah es ee en ae 
oe oo ae il 


Since vectors have both magnitude and direction, we have proved that q has the 
same direction as w and that it is half the length of w. 


One reason for the brevity of the foregoing solution Is that we were Interested 


in both the direction and magnitude of DE. Thus a representation by vectors was 
very efficient. When perpendicularity is involved, we consider the dot product. 


Example 2 


Solution 


Example 3 


Solution 
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Since this product is defined in terms of the components, it is convenient to give 
component representations of the vectors. 


Prove by vector methods that the diagonals 
of a rhombus are perpendicular. 


Since a rhombus 1s a parallelogram, the op- u=ait bj 
posite sides are parallel and equal. Thus they 
have the same vector representation, as 
shown in Figure 2.20. In addition, since all 
sides are equal in length, |u| = |v], or 





u= ait bj 


Figure 2.20 
Then 


u+v-=(a+c)i+ (b+ dj, 
ee ee eee ee ee 
(a + c)(c — a) + (6 + d)(d —- 5b) 
Ce-at+d — b’, 


WwW 
w’ 
Ww 


Ww 


But since a* + 6? = c? + d’?, w-w’ = 0; thus the diagonals are perpendicular. 


One of the commonest uses of vectors is in analyzing the forces on an object. If there 
are several forces acting on a body in different directions, each force can be represented 
by a vector. A single equivalent force (resultant force) is one that has the same effect 
on the body as the given forces all acting together; it is simply the vector sum of all 
of the given forces. 

Sometimes this problem must be worked in the other direction; that 1s, given a single 
force, find a pair of forces satisfying certain conditions that are equivalent to the single 
given force. This is often done to find the horizontal and vertical components of a given 
force. 


y 


A force of 20 pounds is directed 60° from 
the horizontal. What is the vector represen- 
tation for this force? 


In effect we are to find the vectors v, = al 
and v, = bj such that v = v, + v, = 

ai + bj. It is easily seen from Figure 2.21 
that a = |v| cos 60° and b = |v| sin 60°. 
Thus 


v = 20 cos 60° i + 20 sin 60° j 


10i + 10V/3j. 





Figure 2.21 


Example 4 


Solution 


Example 5 
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Now let us go back to the problem of finding a single force equivalent to several 
forces acting on a body. As we can see in the following example, the earlier problem 
is Sometimes needed within this one. 


The following forces are exerted on an object: 5 
pounds to the right, 10 pounds upward, 2 pounds 
upward and to the right, inclined to the horizontal 
at an angle of 30°. What single force is equivalent to 
them? 


The three given forces are first represented by vectors: 
the equivalent force is their sum. 
v, = Si and v, = 10] 
For the third vector, we use the method of Example 
3 to see that 
v; = |v,| cos 30° i + |v3| sin 30° j 
3 l 
= 2 : + 2 .o— if 
a D° 
=V3it+j 


This gives vy; = V3 it j. 





Figure 2.22 


u=v+y+%¥;, =(5 + V3)i + Ij 
AI (5 4/3)? +11? 


lu| = 
= 7149 + 1073 = 12.9 
eos = _5+v3 0.5220 
vy 149 + 10V3 
a = 58.53° 


Thus the three given forces are equivalent to a single force of 12.9 pounds directed 
upward to the right at an angle of 58.53° with the x axis. See Figure 2.22. 


Find the resultant force if there are two forces: one with magnitude 6 and directed 120° 
from the horizontal, and the other with magnitude 10 and directed — 135° from the 
horizontal (see Figure 2.23). 


Solution 
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First we express each of the two forces ad 
in vector form as in Example 4. 


v, = 6cos 120° i + 6 sin 120° j 

—31 + 3V3j 

10 cos (— 135°) i + 10 sin (— 135°) j 
-5V2i - 5V2j 


Now the resultant force is found by 
adding. 
vVv=v,t+ V> 
= (-3i + 3V3j) + (-5V2i — 5V2j) 
= (-3 —5V2)i+ 3V3 -— 5V2) j 


V2 





Figure 2.23 


There are many other important applications of vectors that are beyond the 
scope of this book. For example, we may use vectors to analyze the forces on a 
wire suspended from two points, or on the cables of a suspension bridge. Similarly, 
vectors may be used to study the motion of planets, finding equations of their 
paths from a knowledge of the gravitational and centrifugal forces on them. 


PROBLEMS 


In Problems 1-6, the given forces are acting on a body. What single force is equivalent to 
them? 


f 


4i + 3j.f2 = 1 — 2j.f3; = 1 + j 
f, = 2i — j. f, = 31 + 4j.f; = -1 + 2j 
. 5 pounds to the right: 10 pounds upward 


. 4 pounds downward: 6 pounds to the right; 2 pounds upward 


a 


3 pounds downward: 4 pounds to the right and inclined upward at an angle of 45° with 
the horizontal 


6. 4 pounds to the left: 5 pounds to the right and inclined upward at an angle of 60° with 
the horizontal 
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In Problems 7-12, give a vector representation of the given force. 


7. A force of 6 pounds directed 30° from the horizontal 

8. A force of 8 pounds directed 150° from the horizontal 

9. A force of 3 pounds directed —45° from the horizontal 
10. A force of 10 pounds directed —120° from the horizontal 
11. A force of 2 pounds directed 35° from the horizontal 


12. A force of 5 pounds directed —75° from the horizontal 


In Problems 13-18, the given forces are acting on a body. What additional force will result in 
equilibrium? (A set of forces is in equilibrium if the sum of all of them is the zero vector. } 


13. f, = 214+ j,f, = 1 —- 3j,f; = —31 4+ J 

14. f, = 41 — j,f, = i + 3j,f; = 2i - Sj 

15. 2 pounds to the left: 5 pounds upward 

16. 4 pounds to the right: 6 pounds upward; 6 pounds to the left 


17. 3 pounds to the right: 5 pounds to the right and upward inclined at an angle of 45° with 
the horizontal 


18. 3 pounds upward: 2 pounds to the right and inclined upward at an angle of 30° with the 
horizontal: 4 pounds to the left and inclined downward at an angle of 60° with the 
horizontal 


In Problems 19-24, find the resultant of the forces given. 


19. A force of 8 pounds directed 45° from the horizontal; a force of 9 pounds directed 270° from 
the horizontal 


20. A force of 3 pounds directed 150° from the horizontal: a force of 5 pounds directed —60° 
from the horizontal 


21. A force of 6 pounds directed 45° from the horizontal; a force of 8 pounds directed 180° from 
the horizontal 


22. A force of 10 pounds directed 120° from the horizontal; a force of 10 pounds directed — 60° 
from the horizontal 


23. A force of 10 pounds directed 120° from the horizontal; a force of 8 pounds directed — 30° 
from the horizontal; a force of 20 pounds directed —90° from the horizontal 


24. A force of 8 pounds directed 135° from the horizontal; a force of 10 pounds directed 30° from 
the horizontal; a force of 2 pounds directed — 120° from the horizontal 


In Problems 25-33, use vector methods to prove the given theorem. 


25. The segment joining the midpoints of the nonparallel sides of a trapezoid is parallel to 
and one-half the sum of the lengths of the parallel sides. 


60 


26. 
Zi. 


28. 


29. 


30. 
31. 
32. 


33. 
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The lines joining consecutive midpoints of a quadrilateral form a parallelogram. 
If the diagonals of a parallelogram are perpendicular, then it is a rhombus. 


If the sum of the squares of two sides of a triangle equals the square of the third side, 
then the triangle is a right triangle. 


The sum of the squares of the four sides of a parallelogram is equal to the sum of the 
squares of the two diagonals. 


The diagonals of a rectangle are equal. 
The base angles of an isosceles triangle are equal. 


If one of the parallel sides of a trapezoid is twice the length of the other, then the diago- 
nals intersect at a point of trisection of both of them. 


The medians of a triangle are concurrent at a point two-thirds of the way from each ver- 
tex to the midpoint of the opposite side. [Hint: Let BP = rBE and AP = sAD (see 
Figure 2.24); use the fact that au + bv = 0, where neither u nor v is a scalar multi- 
ple of the other, implies thata = b = 0.1] 





Figure 2.24 


REVIEW PROBLEMS 


. Find the unit vector in the direction of v = (2, —3). 


—_— 
2. Suppose AB is a representative of v = 2i — Sj. Find B when A = (1, 3). 
—_ 


3. Suppose AB is a representative of v = 5i — 3j, and (—2, 1) is the midpoint of AB. Find A 


. Ifu 


and B. 


(3, —2) and v = (1, 6), find u + v, u — v, 3u, and 2u + v. Sketch all the vectors. 


5S. If u = 2i — j and v = 3i — 2j, findu: v. 


. Find the angle 6 between u = 2i — 3j and v =i + Sj. 


7. Find the projection w of u = i + 4j upon v = 2i — 9j. 


8. Find the projection w of u = 4i + j upon v = 2i — 2j. 


9. Determine a so that the angle between u = Si + j and v = ai — j is 77/4. 


2.3 


10. 


11. 


12. 
13. 


14. 


15. 


16. 
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Determine a so that u = i — 4j and v = 3i + aj are orthogonal. 


Find the resultant force if a force of 6 pounds is directed 90° from the horizontal, 8 pounds 
is directed 30° from the horizontal, and 10 pounds is directed — 135° from the horizontal. 


Use vectors to prove that the diagonals of an isosceles trapezoid are equal. 

Use vectors to prove that if the lengths of the parallel sides of a trapezoid are in the ratio 
I1:n, then the point of intersection of the diagonals divides both of them in the ratio 
L:(n + 1). 

The following forces are exerted on an object: 30 Ib to the left, 15 lb downward, 10V2 Ib 
upward and to the right inclined to the horizontal at an angle of 45°. What single force is 
equivalent to them? 

The handle of a lawnmower is inclined to the horizontal at an angle of 30°. If a man pushes 
forward and down in the direction of the handle with a force of 20 Ib, with what force is the 
mower being pushed forward? With what force is it being pushed into the ground? 


Given u = 3i + 4j and v = 12i — Sj, find the vectors v, and v2 such that v = v, + vo, 
v, = ku, and v.-u = 0. 


Theorem 3.1 


Proof 


3 
THE LINE 


3.1 
POINT-SLOPE AND TWO-POINT FORMS 


The last section of Chapter | dealt with the problem of finding an equation of a 
curve from a description of it. In this chapter, as well as the next two, we shall con- 
sider this problem in more detail. Let us begin with a consideration of the line. The 
two simplest ways of determining a line are by a pair of points or by one point and 
the slope. Thus, if a line is described in either of these ways, we should be able to 
give an equation for it. We begin with a line described by its slope and a point 
on it. 


(Point-slope form of a line.) A line that has slope m and contains the point (x\, V1) 
has equation 


y- yi = m(x — x)). 
Let (x, y) be any point different from (x,, y,) on the given line (see Figure 3.1). 
Since the line has slope, it is not vertical. Thus x ~ x,, which gives 


vV—-— Vi 
X: ae NY 


m= 


and 

yr yr = mx — x). 
Although the formula was derived only for points on the line different from the 
given point (x,,)), it is easily seen that (x,, y,) also satisfies the equation. Thus, 


every point on the line satisfies the equation. Suppose now that the point (x2, y2) 
satisfies the equation— that 1s, 


Y2 — Vy = M(X2 — X)). 
62 
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(x, y) 


(x1, y1) 


Figure 3.1 


If x, = x,, then y, — y, = 0, or y. = y,. In this case, (x2, y2) = (%1,y1), which is 
on the line. If x. ¥ x,, then 


YE yg 
X2 — X| 


Thus, the slope of the line joining (x,, y,) and (x2, y2) is m, and this line has the 
point (x;,y,) in common with the given line. Thus, (x2, y2) is on the given line 
since there can be only one line with slope m containing (x,, y;). 


Example 1 Find an equation of the line through 
(—2, —3) with slope 1/2 (see Figure 3.2). 


Solution y-y = mx - x) J 
l 
y —(-3) = 5 le - (2) 


2y +6=x+2 
Ce Dy aa = 0 





Figure 3.2 


Example 2 


Solution 


Theorem 3.2 


64 3 The Line 


Of course vertical lines cannot be represented by the point-slope form, since 
they have no slope. Again, remember that “tno slope’ does not mean “‘zero slope.” 
A horizontal line has m = 0, and it can be represented by the point-slope form, 
which gives y — y, = 0. There is no x in the resulting equation! But the points on a 
horizontal line satisfy the condition that they all have the same y coordinate, no 
matter what the x coordinate is. Similarly, the points on a vertical line satisfy the 
condition that all have the same x coordinate. Thus, if (x,, y,) 1s one point on a 
vertical line, then x = x,, or x — x, = O for every point (x, y) on the line. 


Find an equation of the vertical line through (3, —2) (see Figure 3.3). 





Figure 3.3 


Since the x coordinate of the given point is 3, all points on the line have x coordi- 
nates 3. Thus, 


x = 3 or x-32=0 


(Two-point form of a line.) A line through (x,,y1) and (X2, 2), X1 # Xz, has equa- 
tion 


- 27 Vy _ 
yr ae X;). 


It might be noted that this result is often stated in the form 


y= Vi JES 
X — XxX Xp — XX) 


Example 3 


Solution 


Example 4 


Solution 
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While the symmetry of this form is appealing, the form has one serious defect— 
the point (x,.}) is on the desired line, but it does not satisfy this equation. It 
does satisfy the equation of Theorem 3.2. 

The proof of Theorem 3.2 follows directly from Theorem 3.1 and the fact that 
m=(¥2 — v,)/(x2 — x,), provided x, # x2. Actually, this follows so easily from 
Theorem 3.1 that you may prefer to use the earlier theorem after finding the slope 
from the two given points. Of course, the designation of the two points as “point 
1’ and “point 2” is quite arbitrary. 


Find an equation of the line through (4, 1) and (—2, 3). 








bs Ge 
voy — ns X1) 
3 - | 
‘— | = — 4 
J oe ras ) 
x+3y —-7=0 
Find the perpendicular bisector of the segment joining (5, —3) and (1, 7). 
First let us find the midpoint. V 
= > : | = 3 and 8 
(1, 7) 
-3 +7 6 
GS 
4 
The midpoint is (3, 2). ) 
The slope of the line joining (5, —3) — \" A 
and (1,7) is es Fo x 
_=3-7. 05 a 2 4 6 8 
ee 5-] = 9? (5, —3) 
—4 
the slope of the perpendicular line is 
m = 2/5. 
Now we merely need to use the point- Figure 3.4 


Slope formula, using (3, 2) and m = 2/5. 


v-2= (x —- 3) 


Oo walry 


dx — 5y + 4 


The result is shown in Figure 3.4. 
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PROBLEMS 


In Problems 1-16, find an equation of the line indicated and sketch the graph. 


Il. Through (2, —4):m = -—2 2. Through (5,3):m = 4 
3. Through (2,2): m = | 4. Through (—4,6):m = 5 
5. Through (9,0): m7 = | 6. Through (0, 3): m7 = 2 
7. Through (4, --2):m = 0 8. Through (2, 5): no slope 
9. Through (1, 4) and (3, 5) 10. Through (2, — 1) and (4. 4) 
11. Through (3, 3) and (1, 1) 12. Through (2, 1) and (—3, 3) 
13. Through (0, 0) and (1, 5) 14. Through (0, 1) and (—2, 0) 
15. Through (2, 3) and (5, 3) 16. Through (5, 1) and (5, 3) 
17. Find equations of the three sides of the triangle with vertices (1, 4), (3,0), and(—1, —2). 
18. Find equations of the medians of the triangle of Problem 17. 
19. Find equations of the altitudes of the triangle of Problem 17. 
20. Find the vertices of the triangle with sides x — 5y + 8 = 0, 4x — y -— 6 = O, and 
3x +4y +5 = 0. 
21. Find equations of the medians of the triangle of Problem 20. 
22. Find equations of the altitudes of the triangle of Problem 20. 
23. Find an equation of the chord of the circle x? + y* = 25 which joins (—3,4) and 
(5,0). Sketch the circle and its chord. 
24. Find an equation of the chord of the parabola y = x? which joins (—1, 1) and (2, 4). 
Sketch the curve and its chord. 
25. Find an equation of the perpendicular bisector of the segment joining (4, 2) and (—2, 6). 
26. Find an equation of the line through the points of intersection of the circles 
x24 y24+2x—-19=0 and x? 4 y? - 10x - 12y + 41 = 0. 
Look over your work. Is there any easier way? 
27. Repeat Problem 26 for the circles 
x4 p24 4x 4 2p 43 =0 and x? + y* - 6x - 8y + 21 = 0. 
What is wrong? 
28. Find an equation of the line through the centers of the two circles of Problem 26. 
29. What condition must the coordinates of a point satisfy in order that it be equidistant 
from (2, 5) and (4, -1)? 
30. Find the center and radius of the circle through the points (1, 3), (4, —6), and (—3, 1). 
31. Consider the triangle with vertices A = (3,1), B = (0,5), and C = (7,4). Find equa- 


3.1 


32. 


33. 


34. 


39. 
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tions of the altitude and the median from A. What do your results tell us about the 
triangle? 

The pressure within a partially evacuated container is being measured by means of an 
open-end manometer. This gives the difference between the pressure in the container 
and atmospheric pressure. It is known that a difference of 0 mm of mercury corresponds 
to a pressure of | atmosphere and that if the pressure in the container were reduced to 
0 atmospheres, a difference of 760 mm of mercury would be observed. Assuming that 
the difference D in mm of mercury and the pressure P in atmospheres are related by a 
linear relation, determine what such a relation 1s. 


Knowing that water freezes at O°C, or 32°F, that it boils at 100°C, or 212°F, and that 
the relation between the temperature in degrees centigrade C and in degrees Fahrenheit 
F is linear, find that relation. 


The amount of a given commodity that consumers are willing to buy at a given price 
is called the demand for that commodity corresponding to the given price: the relation- 
ship between the price and the demand ts called a demand equation. Similarly the 
amount that manufacturers are willing to offer for sale at a given price is called the 
supply corresponding to the given price, and the relationship between the price and the 
supply is called a supply equation. Market equilibrium exists when the supply and 
demand are equal. The demand and supply equations for a given commodity are 


2p+x — 100 = 0 and p—x + 10 = 0, 
respectively, where p is the price of the commodity and x Is its supply or demand. At 
what price will there be market equilibrium? Graph both equations with p on the verti- 
cal axis. What happens to the demand as the price increases? What happens to the sup- 


ply as the price increases? 


Show that a line through points (x,, ¥)) and (x2, 42) can be represented by 


x a <4 
Yy VI | = (). 
\2 V2 | 


The expression on the left-hand side of this equation ts a determinant. Some authors 
use the notation 


nn 
det |x 1 Jy | 
XY? V2 | 


for this determinant. 


36. Show that the points (v,.¥1). (v2. V2). (v3.3) are collinear ifand only if 


Xy Vy | 
X2 V2 | = 0. 
X3 3 | 


Theorem 3.3 


Proof 
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37. Show that if no pair of the equations 
A,x + Byy + C, = 0 
Ayx + By\ ae C5 
Axx + B3y¥ + C; = 0 


ll 
ne) 


represent parallel lines, then the lines are concurrent if and only if 





A, B, C, 
A) B, C> = Q. 
A} B; C; 





3.2 
SLOPE-INTERCEPT AND INTERCEPT FORMS 


The x and y intercepts of a line are the points at which the line crosses the x and 
y axes, respectively. These points are of the form (a, 0) and (0, b) (see Figure 3.5), 
but they are usually represented simply by a and 8, since the 0’s are understood by 
their position on the axes. We shall continue using the convention that the x and y 
intercepts of a line are represented by the symbols a and 4, respectively. It might 
be noted that lines parallel to the x axis have no x intercept and those parallel to 
the y axis have no y intercept. While a line on the x axis has infinitely many points 
in common with the x axis, we shall adopt the convention that it has no x inter- 
cept. Similarly, a line on the y axis has no y intercept. Thus no horizontal line has 
an x intercept and no vertical line has a y intercept. One other special case is that 
of a line through the origin which is neither horizontal nor vertical; it has a single 
point (the origin) which is both its x and y intercept. In this case a = b = 0. With 
these special points defined, we now introduce two more forms of a line. 


(0, b) 
(a, 0) 


Figure 3.5 


(Slope-intercept form of a line.) A line with slope m and y intercept b has equation 
y= mx + 5b. 
Since the y intercept is really the point (0, 6), the use of the point-slope form gives 


y- b= m(x — 0) Or y= mx + Ob. 


Theorem 3.4 


Proof 


Example I 
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(Intercept form ofa line.) A line with nonzero intercepts a and b has equation 


Since the intercepts are the points (a, 0) and (0, 5), the line has slope 


b 
m= — -. 
a 
Using the slope-intercept form, we have 
b 
VBS es b. 
Dividing each term by 6 gives 
y_m-x Mg Ds 
- = — + l, or - ++ = ], 
b a a ob 


It might be noted that these two forms are merely special cases of the point- 
slope and two-point forms; thus, the earlier forms may be used in place of these 
at any time. However, these forms, especially the slope-intercept form, are so con- 
venient to use that it 1s well to remember them. We shall see an example of their 
use shortly. 


Find an equation of the line with slope 2 and y intercept 5 (see Figure 3.6). 





Figure 3.6 


Solution 


Example 2 


Solution 
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mx + b 
2x +5 
0 


y 
y 
5 


2x —yr 


There is no commonly used special form for a line with a given slope and x in- 
tercept. Although one can easily be derived, it has not proved to be as convenient 
as the slope-intercept form. If you know the slope and the x intercept, simply use 
the point-slope form with the point (a, 0). 


Find an equation of the line with x and y intercepts 5 and —2, respectively (see 
Figure 3.7). 





Figure 3.7 


-+ 


Q lx 
She 
i 


x a 
5 


—2x + 5y = -10 
2x — 5y — 10 


i, 


i 
© 


Just as it was true that vertical lines could not be represented by the point-slope 
form, we see that vertical lines cannot be represented by the slope-intercept form, 
since vertical lines have neither slope nor y intercept. The intercept form is even 
more restrictive, accommodating neither horizontal nor vertical lines, because a 
horizontal line has no x intercept and a vertical line has no y intercept. Further- 


Theorem 3.5 


Proof 
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more, no line through the origin can be put into the intercept form, since a = b = 0 
gives zeros in the denominators. 

In all of the examples we have considered so far, we used the special forms only 
as a Starting point; the final form was always Ax + By + C = O. The question 
arises, whether every equation representing a line can be put into such a form and 
if every equation in such a form represents a line. 


(General form of a line.) Every line can be represented by an equation of the form 
Ax + By + C = Q, 


where A and B are not both zero, and any such equation represents a line. 


Any line we consider is either vertical or can be put into slope-intercept form. 
Thus any line can be represented by either 


x SK or y= mx + 5b. 
Thus any line is in the form 
x —-k=0 or mx —-y+b=0. 


Both are special cases of Ax + By + C = 0. 

Suppose we have an equation of the form Ax + By + C = 0, where A and B are 
not both 0. Let us consider two cases. 

Casel: B = 0. Then 


Ax+C=0 and et ie 
A 
(since B = Oand A and Bare not both 0, we know that A ~ O and we may divide 
by A). This represents an equation of a vertical line. 
Case ll: B # 0.Solving Ax + By + C = Ofor y, we have 


A C 


YS ea 


B B 


(since B ~ 0, we may divide by B). This represents an equation of a line with slope 
—A/Band yj intercept —C/B. 


Theorem 3.5 has the following implication for graphing: any equation of the 
form Ax + By + C = Orepresents a line, and its graph can be determined by two 
of its points. Since the intercepts are so easily found, finding the line through these 
two points (if there are two) is the quickest way of sketching a line. Of course, 
vertical or horizontal lines do not have two intercepts, but these are easily 
sketched. The only problem comes from lines through the origin. The origin 1s 
both the x and j intercept: so just find a second point in any convenient way. 


Example 3 


Solution 


Example 4 


Solution 
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Sketch the line 2x — 3y — 6 = 0. 


When y = 0, x = 3,and when x = 0,y = —2. We 
did not put the equation into intercept form in order 
to determine the intercepts, although we might have 
done so; however, we can find the intercepts by in- 
spection by setting y and x equal to zero in turn and 
solving for the other. Actually, this represents a con- 
venient way of putting the line into intercept form. 
Sincea = 3andb = —2, the intercept form of 

2x — 3y — 6 = O1s 





+ “= | 


x —— 
3 _2 Figure 3.8 


The graph of this equation is given in Figure 3.8. 


The proof of Theorem 3.5 also shows us that the slope of the line Ax + By + C =0 
is —A/B provided B # OQ. This implies that the slope of a line is determined entirely 
by the coefficients of x and y; the constant term has nothing to do with the slope. Thus 


Ax + By +C, =0 and Ax + By + C, = 0 
both have the same slope, namely —A/B. Furthermore, 
Ax + By + C, =0 and Bx — Ay + C,= 


are perpendicular since they have slopes —A/B and —B/(—A) = B/A, respectively. 
This gives us an easy way to write an equation of a line parallel (or perpendicular) to 
a given line. 


Find an equation of the line that is (a) parallel and (b) perpendicular to 3x + 2y — 
5 = 0 and contains the point (3, 1). 


Any line parallel to the given line has the form 3x + 2y + C, = Osince such a line has 
the same slope as the given line. Now all we need to do is to determine C,. Since the 
line contains the point (3, 1), its equation is satisfied by (3, 1). Thus we have 


3°-34+2°*14+C,=0 
C,=-l11 


and the desired line 1s 
ax se 2y = 1 = 0. 


Any line perpendicular to the given line has the form 2x — 3y + C, = 0. Again the 
point (3, 1) satisfies the equation. Thus 


22 S31 oe CS 
C; 


ll | 
| © 
Ue 
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and the desired line is 
2x —3y —3 = 0. 


It might be noted that, with very little practice, most of the above can be done in 
one’s head and the answer written directly. 


PROBLEMS 


In Problems 1-20, find an equation of the line described and express it in general form with 
integer coefficients. Sketch the line. 


lem = 4,5 = 2 2, m = —-1,b = 3 

3. om = 5,6 = 1/2 4. m = 2/3,6 = -1/3 

5. m = 3/4.b = 2/3 6. m = -1/6,6 = —-5/4 

Te MW = Sa =. =2 8. m = 6.a = 3 

9. m=0,b = -3 10. Nom, a = 2 

Ilka =4.b =? 12. a = -1,.5 = 3 
13..a 2 2.b.= 1/2 142 a=] 12.6 =. .1/2 

15. a = .2/3.0 = =2/5 16. a = -—3/4,6 = 2/73 

17. a = 6 = OQ. through (2, 5) 18. a = b = OQ, through (- 2, — 3) 
19. a = 4,nob 20. Noa,b = -3 

21. Find an equation of the line parallel to 2¥ — Sy + 1 = Oand containing the point (2, 3). 


22. Find an equation of the line perpendicular to v¥ + 2 — 5 = O and containing the point 


In Problems 23-26, find an equation of the line described and express it in the general form with 
integer coefficients. Sketch the line. 

23. a = b = (0), through (2. 5) 24. a = 3b ~ O, through (5, —4) 

25.a + b = 8, through (3. 1) 26. ab = 6, through (-3, 4) 


27. Find an equation of the line parallel to 4v + » + 2 = Owith y intercept 3. 

28. Find an equation of the line perpendicular to 4v - y — 3 = Owith x intercept 4. 

29. Find the center of the circle circumscribed about the triangle with vertices (1. 3). 
(4. —2),and(-2. 1). 

30. Find the center of the circle circumscribed about the triangle with sides x + y = 2, 
x — vy = O.and2v - v = 4. 


Theorem 3.6 


Proof 
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31. Find the orthocenter (points of concurrency of the altitudes) of the triangle with vertices 
(—10, 11), (8, 2), and (2, —1). 


32. Prove analytically that the altitudes of a triangle are concurrent. 

33. For what value(s) of #7 does the line + = mix — Shave v intercept 2” 

34. For what value(s) of »7 does the line y = mix + 2 contain the point (4.5)? 
35. For what value(s) of a does the line (x/a) — (4/2) = | have slope 2? 

36. For what value(s) of b does the line (x/3) + (¥/b) = | have slope —4? 
37. Plot the graph of x? — y? = 0. 

38. Plot the graph of xy = 0. 

39. Plot the graph of x* — 5x + 6 = 0. 

40. Plot the graph of (x + y — 1)(3x -— » + 2) = 0: 

41. Show that v 
42. Show that v 


Ai + Bjis perpendiculartoAx + By + C = 0. 


Bi — AjisparalleltoAx + By + C = 0. 


43. Work Problem 3.5 of the previous section without expanding the determinant. [Hint: 
Use Theorem 3.5.] 


44. One vertex of a rectangle is (6,1): the diagonals intersect at (2,4): and one side has 
Slope — 2. Find the other three vertices. 


45. One vertex of a parallelogram is (1,4): the diagonals intersect at (2,1): and the sides 
have slopes | and —1/7. Find the other three vertices. 


3.3 
DISTANCE FROM A POINT TO A LINE 


Before considering the distance from a point to a line, let us note the result of 
Problem 39 of the previous section: the vector v = Ai + Bj is perpendicular to 
Ax + By + C = 0. This perpendicularity allows us to find the distance from any 
point to a given line. 


The distance from the point (x,, y,) to the line Ax + By + C = Ois 


| Ax, + By, + C| 


d 
V/A? + B? 


The distance we are considering here is the shortest, or perpendicular, distance. 
As noted above, the vector v = Ai + Bj is perpendicular to Ax + By + C = 0. 
Let (x, y) be a point on Ax + By + C = 0 and u be the vector represented by the 
segment from (x, y) to (x, y,) (see Figure 3.9). Thus 
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u = (x; — x)it+ (Mm — yd). 






(x1, yi) 


Figure 3.9 


The length we seek is the length of the projection w of u upon v. By Theorem 2.10, 
d= jw) = eel | L4G = +) + BC - yt 
ie VA? + B 
Vas B 
_ [Ax + By + Cl 
Va BE 


The following is an alternate proof that does not use vectors. 


Proof Given the line Y 


By — Av =0 
Ax + By +C =0 : 








and the point (x,, y,) then Ax + By — (Ax, + By) =0 


Ax + By — (Ax, + By,) = 0 


is parallel to the given line and 
contains (x,, y,) (see Figure 3.10). 
Moreover, Bx — Ay = O 1s perpendicular 
to both of them. The distance we seek 

is the distance between the points P and 


Ax + By +C=0 


Figure 3.10 
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Q of Figure 3.10. The point of intersection of Bx — Ay = Oand Ax + By + C = Ois 


p= (WAC _-BC 
A? + B” A? + B?]’ 


while the point of intersection of Bx — Ay = 0 and Ax + By — (Ax, + By,) = 0 is 
_ (A(Ax, + By, B(Ax, + By,) 
Or \ Pte) UAB 
Using the distance formula, we have 


A(Ax, + By) AC B(Ax, + By,) BC : 
A’? + B? A? + B? A* + B? A? + B? 


(Ax, + By, + CY 
NO AP + B? 


7 Ax; ae By, =i C| 


VA? + B? 











Example 1 Find the distance from the point (1, 4) to the line 3x — S5y + 2 = 0. 
| Ax, + By, + C| 
VA? + B? 
|3-1-5-4+42| 
V3? + (-5)? 
15 


Solution d= 


al 


Example 2 Find the distance between the parallel lines 


2x —5y -10=0 and 2x —-Sy +4=0. 


Solution First let us select a point on one of the two lines. We may select any point in whatever 
way that we find most convenient. For example, if we take x = 0 on the first line, then 
y = —2. Thus we have (0, —2) on the first line (see Figure 3.11). Now all we have to 
do is find the distance from (0, —2) to the other line, 2x — Sy + 4 = 0. The result is 


_ |Ax, + By, + C| 
VA? + B? 
_|2:0-5(-2)+ 4] 14 


V2? + (-5Y V29 


d 
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6 
4 
a 
a) 
2 1x 
ae A. 
\0 
fj =) 6 
\ 
—2 
(0, —2) 
07 
7 §y -4 


Figure 3.11 


The absolute value in the distance formula is sometimes very inconvenient in 
practice. We could get rid of it if we knew whether Ax, + By, + C were positive or 
negative. The following theorem gives us a method of determining this. 


Theorem 3.7 If P(x,,y,) isa point not on the line Ax + By + C = 0(B = O), then 
(a) Band Ax, + By, + C agree in sign if P is above the line. 
(6) Band Ax, + By, + C have opposite signs if P is below the line. 
Proof Casel: B > 0. Let Q be the point on the given line with abscissa x, (see Figure 
3.12). If P is above the line, then y, > y. Since B > 0, By, > By. Therefore, 
Ax, + By, + C > Ax, + By + C. 


ye y 






P(x, y,) 


Ax +By+C=0 Ax+By+C=0 


O(x,, y) 





O(Xx,, y) 
(a) (b) 
Figure 3.12 
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Since (x,, y) 1S on the line, 

Ax, + By+C=0 and Ax, + By, + C > 0. 
If P is below the line, all of the above inequalities are reversed and 

Ax, + By, + C < 0. 
Case ll: B < 0. If P is above the line, then y, > y. Since B < 0, By, < By. Thus, 
Ax, + By, + C < Ax, + By + C. 

Again 

Ax, + By +C =0 and Ax, + By, + C < 0. 
As with Case I, all of these inequalities are reversed if P is below the line, and 


Ax, + By, + C > 0. 


If B = 0, the line is vertical and there 1s no “‘above”’ nor “‘below.”’ Theorem 3.7 
does not apply to this case, but the distance from a point to a vertical line is easily 
found without using Theorem 3.6. Other methods of determining the sign of 
Ax, + By, + C are given in Problems 32 and 33. 


Find an equation of the line bisecting 
the angle from 3x — 4y — 3 = Oto 
Sx + l2y +1 = 0. 


If (x, y) is any point on the desired y 
line (see Figure 3.13), then it is 
equidistant from the two given lines. 
By Theorem 3.6, 






Ox pe | 
Wo Se 12° x 
| 3x -— 4p - 3| 5x+12y+1=0 
Se a es 3x —4y -3 =0 
V3? + (-4) 


5|5x + 12y + 1] 
= 13|3x - 4y - 3]. 


Now let us apply Theorem 3.7. Since 
Pis above 5x + 1l2y + 1 = Oand 
the coefficient of y 1s positive, 5x + 
I2y + 1 1s also positive. Similarly, 
since Pis above 3x —- 4y -3 =0 
and B is negative, 


3x — 4y —-3 < 0. 


Figure 3.13 


3.3 Distance from a Point to a Line 79 


Thus 
S(5x + 12y + 1) = —13(3x - 4y —- 3) or 32x + 4y — 17 = 0. 


Perhaps you object to the designation of P above both lines. Not every point on 
the bisector is above them. While this 1s true, the points on the bisector that are 
not above both are below both. Thus, we still have one expression positive and the 
other negative, and the result 1s the same. 

It might be noted that we can avoid the use of Theorem 3.7 by considering both 
cases; that 1s, 5x + l2y + 1 and 3x — 4y — 3 either agree in signs or have op- 
posite signs. In the one case we have 7x — 56y — 22 = Q; the other gives 32x + 4y — 
17 = 0. Now we need to select one of them. We do so by a comparison of slopes. The 
first has slope 1/8 and the second, —8. Since Figure 3.13 shows that the line we want 
is nearly vertical, it must have a slope that is numerically large. Thus the answer we 
want 1s 32x + 4y — 17 = O with slope —8. It might be noted that the two lines above 
with slopes 1/8 and —8 are perpendicular. The line 32x + 4y — 17 = 0 bisects the 
angle from 3x — 4y — 3 = Oto 5x + 12y + 1 =O, while 7x — S6y — 22 = 0 bisects 
the angle from the second line to the first. 


PROBLEMS 


In Problems 1-10. find the distance from the given point to the given line. 


lx +y -—- 5 = 0,(2,5) 2. 2x — 4y + 2 = 0,(1. 3) 
3. 4x + Sy -— 3 = 0.(-2.4) 4.x — 3y +5 = 0,(1, 2) 

5S. 3x + 4, - 5 = 0,(1.1) 6. 5x + I2y + 13 = 0,(0, 2) 
7. 2x -— Sy = 3,.(3, -3) 8. 2x + y = 5.(4.-1) 

9. 3x + 4 = 0,(2,4) 10. + = 3,(1, 5) 


In Problems 11-16, find the distance between the given parallel lines. 


Wl. 2x —- Sy +3 = 0.2% -5r +720 
2 x + 2y -2 = 0,0 + 2n +5 = 0 
13. 2x +4 +2 = 0,4" + 21 - 3 = 0 
4. 4y¥ —- 4 +2 = O12 - 34h + 1 = 0 
IS. 2y —- 14+ 1=0.2¥ —-y -7=0 
16. 3x + 21 = 0O.6v + 44 - 5 = 0 


80 


17. 
18. 


19. 
20. 
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Find the altitudes of the triangle with vertices (1, 2), (S, 5), and (-1, 7). 


Find the altitudes of the triangle with sides x + y —- 3 = 0, x — 2y + 4 = 0, and 
2x + 3y = 5. 


Find the area of the triangle of Problem 17. 
Find the area of the triangle of Problem 18. 


In Problems 21-26, find an equation of the line bisecting the angle from the first line to the 


second. 

21. 3x —- 4y —-2 = 0,4x% - 3y + 4=0 

22. 8x + ISy — 5 = 0,5x -— l2y + 1 = 0 

23. 24x — 7y + 1 = 0,3x% + 4y —-5 = 0 

24. l2x + 35y — 4 = 0, 15y - 8& + 3 = 0 

25. x +y-—-2=0.2x% —-3 = 0 

26. 2x +y+3=O07+5=0 

27. For what value(s) of mis the line » = mx + | ata distance 3 from (4, 1)? 

28. For what value(s) of mis the line » = mx + 5 ata distance 4 from the origin? 

29. For what value(s) of bis the line (x/3) + (¥/5) = | ata distance | from the origin? 

30. For what value(s) of a is the line (x/a) + (v/2) = | at a distance 2 from the point 
(5,4)? 

31. The center of the circle inscribed in a triangle is the incenter of the triangle. The center 


32. 


33. 


34. 


35. 


of a circle which is tangent to one side and the extensions of the other two sides is an 
excenter of the triangle. Find the incenter and the three excenters of the triangle with 
vertices (0, 0), (4, 0), and (0, 3). 


Prove thatif P = (x,, y,) is a point not onthe line Ax + By + C = O(A x O), then 
a. AandAx, + By, + Cagreeinsignif Pis to the right of the line. 

b. AandAx, + Br, + Chave opposite signs if P is to the left of the line. 

Prove that if P = (x,, y;) is a point not onthe line Ax + By + C = O(C # QO), then 


a. Cand Ax, + By, + C agree in sign if P and the origin are on the same side of the 
line. 


b. Cand Ax, + By, + C have opposite signs if P and the origin are on opposite sides 
of the line. 


Find the center of the circle inscribed in the triangle with vertices (0,0), (4,0), and 
(O, 3). 


A board leaning against a fence makes an angle of 30° with the horizontal. If the board 
is 4 feet long (see Figure 3.14), what is the diameter of the largest pipe which will fit 
between the board, the fence, and the ground? 


3.4 Families of Lines 


$1 


On. 


Figure 3.14 


36. Suppose that a is the inclination of a line perpendicular (or normal) to the line / and 
p is the directed distance of / from the origin, p being positive if / is above the ori- 
gin and negative if / is below (see Figure 3.15). Show that / can be put into the form 


xcosa + ysina — p = 0. 
This is called the normal form of the line. 


Figure 3.15 


3.4 
FAMILIES OF LINES 


The equation 


tv 


2x +b 


isinthe form y = mx + b with m = 2 


ad 


: thus, it represents a line with slope 2 and 


Example 1 


82 3 The Line 


y intercept 5. But what is b? Clearly we could substitute many different values for 
5 and get equations of many different lines. It is of interest then to consider the fol- 
lowing set, or family, of equations representing lines. 


M ={y = 2x + b| breal} 


M represents a set of parallel lines all having slope 2: in fact, it represents the set 
of all lines having slope 2 (see Figure 3.16). The b in y = 2x + b is called a param- 
eter. Since the equation has a single parameter, M is called a one-parameter family 
of lines. Let us consider a few more examples. 


{y —2=m (x — 1) | m real} represents a family of lines y 
through the point (1, 2); however, it does not represent 

all such lines. The vertical line x = 1 (which has no slope) / 

is not a member of this family (see Figure 3.17). The set 

of all lines through the point (1, 2) is{y — 2 = - 
m (x — 1) | m real} U {x = I}. 


Figure 3.16 


‘<< 





J, 


a 





7 


Figure 3.17 


Example 2 


Example 3 


Example 4 


Example 5 
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{x/2 + y/b = 1|b6 real, b ~ O} represents a family of lines, all having x inter- 
cept 2 and some y intercept. It represents all such lines. However, it does not repre- 
sent all lines having x intercept 2, since the line x = 2 1s not represented, nor does 
it represent all lines through (2,0), since x = 2 and y = QO are not included (see 
Figure 3.18). 


BAN 
F) ‘- 


i) 






Figure 3.18 


fy = mx + b|m,breal} is a two-parameter family of lines representing all non- 
vertical lines. 


{x = k|k real} is the family of all vertical lines. 


{2x + 33 —- 6 4+ k(4x -— y + 2) = O | k real} represents a family of lines (no 
matter what value we choose for k, the resulting equation is linear) all containing 
the point of intersection of 


dx + 3y -6=0 and 4x -y+2=0 
(because any point satisfying 2x + 3y — 6 = Oand4x — y + 2 = O must satisfy 
dx + 3y —-6+4+ k(4x - y + 2) = 0 


no matter what value of k we choose). Again, it does not represent a// such lines: 
the line 4x — y + 2 = O is not a member of this family (see Figure 3.19). 


Example 6 


Example 7 


Solution 
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{Ax + By + C = 0|4A,B,C real} is a three-parameter family representing all 


lines in the plane. 


Figure 3.19 





Let us now consider the use of families of lines. This concept is most useful in 
finding an equation of a line which cannot be represented in any of the standard 
forms that we have seen. Suppose we consider the following example. 


Find an equation(s) of a line(s) that contains 
the point (6,0) and is a distance 5 from the 
point (1, 3). 


fy = m(x — 6)| mreal} represents a family 

of lines all containing the point (6,0). Note 

that it does not represent all lines containing 

the point (6,0); the only one not represented 1s 
the vertical line with equation x = 6. Thus, the 
family of all lines containing (6,0) is (see Fig- 
ure 3.20) 


fy = m(x — 6)| mreal} U {x = 6}. 


Now we must choose those members of the 
family that are at a distance 5 from (1, 3). We 
first consider those lines of the form y = 
m(x — 6), which can be rewritten in the form 


mx — y — 6m = 0. 


Figure 3.20 


Example 8 
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The distance from this line to the point (1, 3) 1s 
|m — 3 — 6m| 
Vim +1 
Multiply both sides by W/m? + 1 and square. 


1-3 — Sm | = 5Vm? + 1 


= 3. 


9 + 30m + 25m? = 25m? + 25 
_ & 
m= 75 


Substituting this value back into the original equation, we get 


8 
ie elie 22056 
} is & ) 


8x — 15y — 48 = 0. 
Now we must consider the line x = 6, which is a distance 5 from the point (1, 3). 
Thus, the two lines we want are 


8x — I5y - 48 = 0 and x —- 6 = 0. 
Find an equation(s) of the line(s) parallel to 3x — Sy + 2 = O and containing the 


point (3, 8). 


8 
a (3.8) 
Zs 
4 
? 
X 
- Op, 4 6 8 


Figure 3.21 


Solution 


Example 9 


Solution 
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The family of all lines parallel to 3x — 5y + 2 = 0, (including the given line), 
is {3x — 5y =k|k real} (see Figure 3.21). The member of the family which con- 
tains (3, 8) satisfies the condition 


3-3 —-5-8=k 
k = —3l. 


The equation desired is 3x — Sy + 31 = 0. The above procedure is simple enough 
to do mentally, and a similar procedure can be used for perpendicular lines. 


Find an equation(s) of the line(s) perpendicular to 3x — 5y = 2 = O and con- 
taining the point (3, 8). 


The family of all lines perpendicular to 3x — Sy + 2 = Ois {5x + 3y = k|k real}. 
The member that contains (3, 8) satisfies the conditions 


5-34+3-8=k 
k = 39. 


The desired equation is 5x + 3y — 39 = 0. 


PROBLEMS 


In Problems \-14, describe the family of lines given. Indicate whether or not it contains every 
line of that description, and, if not, give all the lines with that description which are not in- 
cluded in the family. 


lL. fy — 4 = m(x + 1)| mreal} 


2. {y = mx — 5|mreal} 
3.42 4 2 = 1 | breal.b ~ 0 
a. 


4. |x = ky|k real} 


5. {Ax + By =0|A, B real, A and B not both 0} 
6. {2x — 3y =k |k real} 
ve 


F £27, 2 | |a,breal,a =~ 0,56 | 
a b 


8. {y = mx + b|m,breal} 
9. {2x + 3y + 1 + k(4x + 2y — 5) = 0| kK real} 
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10. 


{x = k|k real} 


nf: i de || areal,a = | 
a 2a 





1 { ae Hareala «a « 3} 
a 3 —a 

13. {y = mx + m|mreal} 

14. {y — a = m(x — a)|a,mreal} 


In Problems \5-24, give, in set notation, the family described. 


15. 
16. 
17. 
18. 
19. 


20. 
21. 
22. 
23. 
24. 


All lines parallel to 3x -— 5y —- 7 = 0 

All lines perpendicular to 3x -— S5y —- 7 = 0 
All lines containing (2, 5) 

All lines with x intercept twice the } intercept 


All lines containing the point of intersection of 3x - Sy + | = 0 and 
2x + 34 -7 =0 


All horizontal lines 

All lines containing the origin 

All lines at a distance 3 from the origin 
All lines at a distance 5 from (6, 0) 


All lines which form with the coordinate axes a triangle of area 4 


In Problems 25-28, find the lines satisfying the given condition that are (a) parallel and (6) 
perpendicular, respectively, to the given line. 


25. 
ZT 


29. 
30. 


31. 
32. 
33. 
34. 
35. 


Containing (5,8): 3x — 5y + 1 = 0 26. Containing (3,2):2. + 3y — 7 = 0 


vintercept 5:4x + 24 - 5 = 0 28. xintercept 2:3x + 4 + 2 = 0 


Find an equation(s) of the line(s) with slope 5 at a distance 3 from the origin. 


Find an equation(s) of the line(s) perpendicular to 3x — 44 + 1 = Oand at a distance 
4 from (2, 3). 


Find an equation(s) of the line(s) containing (5,4) and ata distance 2 from (— 1, — 3). 
Find an equation(s) of the line(s) containing (3, — 1) and at a distance 4 from (— 1, 3). 
Find an equation(s) of the line(s) containing (7, 1) and ata distance 5 from (2, —5). 

Find an equation(s) of the line(s) containing (—4, 3) and at a distance 5 from (- 2, 2). 


Find an equation(s) of the line(s) containing the point of intersection of 3. -— y —- 
5S = Oand2x + 2y — 3 = Oand having slope 2. 
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36. Find an equation(s) of the line(s) containing the point of intersection of 4x + Sy — 
1 = Oand 3x — 2y + | = Oandthe point (1, 1). 

37. Find an equation(s) of the line(s) containing (4, —3), such that the sum of the inter- 
cepts is 5. 


38. Find an equation(s) of the line(s) with slope 3 such that the sum of the intercepts is 12. 


39. Find an equation(s) of the line(s) containing (2,3) and forming a triangle of area 16 
with the coordinate axes. 


40. Prove analytically that the bisector of an exterior angle determined by the two equal 
sides of an isosceles triangle 1s parallel to the third side. 


41. An isosceles right triangle is circumscribed about the circle with center (2,2) and 
radius 2. The coordinate axes are two of the sides. What 1s the third? 


42. An isosceles right triangle is circumscribed about the circle with center (4,2) and 
radius 2. The x axis is the hypotenuse. What are the other two sides? 


43. An equilateral triangle is circumscribed about the circle with center (4, 2) and radius 2. 
The x axis 1s one side. What are the other two? 


3.5 
FITTING A LINE TO EMPIRICAL DATA 


In experimental work, one is often called upon to fit a line to a given set of empiri- 
cal data. For example, the electrical resistance of a wire of a given material and 
diameter 1s directly proportional to its length. In symbols, 


R= kL. 
Now suppose we have found the following data from a laboratory experiment. 


L(cm) | 1.3 4.2 7.0 10.1 14.2 
R(ohm) | 11.8 32.1 58.4 81.4 115.2 


It is easily seen (see Figure 3.19) that there is no line containing all of the points 
determined by the above data. In fact, it is unrealistic to expect a line to contain 
all of the points, since there must be some experimental error involved. Our prob- 
lem, then, is to find the line which most nearly fits the given data or, equivalently, 
to find the best value of k from the given data. This is typical of problems that you are 
likely to encounter in your lab courses in chemistry, physics, engineering, psychology, 
and so on. 

One way of solving this problem is by the method of selected points. This is a 
graphical method. The points determined by the data are graphed and the line which 
seems to fit the data best is drawn using a transparent straightedge. Then k is deter- 
mined by randomly selecting a pair of points on the line (these will not normally 
coincide with any of the data points) and using them to find the slope of the line (which 
is k). 


Example | 


Solution 


Definition 
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Determine the value of k for the data 
given above using the method of selected 


points. 
The points determined by the data, as well R(ohm) 
as a line which seems to fit the data best 
are given in Figure 3.22. Note that the 110 
point (0,0), which was not given in the 100 
data, must be on the line because of the 90 
form of the equation. Let us choose the 80 
points (0, 0) and (10, 82.0) to determine k. 70 
82.0 — 0 = 
Ko 1 eee le 8.20 50 
40 
30 
20 
10 


L(cm) 
02 4 6 8 101214 


Figure 3.22 


The method just used has some serious drawbacks. The selection of the line 
which best fits the data Is strictly a matter of guesswork. As such it is purely sub- 
jective—two people might differ on which line fits the data best. Another method, 
which eliminates the guessing, is the method of averages. Before going into this 
method, let us define a term used in It. 


The residual for a given value of x is the observed y coordinate minus the computed 
y coordinate at that value of x. 


For example, if y = 4x were found from data which included the point (2, 8.2), 
then the residual at x = 2isr = 8.2 — 8 = 0.2, since 8.2 Is the observed value at 
x = 2 and 8 1s the value computed from y = 4x. For Example 1, the residual at 
L = 7.0 1s 


r = 58.4 — (8.2)(7.0) = 1.0. 
The method of averages simply directs that the value of min y = mx be chosen 


in such a way that the sum of the residuals is zero. Suppose we are given the data 
(x1, yi), (x2, y2)s ce (Xn, Vn). Then 


Example 2 


Solution 
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ry = yi — MX, 


ro = Y2 — MX? 


Vn = Vn — MX,. 


Adding, we have 


Wt ttre ss tm HV +t V2 tots +t Vn — M(x, +X. +s + Xn), 
or, using the shorter notation 
Droz Nnthteorct thm 
LVI P LE ee eV, 
DX, = Xp tX2. t+ 6 + Xn 
we have 
Len = Li — MX. 
Since Dr; = 0, 
m = 2, 
2 


Use the method of averages to find the value of k in Example I. 


Since we have equation R = kL instead of y = mx, the formula m = Zy,/2 x, 
becomesk = 2R,/2L,. 


DL, = 1.3 + 4.2 + 7.0 + 10.1 + 14.2 = 36.8 
> RK; = 11.8 + 32.7 + 58.4 + 81.4 + 115.2 = 299.5 


Thus, 


_ dR 299.5 
SL, 36.8 


In the preceding examples, the situation was relatively simple, since we merely 
wanted to determine m in y = mx. Suppose now we consider the problem of de- 
termining m and b in y = mx + b. The method of selected points is essentially 
unchanged. Of course, the origin is not necessarily on the line and both the slope 
and the y intercept are to be found. The method of averages must be altered some- 
what when dealing with the equation y = mx + 6b. If we have n points given, then 
the addition of n equations of the form rv; = y,; — (mx; + 6) leads to 


Di a DSi = m>_x; — nb = 0. 


Since there is only one equation in two unknowns (m and 6b), we cannot solve for 
either. This is easily remedied by dividing the given data into two sets. Each set 
leads to an equation of the form just shown, and the two resulting equations can 
be solved simultaneously for m and b. 


Example 3 


Solution 


Example 4 


Solution 
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Find mand bof y = mx + bby both 
methods of this section from the data 


given. 
x | -! 0 tf 203 4 
y | -3.6 -14 1.3 3.1 5.4 8.5 


Figure 3.23 shows the data points and a 
line that is a reasonable fit. Now b = 

— 1.25, as can be read from the graph 
directly; and, using (0, — 12.5) and 
(4,8.25), we have m = 2.38. 

For the method of averages, let us di- 
vide the data into two sets, using the first 
three points for the first set and the last 
three points for the other. The first set 
gives 


—-3.7 —-3b5=0 
and the second gives 


17 — 9m — 36 = 0. 





Solving simultaneously, we have b = 
—1.23andm = 2.30. 


Figure 3.23 


In many cases, a nonlinear equation can be handled by the above methods we 
have used, as the following example illustrates. 


Find k of » = kx? from the given data. 


x | 0 ] 2 3 4 
y | 0 1.35 10.40 36.01 84.52 


Since the given equation 1s nonlinear, our first problem is to convert it to a linear 
equation. This is easily done by the substitution z = x°. Thus the equation be- 
comes ) = kz and the data are as follows. 

z | 0 | g 27 64 

y | 0 1.35 10.40 36.01 84.52 


Now, by the method of averages, 
_ bY 132.28 


k = 
2 100 


= 1.323. 








In addition to the methods given here, there are other, more sophisticated meth- 
ods which yield somewhat better results. * 
*For a discussion of the method of least squares and the method of moments, see Ivan S. Sokolnikotf 


and Elizabeth S. Sokolnikolf, Higher Mathematics for Engineers and Physicists, 2d ed., (New York: 
McGraw-Hill Book Company, Inc., 1941), pp. 536 545. 
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PROBLEMS 
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In Problems \-\0, find the unknown constant(s) from the data given (a) by the method of se- 
lected points and (b} by the method of averages. 


1. Findmofy = mx 
x | 0 2 
y | 0 4.1 8.5 
2. Findmofy = mx. 
a 
vf a2 4.5 2.4 
3. Findkof P = kT. 
T | 50 7\ 102 
P | 20.8 29.4 42.0 
4. FindkofC = kt. 
r | 5 10 20 
C | 2.0 4.4 8.3 
5. Findmandbofy = mx + 6b. 
x | 1 3 5 
y | 6.4 10.9 14.5 
6. Findmandbofy = mx + 5b. 
xX | | 2 5 
y | -3.3 1.0 14.1 
7. Find pandgqgofy = px + q. 
x | 2 10 14 
vy | 86 29.0 37.2 
8. Findkandcofy = kt +c. 
bb 0 20 40 
Y | 75.6 72.8 69.6 
9. Findkof P = k(I/V). 
y | 90 48 2.5 
P | 1.2 2.3 4.2 
10. Findkofy = kx’. 
x | ot 2 3 
y | 53 20.5 47.0 


3 
12.8 


0 —2.3 


140 
58.0 


40 


16.4 


7 
19.8 


7 
21.8 


22 
56.8 


60 
66.2 


I.3 
8.8 


82.9 


4 
16.3 


182 


2 


—4.7 


74.2 


80 


33.9 


10 
26.0 


10 
34.7 


3] 
78.0 


80 
62.6 


0.7 
16.2 


15 
35.2 


15 


45 
112.9 


100 
58.9 


131.0 


C 
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11. 


12. 


The relationship between the vapor pressure P of a liquid and its absolute tempera- 
ture, 7, is given by the Clausius-Clapeyron equation, 


—-AH 1 
2.303 lo P=—-—+4+C, 
£10 R r 


where AH is the molar heat of vaporization of the liquid and R is the ideal gas constant, 
1.987 calories degree~' mole~'. The following data were found. 


1/T | 0.00364 0.00357 0.00341 0.00328 0.00319 
logio P | 0.0000218  0.0000230 0.0000250 0.0000272  0.0000287 


What is the molar heat of vaporization of the liquid? 


The Freundlich equation for adsorption Is 
ye kc 


where y represents the weight in grams of substance adsorbed, C the concentration in 
moles/liter of the solute. In logarithmic form, the equation ts 


logiov = logigk + log io C. 
Experimentation with the adsorption of acetic acid from water solutions by charcoal 
gave the following results. 


Cc | 0.079 0.036 0.019 0.0097 0.0045 
y | 0.054 0.038 0.029 0.022 0.016 


What are k andn? 


REVIEW PROBLEMS 


. Write an equation (in general form with integer coefficients) for each of the following lines. 


(a) The line through (1, 5) and (—2., 3) 

(b) The line with slope 2 and x intercept 3 

(c) The line with inclination 135° and y intercept 1/3 
(d) The line through (2, 3) and (2, 8) 


. Write an equation (in general form with integer coefficients) for each of the following lines. 


(a) The line through (4, 2) and parallel to 3x —y + 4=0 
(b) The line with x intercept 1/2 and y intercept —5/4 
(c) The horizontal line through (3, —2) 


. Find the slope and intercepts of each of the following lines. 


(a) x —-4y + 1=0 (b) 2x + 3y +5 =0 
(c) 5x + 2y =0 (d) 3x + 1 =0 


. Find the distance from (2, —5) to 12x + Sy + 7 = 0. 


5. Find the distance between 3x — y + 5 = O and 6x — 2y —7 = 0. 
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14. 
15. 
16. 


17. 
18. 


3 The Line 


. Describe the family of lines given. Indicate whether or not it contains every line of that 


description, and, if not, give all lines with that description that are not included in the 
family. 

(a) {y — 1 = m(x + 3) | mm real} 

(b) {y = 3x + b | b real} 

(c) {x/a — y/3 = 1 | a real, a # 0} 


. Give, in set notation, the family described. 


(a) All lines containing (5, —1) 
(b) All lines perpendicular to 3x + 2y -6=0 
(c) All lines at a distance 3 from (2, 5) 


. Find k of u = kv from the given data (a) by the method of selected points and (b) by the 


method of averages. 
v =I 2 4 7 8 
ue —-1.45 2.90 5.71 9.89 11.32 


. Find an equation of the perpendicular bisector of the segment joining (4, 1) and (0, —3). 
10. 
11. 
12. 
13. 


A triangle has vertices (1, 5), (—2, 3), and (4, —1). Find equations for the three altitudes. 
Find the medians of the triangle of Problem 10. 
Find equations for the three medians of the triangle of Problem 10. 


If the line / has slope 3 and contains the point (—1, 1), at what points does it cross the 
coordinate axes? 


Find an equation of the line bisecting the angle from x + y -5 =Otox — 7y + 3 =0. 
Find an equation(s) of the line(s) containing (5, 1) and at a distance | from the origin. 


Find an equation(s) of the line(s) with slope 3 and containing the point of intersection of 
2x + 3y —5 =O and 3x — Jy +5 =0. 


Sketch x7 — xy + 3x — 3y = 0. 


Find m and b of y = mx + b from the given data (a) by the method of selected points and 
(b) by the method of averages. 


x | 3 7 10 12 Be) 
y 7.5 13.3 26.5 36.0 42.8 51.6 


Definition 


Theorem 4.1 


Proof 


4 
THE CIRCLE 


4.1 


THE STANDARD FORM FOR AN 
EQUATION OF A CIRCLE 


The standard form for an equation of a circle is a direct consequence of the defini- 
tion and the length formula. 


A circle is the set of all points in a plane ata fixed positive distance (radius) from a 


fixed point (center). 


A circle with center (h,k) and radius r has equation 


(x —hyi + (yp —ky =r. 


If (x, ") is any point on the circle, then the distance from the center (A, k) to (x, y) 
is r(see Figure 4.1). 


(x, y) 


Figure 4.1 
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Solution 


Theorem 4.2 
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Squaring, we have 

(x —hY + (y —ky =P. 
Since the steps above are reversible, we see that every point satisfying the equa- 
tion of Theorem 4.1 1s on the circle described. 


Give an equation for the circle with center (3, —5) and radius 2. 


From Theorem 4.1, an equation 1s 


(x — 3) + [y - (-5)]’ = 2’, 
Or 
(x —- 3? + (y + 5) = 4. 


Although the above form is a convenient one, in that it shows at a glance the 
center and radius of the circle, another form is usually used. Called the general 
form, it is comparable to the general form of a line. Let us first illustrate this form 
with the result of Example |. Squaring the two binomials and combining similar 
terms, we have 


(x - 3 + (py + 5) = 4 
x? —- 6x +94 y2 + 10y + 25 = 4 
x? + y* — 6x + 10y + 30 = 0. 


Normally an equation of a circle will be given in this form. Let us now repeat the 
manipulation, starting with the standard form of Theorem 4.1. 
(x —hP+(y-—ky=ar 
x? —- 2hx +W+y-2kyt+k=ar 

x? 4+ y? — 2hx — 2ky + (Wr +k? -— rr’) = 0 


The last equation 1s in the form 


x? + y? 4+ D'x + E'y + F' = 0. 
Upon multiplication by a nonzero constant, A, we have 
Ax? + Ay? + Dx + Ey + F =0 (A # 0), 


as the following theorem states. 


Every circle can be represented in the general form 
Ax? + Ay’ + Dx +Ey+F=0 (A # 0). 


It is a simple matter to take an equation of a circle in the standard form and re- 
duce it to the general form. We have already seen an example of this. However, 
it is somewhat more difficult to go from the general form to the standard form. 
The latter is accomplished by the process of ‘‘completing the square.’ To see how 
this is accomplished, suppose we consider 


(x + a)? = x? + 2ax + a’. 
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The constant term a’ and the coefficient of x have a definite relationship; namely, 
the constant term is the square of one-half the coefficient of x. Thus, 


q’ = Ou) 
5 : 


Note, however, that this relationship holds only when the coefficient of x? is I. 

This relationship suggests the following procedure. If the coefficients of x? and 
y’ are not one, make them one by division. Group the x terms and the y terms on 
one side of the equation and take the constant to the other side. Then complete the 
square on both the x and the y terms. Remember that whatever 1s added to one 
side of an equation must be added to the other in order to maintain equality. 


Express 2x” + 2)” — 2x + 6y — 3 = 0 in the standard form. Sketch the graph of 
the equation. 


2x? + 2y° —- 2x + 6y —-3 = 0 

ea yo xe 3y-5 = 0 

(x? — x )+ (y? + 3p y= 5 
(xt -x+i)s (e+ ay4f)- 34443 

= 4 


iy f 3) 


Thus, the original equation represents a circle with center (1/2, —3/2) and radius 
2. The graph is given in Figure 4.2. 





Figure 4.2 
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The next two examples show that the converse of Theorem 4.2 is not true: that 
is, an equation of the form 


Ax? + Ay? + Dx + Ey +F=0 


does not necessarily represent a circle. 


Express x* + y? + 4x — 6y + 13 = 0 
in standard form. Sketch the graph of 
the equation. 


x? + y? + 4x - 6y + 13 = 0 
(x? + 4x )+(y? — 6y y= -13 


(x? + 4x + 4) + (y’ - 6y + 9) 
= -134+4+9 
(x + 2) + (y - 3 =0 


Since neither of the two expressions on 
the left-hand side of the last equation 
can be negative, their sum can be zero 
only if both expressions are zero. This 
is possible only when x = —2 and 

y = 3. Thus, the point (—2, 3) 1s the 
only point in the plane that satisfies the 





original equation. The graph Is given in Figure 4.0 
Figure 4.3. 
Express x? + y* + 2x + 8y + 19 = Oin standard form. 
x? + y?+ 2x + 8y + 19 = 0 
(x? + 2x )+ (y? + 8y ) = -19 
(x? + 2x + 1) + (yp? + 8y + 16) = -19 + 1 4+ 16 
(x + 1)? + (y + 4) = -2 


Again, since neither expression on the left-hand side of the last equation can be 
negative, their sum cannot possibly be negative. There is no point in the plane 
satisfying this equation. It has no graph. 


The results illustrated by the last three examples are stated in the next theorem. 


Theorem 4.3 
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The graph of every equation of the form 
Ax? + Ay?+ Dx + Ey+F=0 (A # 0) 


is either a circle or a point, or contains no points. (The last two cases are called the 
degenerate cases of a circle.) 


PROBLEMS 


In Problems \-16, write an equation of the circle described in both the standard form and the 
general form. Sketch the graph of each equation. 


1. Center (1, 3); radius 5 2. Center (0, 0): radius | 

3. Center (5, —2): radius 2 4. Center (0, 3): radius 1/2 

5. Center (1/2, —3/2); radius 2 6. Center (—2/3, —1/2); radius 3/2 

7. Center (4, —2): (3, 3) on the circle 8. Center (— 1,0): (4, —3) on the circle 


9. (2, —3) and (—2, 0) are the end points of a diameter. 
10. (-—3,5) and (2, 4) are the end points of a diameter. 
11. Radius 3; in the first quadrant and tangent to both axes 
12. Radius 5; in the fourth quadrant and tangent to both axes 
13. Radius 2; tangent to x = 2and y = —1 and above and to the right of these lines 
14. Radius 3; tangent to x = —3 andy = 4and below and to the left of these lines 
1S. Tangent to both axes at (4, 0) and (0, —4) 
16. Tangenttox = —2andy = 2at(-—2,0)and (—4, 2) 


In Problems \7- 28, express the equation in standard form. Sketch if the graph is nonempty. 


ix 4 py Slee ay & 1 SO 18. x7 + yp? + 4x - by — 3 = 0 

19. x? + y? + 6x — 16 = 0 20. x? + py? — 10x + 4y + 29 = 0 

21. 4x? + 4y? —- 4x — 12p + 1 = 0 22. 9x? + 9p? — 12x — 24p - 13 = 0 
23. 5x? + Sy* -— 8x — 4y - 121 = 0 24. 9x? + 9p? — 18x — 12p — 23 = 0 
25. 9x? + 9y? — 6x + 18y + 11 = 0 26. 36x? + 36y? -— 36x + 24) — 23 = 0 


27. 36x* + 36y? — 48x — 36y + 25 = 0 28. 8x2 + 8y? + 24x — 4y + 19 = 0 


100 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39, 


40. 
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Find the point(s) of intersection of 


x4 y?- x - 33 -6=0 and 4x —-y -9 = 0. 
Find the point(s) of intersection of 
x? + y? + 4x — 12y + 6 = 0 and 3x —- Sy +2 = 0. 
Find the point(s) of intersection of 
x + yp? + 5x + y — 26 = 0 and Cy Dee Gea 15 = 0, 


Find the point(s) of intersection of 
ee yr tx t+ 12y +8 =0 and = 2x? + 2y* -4x 4+ 9p +4 = 0. 
What happens when we try to solve 


x?4+ yp? - 2x + 4y 41 =0 and x - dy +2 


ll 
© 


simultaneously? Interpret geometrically. 


What happens when we try to solve 
x? + y? —- 4x-2y +1 =0 and x? + yp? + 6x — by + 14 = 0 
simultaneously? Interpret geometrically. 
Find the line through the points of intersection of 
Cy axe sy Se i0— 0 and 4 49? = oy $0 = 11 SO. 


For what value(s) of & is the line x + 2y + k = O tangent to the circle 


x? + y? — 2x + 4y + 1 = 0? 


Prove analytically thatif P, and P, are the ends of a diameter of a circle and Q is any 
point on the circle, then 4 P, OP, 1s a right angle. 


A set of points in the plane has the property that every point in it is twice as far from 
(1. 1) as it is from (5,3). What equation must be satisfied by every point (x, y) in the 
set? 


ind the relation between A, D, E, and F of Theorem 4.2 in order that the equation 
represent 
a. acircle b. a point c. no graph. 


If the equation represents a circle, find A, k, and rin terms of A, D, E, and F. 
In general, squaring both sides of an equation is not reversible (if x = 2, then x? = 4: 


but if x? = 4, then x = +2). Yet, in the proof of Theorem 4.1, the argument was 
declared to be reversible even though both sides of an equation were squared. Why? 
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4.2 
CONDITIONS TO DETERMINE A CIRCLE 


We have seen two forms for equations of a circle: the standard form, 
(x — hy +(y— ky =r’, 
with the three parameters h, k, and r, and the general form, 
Ax’? + Ay? + Dx + Ey + F =0 (A = 0), 


with the parameters, A, D, E, and F. However, since A ~ 0, we can divide through 
by A to obtain 


x? + y?4+ D'x + E'y + F' = 0, 


which, like the standard form, has only three parameters. Thus we need three 
equations in h, k, and ror in D’, E’, and F’ in order to determine these param- 
eters and give the equation desired. Since each condition on a circle determines 
one such equation, three conditions are required to determine a circle. 


Find an equation of the circle through points (1, 5), (—2, 3), and (2, — 1). 


The desired equation 1s 
x? 4 y? + D'x + E'y + F’ =0 
for suitable choices of D’, E', and F’. Since the three given points are on the 


circle, they satisfy this equation. Thus 


1+ 25+ D' + SE’ + F' 
44+ 9-2D' + 3E' + F' = 
4+ 1+4+2D'- E' + F' =0 


| 
So © 


or 
D' + 5SE' + F’ = -26, 
—2D' + 3E' + F' = -33, 
2D' — E' + F' = -5. 
Solving simultaneously, we have D' = —9/5, E' = -19/5, and F’ = —26/5. 


Thus the circle is 


Cay aoe pe 
y x y 


5 5 5 


il 
© 


Or 


l 
= 


5x? + Sy? — 9x — 19y — 26 
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The example above illustrates the use of the general form to find the desired equa- 
tion. The general form is rarely used because the constants D’, E’, and F' have no 
easily discernible geometric significance. The problem of finding an equation of a 
circle through three given points is the only one using this form. Even this problem can 
be solved using the standard form if we recall that the perpendicular bisector of a chord 
of a circle contains the center. Let us use this on the preceding problem. 

Since the points (1, 5) and (—2, 3) are on the circle, the segment from one to the 
other is a chord of the desired circle (see Figure 4.4). For the chord from (1, 5) to 
(= 2,3); 








—4 
Figure 4.4 
ie l 
midpoint = (- 5° s) 
Oe 
m= — 
baa2 3 


and the perpendicular bisector is 


3 ] 
Aes Sys 
paced ty 


4y — 16 = -6x - 3 
6x + 4y 


| 
> 
WW 


Repeating for the chord from (1, 5) to (2, —1): 


eet 3 
midpoint = (. 2) 


ae. 
Liz 





m 
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and the perpendicular bisector is 


l 3 
—-2J=- et 
: 5 (+ ) 


I2y — 24 = 2x — 3 
26 = [2y-S = 24. 


Thus the center is on 6x + 4y = 13 and 2x — 12y = —21. Solving simultaneously, 
we see that the center is (9/10, 19/10). The radius is the distance from the center to any 
of the given points, say (1, 5). 


} 1 961 (962 
r= Soe ee A 
100 ~=—:100 100 


Thus the desired equation is 
9), (, 19)" _ 962 
~~ 10 ~~ 10) ~~ 100 


5x° + 5y? — 9x — 19y — 26 = 0. 


Or 


Find an equation(s) of the circle(s) of 
radius 4 with center on the line 4x + 
3y + 7 = Oand tangent to 3x + 4y + 
34 = 0. 


The three conditions lead to the follow- y 
ing three relations involving h, k, and r 
(see Figure 4.5). 


(1) ; 





15 20 25 






r= 
(2) 4h+3k+72=0 
(3) | 3h + 4k + 34] : 
V3? + 4 3x + 4y + 34=0 


The first and third give 


| 3h + 4k + 34| = 20. ae 
Solving the second for k, we have an 
—35 

—— 4at+ 7 
3 —40 


and substituting into 


| 3h + 4k + 34| = 20, 


Figure 4.5 
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we have 
3h - A+ AE 34, = 20 
174 — 7h| = 60 
74 — 7h = +60 
h=2 or h= uae 
7 
andk = —Sork = —195/7, respectively. Thus the two solutions are 
2 2 
(x — 2)? + (y +5)? = 16 ~~ and (x - 4) + (y+ +2) - 16, 
or 
x? + y?-— 4x + 10y + 13 = 0 
and 


49x? + 49y? — 1876x + 2730y + 55,197 = 0. 


This problem can also be solved in the following way. Since the desired circle 
has radius 4 and is tangent to 3x + 4y + 34 = QO, its center is on a line parallel to 
3x + 4y + 34 = Oand at a distance 4 from it. There are two such lines (see Figure 
4.6) given by 


| 3x + 4y + 34] 
ee ee 
5 
3x + 4y + 34 = +20 


3x +4y +14 =0 or 3x + 4y + 54 = 0. 






ps 3x + 4y+ 14=0 


3x + 4y + 34=0 
> 3x + 4y + 54=0 
4x+3y+7=0 


Figure 4.6 
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Since the center is also on 4x + 3y + 7 = O, we can find its coordinates by solving 
this equation simultaneously with each of the two equations above. From 


3x + 4y + 14 =0 and 4x + 3y +7 = 0, 
we get center (2, —5); from 
3x + 4y + 54 = 0 and 4x +3y +7 = 0, 


we get center (134/7, —195/7). Using these centers with the given radius, 4, we 
have the desired circles. 


Find an equation(s) of the circle(s) 
tangent to both axes and containing 
the point (—8, —1). 


The three conditions give 


(1) h 
(2) k 
(3) (-8 —A)’? + (-1-ky er 


I 
| 
~ 


I 
| 
~ 


(see Figure 4.7). Substituting (1) and (2) 
into (3), we have the following. 


| 
“ 


(-8 +r)? + (-1 + 7) = 
r? — 18r + 65 = 0 

(r — 5)\(r — 13) = 0 

r=) or r= 13 





Thus we have the circle with radius 5 Figure 4.7 
and center (—5, —5) with equation 


(x + 5)? + (y + 5)? = 25 
or 
x? + y? + 10x + 10y + 25 = 0; 


or we have the circle with radius 13 and center (— 13, — 13) with equation 


(x + 13)? + (y + 13)? = 169 
or 
x? + y? + 26x + 26y + 169 = 0. 
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Find an equation(s) of the circle(s) tangent to 3x — 4y — 4 = 0 at (0,-1) and 
containing the point (— 1, —8). 


The center of the desired circle is on the line perpendicular to the tangent line at 
(O, —1) (see Figure 4.8). An equation of this perpendicular is 


4x + 3y = 4-0 + 3(-1) or 4x + 3y+3= 0. 


Thus, for center (h, k) we have 


(1) 4h + 3k+3=0. 


The center is also on the perpendicular bisector of the line joining (0, —1) and 
(—1, —8) (see Figure 4.8). The slope of the line joining (0, —1) and (—1, —8) 1s 7; 
thus the slope of a perpendicular line is —1/7. The midpoint of the segment from 
(0, —1) to(—1, —8) is(—1/2, —9/2). By the point-slope formula, the perpendicular 
bisector is 


9_ _ | = 
Ee 7(¥ +5 
or 

x + Jy + 32 = 0. 
Thus, 
(2) h+7k + 32 =0. 


Solving (1) and (2) simultaneously, we have 


h = 3 and k = -S., 


Using this point with (0, —1), we find the radius 
r= V(3- 02 + (-5 + ly = 5. 
Thus, the desired equation is 
(x — 3 + (y + 5Y = 25 
or 


x? + y? —- 6x + 10y + 9 = 0. 
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3x —4y —4=0 


x+7y + 32=0 


(—1, —8) 


\\4x + 3y +3 =0 
\ 


\ 


Figure 4.8 


PROBLEMS 


B sin Problems \-23., find an equation(s} of the circle( s) described. 


1. Through (— 1, 2), (3,4), and (2, —1) 

2. Through (—2, —1), (0, 3), and (2, 0) 

3. Circumscribed about the triangle with vertices (2. 3), (0.5), and (1, —1) 

4. Circumscribed about the triangle with vertices (1, 1), (—2. 1), and (1, 4) 

5. Circumscribed about the triangle with sides x —- y=0, x + 2y =0, and 
4x +y = 35 

6. Through (2. 1), (—4. 4), and (6, — 1): | Watch out!] 

7. Tangent to the x axis: centeron2x + » — | = O: radius 5 

8. Tangentto2x + 37 + 13 = Oand2x — 31 — | = O: contains (0, 4) 

9. Tangentto 3x + 4y — 15 = Oat(5.0): contains (-2, -1) 


10. Tangentto5x — 12) + 89 = Oat(-1.7): contains (16, 0) 

11. Tangenttox + » = Oandx —- » -— 6 = O:centeron3x - » + 3 = 0 

12. Tangenttox — 3) — 7 = Oand3x + 4+ - 21 = O:centeronx - 3; + 3 = 0 
13. Tangenttox — 3y = Oat(0.0):centeron2x + + + 1 = 0 


14. Tangenttox — y» = Oat(2,2):centeron2x + 37 - 7 = 0 
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15. Contains (— 1,4) and (3, 2); centeron3x — » + 3 = 0 
16. Contains (5, 2) and (—1, 6): centeronx = y 


17. Tangentto 2x + 3y — 5 = Oat(l, 1): tangentto 2x + 37 + 10 = 0 


18. Tangentto y = Oat (4,0); tangentto3x - 4y - 17 = 0 
19. Tangent to both axes; radius 3 
20. Tangenttox = 0;centeronx + y = 10; contains (2, 9) 


21. Tangentto 3x -— 4y + 3 = Oat(-1,0); radius 7 
22. Tangent to Eee y? — 22x + 20yv + 77 Oat (91/17, 10/17); containing (0, 1) 
23. Tangentto x? + y? — 8x — 22) + 112 = Oand3x + 4y + 19 = 0: radius 5 


24. Show that if (x), 9), (2, ¥2). and (x3, 3) are three noncollinear points, then the circle 
containing these three points has equation 


Sey ee pe] 


1 a yi xy Vo i 
$+ V3 x2 yn | 
XZ +y3 x3 yy | 


25. Show that if (1. .¥1), (x2, ¥2), and (13, v3) are three collinear points, then the determi- 
nant of Problem 24 is linear. 


26. Find and equation(s) of the line(s) tangent to x? + py? + 4x — 107 + 4 = 0 from 
the point (3, 2). 


27. Find an equation(s) of the line(s) tangent to x? + y? — 8x + 2 -— 152 = 0 and 
having slope 1/3. 


4.3 
FAMILIES OF CIRCLES 


We can, of course, consider families of circles just as we did families of lines. In 
particular, let us suppose that 


Ax? + Ay? + Dx + Ey + F =0 
and 
A'x? + A'y? + D'x + E'y + F' = 0 

represent two circles which intersect at the points P,; and P,. Now let us consider 
the family 
M = {Ax’? + Ay? + Dx + Ey + F 

+ k(A'x? + A’y? + D'x + E'y + F') = 0{k real}. 
Since the coordinates of P, satisfy the equations of both of the given circles, they 


must satisfy the equation of the family M no matter what value k might have. 
Thus the point P, belongs to every member of the family. Similarly, P, belongs to 
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every member. Since the coefficients of x? and y* are the same, the members of M 
consist of circles containing P, and P,, together with the line containing these two 
points (when k = —A/A’). Note, however, that the family does not include all 
circles through P, and P,; no value of k gives 


Ax 2 A OD ee Ey OF = 0: 
Find an equation of the circle containing (2, — 1) and the points of intersection of 
x? + y? - 2x —-4y+1=0 and x? + y?- 6x -2y+9=0. 
Since neither circle contains (2, —1), the desired circle must be one of the family 
{x7 + y? — 2x — 4p 4+ 1 + k(x? + y? — 6x - 2y + 9) = Ol k real} 


(see Figure 4.9). If (2, —1) is on the desired circle, then, for the proper choice of k, 
(2, — 1) satisfies the family equation. 


4+1-4444+14+4k(441-124+2+4+9)=0 
6+ 4k = 0 
3 
k=-s= 
2 
Thus the circle 1s 
xt yh — 2x - dy +1 - 57 +? - 6x - 2y + 9) = 0 
or 
x? 4 y? — 14x + 2y + 25 = 0. 
y 
Xx 





Figure 4.9 
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We might note the procedure necessary to solve this problem without using 
families of circles. First we would have to find the points of intersection of the 
given circles. These are (3,2) and (11/5,2/5). Then, using these two points to- 
gether with the point (2, —1), we would have to find the circle containing them all 
(see Example 1, page 101). This would be considerably more difficult than the 
method above. Furthermore, if the points of intersection had been irrational, this 
method would be even more tedious. Thus the use of families of circles is quite 
convenient here. 


Find the line through the points of intersection of the circles 


xr+y?+4x-2y-4=0 and x?+y?- 4x = 0. 


The line desired is the one line of the family 
fx? + yy? + 4x —- 2p — 44 k(x? + yp? — 4x) = 0| k real} 
(see Figure 4.10). We get the line by choosing k = —1 so that the second-degree 
terms cancel. Thus we have 
xet+y?+ 4x —-2y —4—-(x° + y’?- 4x) =0 
8x —2y —4=0 
4x —-y -2=0 


wy 


SY 


@ 


Cong 


/ 


Figure 4.10 
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We must be careful when using the above family to be sure that the given circles 
actually intersect at two points. If they are tangent or have no point in common, 


A 
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the set discussed above is still a family of circles (including degenerate circles) 
together with one line. If the given circles are tangent, the family consists of circles 
and a line tangent to both of the given circles. If the given circles have no point in 
common and are not concentric, the family consists of circles with their centers on 
the line of centers of the given circles, together with one line perpendicular to the 
line of centers. If the given circles are concentric, the family consists of circles con- 
centric with each other and the given circles (there is no line in the family in this 
case). 

Whenever the given circles are not concentric, the family contains one line, 
called the radical axis of the two circles. This line has some interesting properties. 
From the discussion above, it follows that the radical axis must be perpendicular 
to the line of centers of the given circles. Furthermore, if P is any point on the rad- 
ical axis of two circles C, and C, and P 1s outside of both C, and C), and if 
T, and T, are points of C, and C,, respectively, such that PT, and PT, are tan- 
gent to C, and C,, respectively, then PT, = PT, (see Figure 4.11). The proof of 
this statement is left to the student (see Problems 23, 28, and 29). 

Of course, other families of circles may also be considered. Some of these are 
given in the problems that follow (see Problems 15-20). 


( dy 


Figure 4.11 


PROBLEMS 


1. Find an equation(s) of the circle(s) containing (1, —4) and the points of intersection of 


cpp oh 2S Aye SL = 0 and Lg ee 6p Se 3S 0. 


112 


2. 


a 


4. 


2 


10. 


12. 


13. 
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Find an equation(s) of the circle(s) containing (2, 0) and the points of intersection of 


e+ yr - 2x + 6y+6=0 and x24 yp? + 2x -2y-7=0. 


Find an equation(s) of the circle(s) containing (— 1, —2) and the points of intersection of 


x? + yy? + 3x ~- 4y —-7=0 and Kas Yr 2 Dies Spies 5 0: 


Find an equation(s) of the circle(s) containing (2, |) and the points of intersection of 


Der Dy aS apo a and 4° 4.9? 2 Oy ay 5. =O. 


Find an equation(s) of the circle(s) with center on x + y — 2 = O and containing 
the points of intersection of 


ee yt 4x + 6y—-3=0 and x24 yy? + 2x 4 2y—-2=0. 


. Find an equation(s) of the circle(s) with center on x — 2y + 5 = O and containing 


the points of intersection of 


op SA yp 2a 0 and x? + y? —- 10x +4 = 0. 


. Find an equation(s) of the circle(s) with center (3, —1) and containing the points of 


intersection of 


x2 4+ p? — 4x - Op +9 = 0 and x? + y? — 2x — l4y + 15 = 0. 


. Find an equation(s) of the circle(s) with center (4,0) and containing the points of inter- 


section of 


eo Pee pe DSO and ae a ee ee ee ee 0 


. Find an equation(s) of the circle(s) with radius 2 and containing the points of inter- 


section of 


Ko ey 4p ye Dy 3 S50 and Le pes | 20) 


Find an equation(s) of the circle(s) with radius 3 and containing the points of inter- 
section of 


xe + yp? —~ 4x —-2y —1=0 and 2x? + 2y? — By +3 = 0. 


Find an equation(s) of the line(s) containing the points of intersection of 


x ae De 8p e820 and X7 Ay? 2 De = 3 0, 


Find an equation(s) of the line(s) containing the points of intersection of 


x? + y? — 2x + 4y = 0 and x? + y? — 6x —- 2y +6 = 0. 


Suppose you are asked to use the method of this section to find an equation(s) of the 
circle(s) containing (3, 0) and the points of intersection of 


x4 yy? 4 2x + 2y—-7=0 ands x? + y?- 4x - 67 +9 =0. 


What is the result? Does this represent all possible circles satisfying the given condi- 
tions? If not, why not? Sketch the given circles and the result. 
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14. 


Suppose you are asked to use the method of this section to find an equation(s) of the 
circle(s) containing (—2, —1) and the points of intersection of 


x? + y? + 4x — 8y + 16 = 0 and x? + y?—- 4x - 2y + 1 = 0. 


What ts the result? Does this represent all possible circles satisfying the given condi- 
tions? If not, why not? Sketch the given circles and the result. 


In Problems \5-20, describe the family of circles given. Indicate whether or not it contains 
every circle of that description, and, if not, give all circles with that description which are 
not included in the family. 


1S. 
16. 
17. 
18. 
19. 
20. 


(x —hy + (yp - 1)? 1 | Areal} 

(x — hy? + (y — k)? = k?|A,k real} 

f(x — hy? + (y — hh)? = hh? | Areal} 

tx? + y? + Dx + Ey = 0| D,Ereal} 

\(x — hy? + (y — ky’ L|A.kreal, A? +k? = 1} 

(ix — hy +(y — k)? = ll AvKreal, |A| = 2, |k| = 2} 


In Problems 21-24, use the result of Problem 27 to find the length of the tangent (PT) from 
the given point to the given circle. 


21. 
22. 
23. 
24. 


25. 


26. 
Di. 


(x — 1)? + (y - 2) = 4 (5.3) 

(ee By 4 (r= 1)? = 9: (4,3) 

Ke y — 4x + 2y + 1 = 0: (3,5) 

x? + yp? + 8x — 4p + 11 = 0: (1. -3) 

Given two points P, and P, such that three different circles all contain P, and P,, show 
that the centers of the circles are collinear. 

Show that the radical axis of a pair of circles is perpendicular to their line of centers. 


Show thatif P = (x;.4),) 1S outside the circle (x —- hy? + (y - ky? = r? and T is a 


point of the circle such that P7 is tangent to the circle, then the length of PT is 





(x, —hyYP tk -r 
(see Figure 4.12). y 


Mx, y) P(x, 1) 


L- 


Figure 4.12 
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28. Use the result of Problem 27 to show that, if P has equal tangents to the circles 


xe + yy? + Dx +Ey+F=0 and x*+y? + Dx + Ey + F = 0, 


then P is on the radical axis of the two circles. 


29. Show that the argument of Problem 28 is reversible, so that if P is on the radical axis 
and there exist tangents from P to the two circles, then the tangents are equal. 


REVIEW PROBLEMS 


In Problems 1-4, put the equation into standard form and identify it as a circle, a point, or 
no graph. If it is a circle, give its center and radius. If it is a point, give its coordinates. 


lex? +y?- 10x + 4y + 13 =0 

2.x° + y? + 6x —2y + 10 =0 

3. 36x° + 36y* — 24x + 108y + 85 = 0 
4. 4x° + 4y?- 4x + 12y —- 15 =0 

5 


. Find an equation of the line through the points of intersection of x* + y* — 4x + 2y + 
1 =Oandx* + y* — 8x — 2y +8 =0. 


6. Find an equation of the circle containing the origin and the points of intersection of the 
circles of Problem 5. 


7. Find an equation of the circle with center (4, 1) and tangent to 3x + 4y — 2 = 0. 


8. Find an equation of the circle of radius 4 that 1s tangent to the x axis and has its center on 
x > 2y = 2. 


9. Find an equation of the circle with center on x + 2y + 1 = 0 and containing the points of 
intersection of x7 + y* + 2x — 4y —4 =O and x’ + y* — 6x — 2y +6 =0. 


10. Find an equation of the circle inscribed in the triangle with vertices (5, 4), (—15, —1), and 
(23/3, —20/3). 


11. Prove analytically that the perpendicular bisector of a chord of a circle contains the center. 


12. Find an equation of the line tangent to x7 + y* = 25 at (4, —3). 


5 
CONIC SECTIONS 





5.1 
INTRODUCTION 


In Chapter 3 we saw that an equation of the first degree always represents a line, and 
every line can always be represented by an equation of the first degree. Now let us 
consider second degree equations and their geometric representation. The general 
equation of the second degree has the form 


Ax’? + Bxy + Cy? + Dx + Ey + F =0, 


where A, B, and C are not all zero. We shall see that equations of the second degree 
represent (with two trivial exceptions) conic sections: that 1s, curves formed by the 
intersection of a plane with a right circular cone. Conversely, all conic sections are 
represented by second degree equations. 

The conic sections are shown in Figure 5.1. Note that a cone has two portions, or 
nappes, separated from each other by the vertex. Note that a cone has no base or end; 
it extends infinitely far in both directions. Thus some of the conic sections are un- 
bounded. The traditional conic sections are the parabola, ellipse, and hyperbola; a 
circle 1s a special case of the ellipse. The remaining situations are called degenerate 
conics. In addition, there are two other situations represented by second degree equa- 
tions: a pair of parallel lines, and no graph at all. No matter what the cone or the plane, 
there must be some intersection; and it cannot be a pair of parallel lines. 

The definitions that we use for the various conic sections give no hint of their 
connections with cones; this is done to simplify the presentation. A proof that parab- 
Olas, ellipses, and hyperbolas really are conic sections is given in Section 5.6. Let us 
now consider the individual conic sections. 


5.2 
THE PARABOLA 


Definition A parabola is the set of all points in a plane equidistant from a fixed point 


(focus) and a fixed line (directrix) not containing the focus. 
115 
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Circle Ellipse Parabola 





Hyperbola Point Intersecting lines Line 


(d) (e) (f) (g) 


Figure 5.1 
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Suppose we choose the focus to be the point (c, 0) and we choose the directrix to 
be x = —c, c # 0 (see Figure 5.2). Let us choose a point (x, y) on the parabola and 
see what condition must be satisfied by x and y. From the definition, we have 


PF = PD 
Vix -cy+y= |x +e] (See Note 1) 


(x + c)’ (See Note 2) 
Xs 20 ee? 


(x — c)’ + y’ 
x? -ex+eceH+y? 


y? = 4cx 





Figure 5.2 


Note 1: Since PD is a horizontal distance, 
PD = |x —(-c)| = |x + cl. 


You might feel that we should drop the absolute value signs, since it is clear from 
Figure 5.2 that x + c must be positive. However, we did not insist that c be posi- 
tive (although Figure 5.2 is given for a positive value of c). If c 1s negative, x is also 
negative and x + cis negative. 

Note 2: When we square both sides of an equation, there is a possibility of in- 
troducing extraneous roots. For instance, (0,1) is not a root of x + y = x — y, 
but it is a root of (x + y)* = (x — y)’. The reason here is that x + y = 1, while 
x — y = —1 for (0,1), and 1? = (-1)? = I. This situation cannot occur when 
(x + y)*? = (x — y)? and x + y and x — yare either both positive, both negative, 
or both zero. Since V(x — c)? + y? and | x + c| must both be positive in any 
case, we have introduced no extraneous roots; that 1s, any point satisfying 


(Ca 0) ae Se ae 


Theorem 5.1 
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must also satisfy 
Vix= cy fy = xe eo): 


We see that if a point is on the parabola with focus (c,0) and directrix x = —c, 
it must satisfy the equation y* = 4cx. Furthermore, since Note 2 indicates that all 
steps in the above argument are reversible, any point satisfying the equation 
y* = 4cx is on the given parabola. 


A point (x, y) is on the parabola with focus (c,0) and directrix x = —cifand only if 
it satisfies the equation 

y? = 4cx. 

y 






(c, 2c) 


latus rectum 


Figure 5.3 


Let us observe some properties of this parabola before considering others. First 
of all, the x axis is a line of symmetry: that is, the portion below the x axis is the 
mirror image of the portion above. This line is called the axis of the parabola. It is 
perpendicular to the directrix and contains the focus (see Figure 5.3). The point of 
intersection of the axis and the parabola is the vertex. The vertex of the parabola 
y’ = 4cx is the origin. Finally, the line segment through the focus, perpendicular 
to the axis and having both ends on the parabola is the latus rectum (literally, 
straight side). Since the latus rectum of y* = 4cx must be vertical and since it con- 
tains (c,0), the x coordinate of both ends is c. Substituting x = c into y* = 
4cx, we have 


y? 4c? 
+2C. 


= 
I 


Theorem 5.2 


Example | 


Solution 


Example 2 


Solution 
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Thus one end of the latus rectum is (c, 2c) and the other (c, —2c); its length is 
4lc|. 

Finally the role of the x and y may be reversed throughout, as the next theorem 
States. 


A point (x, y) is on the parabola with focus (0,c) and directrix y = —c if and only if 
it satisfies the equation 
x? = 4cy. 
Sketch and discuss y? = 8x. 
The equation is of the form y 


y? = 4cx, 


with c = 2. Thus, it represents a parabola with 
vertex at the origin and axis on the x axis. The 
focus is at (2,0), and the directrix is x = —2. 
Finally, the length of the latus rectum is 8. This V(0, 0) 
length may be used to determine the ends, (2, +4), 

of the latus rectum, which helps in sketching the 

curve (see Figure 5.4). 






Figure 5.4 


Sketch and discuss x? = —12y. 


This equation is in the form x? = 4cy, with 

c = —3. Thus, itis a parabola with vertex at 
the origin and axis on the y axis. The focus is 
(O, —3), the length of the latus rectum is 12, and 
the equation of the directrix is y = 3 (see Fig- 
ure 5.5). 





Figure 5.5 
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It might be observed from these two examples that the sign of c gives the direction 
in which the parabola opens. If c is positive, then the parabola opens in the positive 
direction (to the right or upward); if c is negative, then the parabola opens in the 
negative direction (to the left or downward). 


Example 3 Find an equation(s) of the parabola(s) with vertex at the origin and focus (—4, 0). 


Solution Since the focus and vertex are on the x axis, the x axis is the axis of the parabola 
(see Figure 5.6). Thus the equation is in the form y* = 4cx. Since the focus is 
(—4,0),c = —4and the equation is y? = —16x. 





Figure 5.6 


A frequently encountered problem is that of finding the tangent to a curve at a given 
point. This problem is easily solved by the use of calculus. We can solve this problem 
here without calculus by using a property of conic sections: namely, a tangent to a 
nondegenerate conic section has only one point in common with it. Let us use this 
property to solve the following problem. 


Example 4 __ Find an equation of the line tangent to y*? = —8x at the point (—2, 4) (see Figure 5.7). 


Solution 
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(—2, 4) : 
\ 
PN 
x 
—6 —4 =2 OF 2 4 
=) 
—4 
Figure 5.7 


The line with slope m through the point (—2, 4) 1s 
y-—-4=m(x + 2). 


This is the desired line. Now all we need to do is determine m. Since the tangent line 
and the parabola have only one point in common, let us solve simultaneously. Solving 
the equation of the line for y and substituting into the equation of the parabola, we have 


(4+ mx + 2my = —-8x 
16 + m’x? + 4m? + 8mx + 16m + 4m*x = —8x 
mx? + (4m? + 8m + 8)x + (4m? + 16m + 16) =0 


This quadratic equation has only one solution provided B* — 4AC = 0, where A, B, 
and C are the coefficients of x’ and x, and the constant term, respectively, of the 
equation. 


(4m? + 8m + 8) — 4m7(4m? + 16m + 16) = 0 
64m? + 128m + 64 =0 
64(m + 1) =0 

m= —-—1| 


Thus the desired line is 


y ~4= -( + 2) 
x ey = 2 = 0. 


It might be noted that there 1s one line through the point (—2, 4) that has only (—2, 4) 
in common with the parabola, and that line is the horizontal line y = 4. Thus it is not 
true that every line through (—2, 4) having only one point in common with the parabola 
is a tangent line. See Problem 31! for more on this line. 
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PROBLEMS 


In Problems \-12, sketch and discuss the given parabola. 


.y? = 16x op" a = 12% 3. x? = 4y 

.x? = -8y .y? = 10x x? = —Ty 
7.x? = Sy .y = -9x 9. x? = -2y 
10. y? = 3x Il. x? = 6y 12. y? = —-5x 


In Problems |3-20, find an equation(s) of the parabola(s) described. 


13. Vertex: (0, 0); axis: x axis; contains (1, 5) 

14. Vertex: (0, 0); axis: y axis; contains (1, 5) 

15. Vertex: (0, 0); axis: x axis; length of latus rectum: 5 
16. Vertex: (0, 0); focus: (0, 5) 

17. Focus: (—3,0); directrix: x = 3 

18. Focus: (0, 8); directrix: y = —8 

19. Vertex: (0, 0); contains (2, 3) and (—2, 3) 

20. Vertex: (0, 0); contains (— 3, —4) and (—3, 4) 


In Problems 21-24, the required parabola is not in the standard position; so that Theorems 5.1 
and 5.2 cannot be used. Instead, go back to the definition of a parabola. 


| 
= 


21. Find an equation of the parabola with focus (4, 0) and directrix x 


ll 
| 
No 


22. Find an equation of the parabola with focus (2, 4) and directrix y 
23. Find an equation of the parabola with focus (0, 0) and directrix x + 
24. Find an equation of the parabola with focus (1, 1) and directrix x + 
25. Find an equation of the line tangent to y = x’ at(l, 1). 


26. Find an equation of the line tangent to x? = —Syat(5, —5). 


pe 
es 


27. Find an equation of the line tangent to y? = —16x and paralleltox + y 


28. Find equations of the lines tangent to y? = 4x and containing (—2, 1). 


29. Prove Theorem 5.2. 


30. Prove that the ordinate of any point P of the parabola vy? = 4cx is the mean propor- 
tional between the length of the latus rectum and the abscissa of P. 


31. Note that in Example 4 the horizontal line y = 4 has only one point in common with the 
given parabola. Why was it not found in Example 4? [Hint: An assumption was made at one 
point that prevented us from finding it. ] 


32. Show that the tangent line to y* = 4cx at (Xo, yo) iS yyo = 2c(x + Xo). 
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5.3 
THE ELLIPSE 


Definition Anellipse is the set of all points (x, y) such that the sum of the distances from (x, y) 
to a pair of distinct fixed points ( foci) is a fixed constant. 


Let us choose the foci to be (c, 0) and (—c, 0) (see Figure 5.8) and let the fixed 
constant be 2a. If (x, y) represents a point on the ellipse, we have the following. 


V(x —-cl + y+ V(x 4c) + yp? = 2a 
Vix —-cvp+y=2a-V(x+cer% 4+ y 


x? —2cex +c? + y? = 4a? —- 4av/(x +c) + y? + x? 


+ 2cx +c? + y? 


dav (x +c) + y* = 4a? + 4cx 
V(ix+c%t+y =a <= 











2 2 2 2 7x? 
XO 2X oe yr = a a 2x 
a 
2 2 
a“ —C¢ 
Pepa d—e? 
a 
x y? | 
Fo ee ee 


The triangle of Figure 5.8, with vertices (c, 0), (—c, 0), and (x, y), has one side of 
length 2c. The sum of the lengths of the other two sides is 2a. Thus 


2a > 2c 
a>c 
a®* > ¢c? 


a =c = 0 





Figure 5.8 


Theorem 5.3 
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Since a* — c’ is positive, we may replace it by another positive number, b?. Thus 


No 


2 


+ = |, where bP = a? SC. 


Sak 
Sls 
NR 


Observe that we squared both sides of the equation at two of the steps. In both 
cases, both sides of the equation are nonnegative. Thus we have introduced no 
extraneous roots, and the steps may be reversed (see Note 2 on page 117). 

Note that there are two axes of symmetry: the x axis and the y axis. Further- 
more, (+a,0) are the x intercepts and (0, +6) are the y intercepts, where a > 5 
(since b? = a’? — c’). Thus the x axis is called the major axis and the y 
axis is the minor axis. The points (+a,0) on the major axis are called the vertices, 
the points (0, +5) on the minor axis are the covertices, and the point of intersection 
of the axes, (0, 0), is called the center (see Figure 5.9). The foci (+ c, 0) are on the 
major axis. 





Figure 5.9 


A point (x, y) is on the ellipse with vertices (+a,0) and foci (+c,0) if and only if it 
satisfies the equation 


th 
+ 
a 
wR 
" 
=) 


S| 
> 
N 


where b? = a* — c’. 


An ellipse has two latera recta (plural of latus rectum), which are chords of the 
ellipse perpendicular to the major axis and containing the foci. If x = +c, then 


Theorem 5.4 


Example 1 


Solution 
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2 2 

Seka 

a b 
y? ac? p 
pi ae a 
»_ bt 
rx 

b? 

yrrty: 


Thus, one latus rectum has endpoints (c, +b*/a), while the other has endpoints 
(—c,+b’/a). In both cases the length is 26?/a. As with the parabola, this 
length may be used as an aid in sketching; however, the vertices and covertices al- 
low one to make a reasonable sketch. 

Again, the role of the x and y may be reversed. 


A point (x, y) is on the ellipse with vertices (0, +a) and foci (0, +c) if and only if it 
satisfies the equation 


where b* = a* — c?. 


One question that immediately arises is how we can tell whether we have 


tw 
NN 


2 


el baa 
w 


+ or + 


> I< 
w 
| 
SIs 


a he 
tw 


The numbers in the denominator are not labeled a and b, so how do we know 
which is a and which is b? The answer is “‘size.”” In both cases, a > 6. Thus the 
larger denominator is a7, and the smaller is 5’. 


Sketch and discuss 9x? + 25y* = 225. 


First, we put the equation into standard 
form by dividing through by 225: 


x? 2 
set 7 S| 
Now 
a’ = 25, b? = 9, 
and 
c= a’ — b* = 16. 


This ellipse has center (0.0), vertices 
(+5,0), covertices (0, +3), and foci 
(+4,0). The latera recta have length 
2b*/a = 2 - 9/5 = 3.6 (see Figure 5.10). 





Figure 5.10 
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Example 2 Sketch and discuss 25x? + 16y? = 400. 


Solution Putting the equation into standard 
form gives 


Now 


and 
C=q’ — b* = 9. 


This ellipse has center (0, 0), vertices 
(0, +5), covertices (+4, 0), and foci 
(0, +3). The latera recta have length 


2b*/a = 2- 16/5 = 6.4 (see Figure 
5] 7 / ( : Figure 5.11 





Example 3 Find an equation of the ellipse with vertices (0, +8) and foci (0, +5). 


Solution Since the vertices are on the y axis (see Figure 5.12), we have the form 


2 2 

ye + oe = | 

a’ 
Furthermore, a = 8 andc = 5: thus b? = a’? — c? = 64 — 25 = 39. The final re- 
sult 1s 

2 2 

Jy 

Ms ae. 

64° 39 





Figure $.12 
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In addition to the quantities named, each ellipse is associated with a number, 
called the eccentricity. For any ellipse the eccentricity 1s 


e = 


Qis 


The eccentricity of an ellipse satishes the inequalities 0 < e < 1. It gives a measure 
of the shape of the ellipse: the closer the eccentricity is to 0, the more nearly 
circular is the ellipse. For instance, in Example 1, e = 4/5, while in Example 2, 
e = 3/5. The ellipse of Example 2 is more nearly circular than the ellipse of Ex- 
ample |, as can be easily seen by the sketches. 

There is also a directrix associated with each focus of an ellipse. Associated with 
the focus (c, 0) of the ellipse 


i ) 
RO 


So 
+ 
SIS 


is the directrix 


2 


Qa 
ite, Ge 
e 


oo 


If Pis any point of the ellipse, the distance from P to the focus divided by the dis- 
tance from P to the directrix is equal to the eccentricity. This is sometimes used as 
the definition of an ellipse. 

Suppose we start with focus (c,0), directrix x = a/c, and eccentricity e = c/a. 
Now let us find the set of all points P = (x, y) such that the distance from P to the 
focus divided by the distance from P to the directrix equals the eccentricity. 


V(x =o) + _ 


ar 
c 


Q 


xX 


| 
Q 
| 
| 


Cx 
V(x - c)? + y? = 





a 
cx? 
x? ~ ex +c? + y? = a? — 2ex + 5 
a 
2 2 
FOP eye a—e? 
a 
x? y? 
ae 
a an -—cC 
With 5? = a’ — c’, this becomes 
x? a vy _ l 
ai 
The same result can be obtained using focus (—c,0), directrix x = -—a’*/c, and 


eccentricity e = c/a. 


Example 4 


Solution 
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For a parabola, the distance from a point on the parabola to the focus divided 
by the distance of the point from the directrix is always 1. Thus we define e = | for 
every parabola. 

In Section 5.1 we indicated that the circle is a special case of the ellipse. If c = 0, 
then b = a in Theorems 5.3 and 5.4. Thus the equations in those theorems become 
x’? + y’ = a’, an equation of a circle. With c = 0, the eccentricity is also zero, which 
agrees with our statement that an ellipse with an eccentricity near zero is nearly 
circular. Note however, that there is no directrix when c = Q; the focus-directrix 
definition cannot be used in this special case. 

We can again find tangent lines by using the property that a tangent to an ellipse has 
only one point in common with the ellipse. 


Find equations of the lines containing (5, 1) and tangent to 9x* + 25y? = 225. 


Note first of all that (5, 1) does not satisfy the given equation; it is not on the ellipse 
(see Figure 5.13). Thus we can expect not one, but two tangent lines. A line through 





Figure 5.13 


(5, 1) with slope m has equation 
y-1l=m(x — 5). 


Let us solve this equation and the given equation simultaneously. Solving this equation 
for y and substituting into the other, we have 
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Ox? + 25(1 + mx — 5m) = 225 
Ox? + 25(1 + m2x? + 25m? + 2mx — 10m — 10m2x) = 225 
(25m? + 9)x? + (—250m? + 50m)x + (625m? — 250m — 200) = 0 
Since a tangent line and the ellipse should have only one point in common, this 
quadratic equation should have only one solution. Thus 
B*> — 4AC =0 
(—250m? + 50m)? — 4(25m? + 9)(625m? — 250m — 200) = 0 
62,500m* — 25,000m* + 2500m? — 62,500m* 


+ 25,000m° — 2500m? + 9000m + 7200 = 0 
9000m + 7200 = 0 


Substituting this back into 
y —1=m(x — 5), 
we have 
I : ( 5) 
eee ee 
a 5 
4x + Sy — 25 = 0. 


Recall that we had indicated that there are two answers, but we have found only one. 
This is because the use of the point-slope form for the tangent line assumes that there 
is a Slope. It is easily seen from Figure 5.13 that the other tangent line 1s vertical; its 
equation 1s 


PROBLEMS 


In Problems \-10, sketch and discuss the given ellipse. 


N 
wR 


2 2 


fi, es es Fe a ae | 
16 25 144 169 
2 2 2 2 
9S eee Boe 2 ee 
25 4 36 16 
x? y? 2 2 
oe aa! 6. x" + 4y° = 4 
7. 9x? + dy? = 36 8. 9x7 + y* = 9 


9. 16x? + 9y? = 144 10. 4x? + 25y* = 100 


130 5 Conic Sections 


In Problems \\-18, find an equation(s) of the ellipse(s) described. 


11. Center: (0, 0); vertex: (0, 13); focus: (0, —5) 

12. Center: (0, 0); covertex: (0, 5), focus: (— 12, 0) 

13. Center: (0, 0); vertex: (5, 0); contains (V15, 2) 

14. Center: (0, 0); axes on the coordinate axis; contains (2, 2) and (—4, 1) 
15. Vertices: (+6, 0); length of latus rectum: 3 

16. Covertices: (+2, 0); length of latus rectum: 2 

17. Foci: (+6,0);e = 3/5 

18. Foci: (+2, 0); directrices: x = +8 


19, The earth moves in an elliptical orbit about the sun, with the sun at one focus. The least 
and greatest distances of the earth from the sun are 91,446,000 miles and 94,560,000 
miles, respectively. What is the eccentricity of the ellipse? 


20. Find an equation of the line tangent to x? + 4y? = 20at (2, 2). 

21. Find an equation of the line tangent to 2x? + 3y? = 11 at(2, 1). 

22. Find an equation of the line containing (3, —2) and tangent to 4x? + y? = 8. 

23. Find an equation of the line containing (2, 4) and tangent to 3x” + 8y? = 84. 

24. Suppose, in Figure 5.14, that A and B are fixed pins on the arm ABP and that AP and 


BP have lengths a and 5, respectively. Show that if A is free to slide in channel XX’ 
and Binchannel YY’, the point P traces an ellipse. 


Y 


Figure 5.14 


25. Given the focus (—c, 0), directrix x = —a*/c, and eccentricity e = c/a, show that these 
define the ellipse 
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26. Prove Theorem 9.7. 
27. Show that the line tangent to 


N 
N 





cy 
> a ae = | 
a’ b 
at (Xo, Yo) 1S 
oe = = 1. 
5.4 


THE HYPERBOLA 


Definition A hyperbola is the set of all points (x,y) ina plane such that the positive difference 
between the distances from (x,y) to a pair of distinct fixed points ( foci) is a fixed 
constant. 


Again, let us choose the foci to be (c, 0) and (—c, 0) (see Figure 5.15) and choose 
the fixed constant to be 2a. If (x, y) represents a point on the ellipse, we have the 
following. 


Vix-crt+y- V(x +c) + y? = +£2a 
Vix -cv+y= V(x +c)? + y? + 2a 
rv -2ex¢+eP+yext+2ext+er+y 
+ dav(x +c)? + y? + 4a’ 
= d4av(x +c) + y? = 4a? + 4ex 


eV(xt¢ortypreat+S 


x? 4 2ecx +c? + y? = a’ + lex + —— 
a 





~< 
| 
<= 
I 
my 
| 
S 





In the triangle PCC’ of Figure 5.15, 
PC' < PC + CC' 
PC' - PC < CC’ 
2a < 2c 
a<c 


c-—a’>Q?0. 


Theorem 5.5 
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Figure 5.15 


Since c? — a’ is positive, we may replace it by another positive number, 5b’. Thus 


where b? = ¢c? — a’. 


Again we squared both sides of the equation at two of the steps. The first time, 
both sides of the equation were positive; the second time, they were either both 
positive or both negative. Thus we have introduced no extraneous roots, and the 
steps may be reversed (see Note 2 on page 117). 

Again, both the x axis and the y axis are axes of symmetry and again (+a, 0) 
are the x intercepts. However, there are no y intercepts; when x = 0, we have 


ye 


ales te). f. 


b? 


which is not satisfied by any real number y. The x axis (containing two points of 
the hyperbola) is called the transverse axis; the y axis 1s called the conjugate axis. 
The points (+a,0) on the transverse axis are called the vertices, and the point of 
intersection of the axes, (0, 0), is called the center (see Figure 5.16). 


A point (x, y) is on the hyperbola with vertices (+a,0) and foci (+c, 9) if and only if 
it satisfies the equation 


where b? = c* — a’. 
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y 
0, b):" 
(—c, 0) (c, 0) 
> 
(—a, 0) 7] 1"~-(a, 0) 
0,-b) 
Figure 5.16 


For every hyperbola there are two lines that the curve approaches more and 
more closely at its extremities. These two lines are called asymptotes (see Figure 
5.16, in which the slanting dotted lines are the asymptotes). It might be noted that 
parabolas do not have asymptotes. Thus a hyperbola is not—as might appear 
from inaccurate diagrams—a pair of parabolas. The hyperbola 


or y= 


has asymptotes 


Let us verify this, at least for the portion in the first quadrant. Here we are deal- 
ing with 


for positive values of x. For a given value of x, let us consider the difference d 
between the y coordinates of the points on the hyperbola and the line. 


da2y - OVP a = 2x - Vit a) 


Qa a 


Theorem 5.6 
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Multiplying numerator and denominator by x + Vx? + a’, we have 


_ 5 x? — (x? - a’) | ab 


d 2 


QAy+ Vx? -a@ x4+4vVx*- a’ 


Now the numerator Is a constant; but, for large positive values of x, both terms of 
the denominator are large and positive. In fact, the larger the value of x, the larger 
the denominator and, therefore, the smaller dis. Thus d approaches zero as x gets 
larger, which shows that the line is an asymptote of the hyperbola. Of course, 
similar arguments can be used to show the same thing in the other three quadrants. 

A convenient way of sketching the asymptotes 1s to plot both (+a,0) and (0, +5) 
(even though the second pair of points is not on the hyperbola) and sketch the 
rectangle determined by them (see Figure 5.16). The diagonals of this rectangle are 
the asymptotes. 

Again, two latera recta contain the foci and are perpendicular to the transverse 
axis. By using the same method as in the case of the parabola and ellipse, we can 
show their length to be 


26? 
ot 


As with the parabola and the ellipse, the roles of x and y can be reversed. 


A point (x,y) is on the hyperbola with vertices (0, +a) and foci (0, +c) if and only if 
it satisfies the equation 


where b* = c* — a’. 


It might be noted that a and b are determined by the sign of the term in which 
they appear; a’ is always the denominator of the positive term and b’ the denom- 
inator of the negative term. There is no requirement that a be greater than 5, as 
there was for an ellipse. 

The asymptotes of the hyperbola 


yoo xw _y 
ai 
are 
bu ante 
b 


Since the formulas for the asymptotes for the two cases are rather easy to confuse, 
a method that always works is to replace the | by 0 in the standard form and 
solve for y. 


Example | 


Solution 


Example 2 


Solution 
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2 


2 
Sketch and discuss = oh ee 


= |. 

16 

We see that a® = 9,5? = 16, and 

c? = a’ + b? = 25. This hyperbola 
has center (0,0). vertices (+3, 0), 
and foci (45.0). The asymptotes are 
found by replacing the | of the stan- 
dard form by 0 and solving for y. 





2 2 (—5, 0) 
SS 2 if) 
9 16 (—3,0)f 
ey: 16x? : 
J 9 
y= 8 2 a 
3 


The length of the latera recta 1s 
2b*/a = 32/3 (see Figure 5.17). 


Sketch and discuss 16x? — 9)? + 
144 = 0. 


Putting this equation into standard 
form, we have 


No 


= |, 


ol * 


16 
We see that a’ = 16,6° = 9, and 

c? = a’ + b* = 25. This hyperbola has 
center (0,0), vertices (0, +4), and foci 
(0, +5). Its asymptotes are y = +4x/3 
and the length of the latera recta is 
2b*/a = 9/2 (see Figure 5.18). 
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(5,0) 
x 
(3,0) 
Figure 5.17 
y 
(0, 5) 
Ss oo 
x 
Pesan (0. —4): 
(O, —5) 


Figure 5.18 


Note the relationship between the equations of these two examples when in the 
standard forms: the left-hand sides are simply opposite in sign. Such hyperbolas 


are called conjugate hyperbolas. 
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Example 3 Find an equation of the hyperbola with foci (+4, 0) and vertex (2, 0). 


Solution Since the foci are on the transverse axis and we are given that they are on the x 
axis (see Figure 5.19), we must have the form 


2 2 


y 
nage 


S| 
N 


The foci tell us that c = 4, and the vertex gives a = 2: thus 6? = c? — q’ = 12. 
The resulting equation is 


Ww 


xo 
4 12 
or 
3x? — y? = 12. 
y 
6 
ee a oe 





Figure 5.19 


Hyperbolas, as well as the other conic sections, can be determined by a single 
focus, a directrix, and an eccentricity. For the hyperbola 


2 


y 
po 


xX 


2 
2 


Q 
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we have eccentricity 


and directrices 
a a’ 
x=t+-5754-—, 
e C 
where x = a’/c is used in conjunction with the focus (c,0) and x = —a?’/c 
with the focus (—c,0). Since c > a, e = c/a > 1. Furthermore, a single focus and 


directrix gives the entire hyperbola—not merely one branch. Either focus with its 
corresponding directrix generates a hyperbola. 


PROBLEMS 


In Problems \-\4, sketch and discuss each equation. 


2 2 2 2 2 2 
(ee | Dee ee Qe ee 
16 9 4 4 
2 2 2 2 2 2 
Be ana, Ge Ds Be, 6. 2, ee et 
9 144 25 25 144 
y? x? 2 2 2 2 
Ties oe 8. 4x7 — 9)7 = 36 9, 4x? — »* = 4 
75 9 x 1 x J 
10. 4x? —- y? + 16 = 0 HM. x? — yp? = 9 12. 16x? — 9)? = —36 


13. 36)? — 100x? = 225 14. 9x? — 4y7 - 9 = 0 
In Problems 15-26, find an equation(s) of the hyperbola(s) described. 


15. Vertices: (42,0); focus: (—4, 0) 

16. Foci: (0, +5): vertex: (0, 2) 

17. Asymptotes: y = +2x/3: vertex: (6, 0) 

18. Asymptotes: y = +3x/4; focus: (0, — 10) 

19. Asymptotes: »y = +4x/3: contains (3 V2, 4) 

20. Asymptotes: y = +3x/4: length of latera recta: 9/2 
21. Vertices: (+5, 0); contains (9/5, —4) 

22. Foci: (42/61, 0): contains (65/6, 5) 
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23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 


31. 


32. 


33. 


34. 


5.5 
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Vertices: (0, +3);e = 5/3 

Foci: (+10,0);e = 5/2 

Directrices: x = +9/5;e = 5/3 
Directrices: y = +25/13; focus: (0, — 13) 


Find an equation of the line tangent to l6x? — 9y? = 144at (13/4, 5/3). 


Find an equation of the line tangent to x* — y? = 16at(—5, 3). 


Find an equation(s) of the line(s) tangent to x? — y* = 9 and containing (9, 9). 


Find an equation(s) of the line(s) tangent to 4x? — 9y? = 7and containing (—7, 7). 


Show that there is a number k such that, if P is any point of a hyperbola, the product 
of the distances of P from the asymptotes of the hyperbola is k. 


An airplane sends out an impulse that travels at the speed of sound (1100 feet /second). 
Two receiving stations, whose positions are accurately known, record the times of re- 
ception of the impulse (they do not know the time the impulse was sent). How can this 
information be used to determine the position of the airplane, and to what extent can 
the position be determined? How many receiving stations are necessary to pinpoint 
the position of the airplane? 


A man standing at a point Q = (x,y) hears the crack of a rifle at point P,; = 
(1000,0) and the sound of the bullet hitting the target P, = (—1000,0) at the same 
time. If the bullet travels at 2000 feet/second and sound travels at 1100 feet/second, 
find an equation relating x and y. 


Show that the line tangent to 
ee 
a b 
at (Xo, Yo) 1S 
XX0 = =YYo _ 
a be 


REFLECTION PROPERTIES OF CONICS 


The conic sections have several important properties. Among the most frequently 
encountered of these are the reflection properties. Let us consider them here. 

When a ray of light strikes a plane reflecting surface (see Figure 5.20), the ray 
is reflected in such a way that the angle of incidence (the angle between the in- 
cident ray and the normal line to the mirror at the point of incidence) equals the 
angle of reflection (the angle between the reflected ray and the normal line). Al- 
ternatively, we may say that the incident and reflected rays make equal angles 
with the reflecting surface. If the reflecting surface is not a plane, the ray of light 
is reflected in the same way as it would be by a plane tangent to the given surface 


Theorem 5.7 


Proof 
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at the point of incidence. We shall limit our discussion to two dimensions by con- 
sidering only cross sections, as illustrated in Figure 5.20. 







angle of 
incidence 


angle of 
reflection 


mirror 


Figure 5.20 


Now let us consider reflection by mirrors whose cross sections are conics. For 
the most part, we shall not use analytic arguments here because of their difficulty. 
This is due to the fact that we do not have a simple method of determining tangent 
lines to a curve; this is properly the subject matter of a course in calculus. Never- 
theless, parabolic mirrors are considered analytically in Examples | and 2. 

Let us now consider nonanalytic arguments establishing the reflection prop- 
erties of conics. We begin with the parabola. Assuming that the parabolic mirror 
is two-sided, that is, it reflects light striking it from either side, there are four 
equivalent reflection properties. 


(a) Light froma source at the focus of the parabola is reflected along a line paral- 
lel to the axis. 

(b) Light towards the parabola on a line parallel to the axis and on the side of the 
parabola containing the focus is reflected towards the focus. 

(c) Light directed towards the parabola ona line parallel to the axis and on the side 
of the parabola not containing the focus is reflected away from the focus. 

(d) Light directed towards the focus of the parabola and on the side opposite the 
focus is reflected away from the parabola ona line parallel to the axis. 


We will justify only Statement (a). Suppose we have the parabola shown in Fig- 
ure 5.21, with focus F and directrix DD’. If P is any point of the parabola, then 
PF = PD (where PD is perpendicular to the directrix). Let OPQ’ be the bisector 
of DPF. We first show that this bisector is tangent to the parabola at P by show- 
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ing that P is the only point that the line and the parabola have in common. Let 
Q be any point except P on this bisector. Since xOPD = x OPF,PD = PF, and 
OP = QP, it follows that triangles OQPD and QPF are congruent. Hence OF = 
QOD. If QD' is perpendicular to the directrix, then QD' < OD = OF. Since 
OD' ~ OF, Q is not a point of the parabola. Recalling that Q is any point of the 
bisector other than P, we see that P is the only point that the parabola and OPQ’ 
have in common; QPQ' is tangent to the parabola at P. But since XQPE = 
4 DPQO' = %FPQ’, it follows that a ray of light FP is reflected along the line PE, 
which is perpendicular to the directrix and parallel to the axis of the parabola. 





Figure 5.21 


This reflection property of the parabola is very important in the reflection of 
both sound and light. It might be noted, however, that a small portion of a parab- 
ola can be closely approximated by a circular arc. Since circles are much easier 
to construct than parabolas, circular, rather than parabolic, reflectors are often 
used. Nevertheless, if the reflector is large or if a high degree of accuracy is needed, 
parabolic reflectors are used. Parabolic reflectors are used in the following situa- 
tions in which the light source 1s at the focus: automobile headlights, floodlights, 
flashlights, and camera flash attachments. Bandshells and some auditoriums have 
a parabolic shape to reflect sound from the focus. Reflecting telescopes use para- 
bolic mirrors to reflect parallel rays of light to the focus. While circular mirrors 
are used in inexpensive telescopes, the best reflecting telescopes use parabolic mir- 
rors. The same principle is used in “‘spy”’ listening devices that eavesdrop on a 
conversation some distance away. In this case, the sound waves are reflected to a 
microphone at the focus. However most such devices use circular, rather than 
parabolic reflectors. Reflection properties (c) and (d) have no practical use. 

The ellipse also has reflection properties that are quite interesting, although they 
have less practical value. 


Theorem 5.8 


Proof 
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Light from one focus of an ellipse is reflected by the ellipse to the other focus. On the 
other hand, light from a source outside the ellipse and directed towards one focus is 
reflected away from the other. 


In order to justify this, let us consider Figure 5.22. If P is any point of the ellipse, 
we extend F,P to R such that PR = PF,. Let OPQ’ bisect 4 RPF,. It then fol- 
lows that XQ’PF, + &RPQ = 4QPF,. Thus the line OPQ’ reflects light from 


< 


Figure 5.22 


one focus to the other. All that we need to show is that OPQ’ is tangent to the 
ellipse at P. We do this by showing that P is the only point that the line and the 
ellipse have in common. Let Q be any point other than P on this line. Since 
xRPO = xF,PO, PR = PF,, and PO = PQ, it follows that triangles RPQ and 
F,PQ are congruent. Thus RO = F,(O. Finally, 


F,O0 + F;0 = F,O + RO 
> F\R 
= F\P + PR 
= F\P + FyP. 


From this, it follows that Q is not on the ellipse. Thus the ellipse and the line have 
only one point in common, and Q'PQ 11s tangent to the ellipse. 


Buildings having elliptical domes exhibit the reflection properties given above. 
In such a building, a person can stand at one focus and whisper to another per- 
son at the other focus without being overheard by people between them. 

Although it is of no practical value, the hyperbola has reflective properties 
similar to those of the parabola and ellipse. 


Theorem 5.9 


Proof 
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A ray of light from one focus is reflected away from the other by a hyperbola; a ray 
of light between the two branches of a hyperbola and directed towards one focus is 
reflected towards the other. 


Suppose that a ray of light from focus F, strikes the hyperbola at P (see Figure 
5.23). Let Q'PQ be the bisector of angle F,PF, with Q any point on it distinct 





(b) 


Figure 5.23 


from P. Since %Q'PE = x%F,PQ =x F,\PQ, a ray of light F,P is reflected 
by O’PQ away from F),. Again, all that we need to show 1s that Q’PQ is tangent 
to the hyperbola at P. Clearly F,P < F,P. Let R be the point between P and 
F, such that RP = F,P. This, together with RPO = xF,PQ and PO = PO, 
assures us that triangles RPQ and F,PQ are congruent. Thus RO = F,Q, and 
F,P — F\P = F,P — RP = F;R. Now we divide the argument into two 
cases, depending upon the relative distances of Q from F, and F). 

Case I: F,Q <F,Q. Let S (see Figure 5.23a) be the point between F, and 
QO such that SQ = F,Q = RQ. Then 


F,0 - F.0 = F,0 - SO = FS. 





But 
F,S + SO < F,R + RO = F,R + SQ, 


giving 
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Therefore 
F,Q — F\Q = F,S < F,R = F,P — F,P. 
It follows that, in this case, Q is not on the hyperbola; Q'P@Q is tangent at P. 


Case Il: F\QO > F,Q. RO =F\Q > FQ. Let T (see Figure 5.23b) be the 
point between R and Q such that F,Q = TQ. Then 


F\O.— F,Q = RQ — TQ = RT. 


But 
RT + TQ < RF, + F,Q = RF, + TQ. 
giving 
RT< TO 
Therefore 
F\Q — F,Q = RT < RF, = F,P — F,P. 


Again it follows that Q is not on the hyperbola, and Q’ PQ is tangent at P. 


The second case given in Theorem 5.9 results in repeated reflections as shown 
in Figure 5.24. 





Figure 5.24 


Example 1 


Solution 
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We have indicated that analytic arguments were not used because of the dif- 
ficulty of determining the tangent to a conic at a given point. Although there is 
some difficulty, it is possible using the same criterion that we used in the above 
arguments: namely, a tangent to a conic has one and only one point in common 
with the conic. 


Show that the tangent to the parabola y* = 4cx at the point (xo, yo) has slope 
m = 2c/Yo. 


First of all, we note that since the point (Xo, yo) is on the parabola, yé = 4cxo or 
Xo = y/4c. The equation of a line through ( y$/4c, yo) is 


2 
es e. ee WO 
y Yo m( x8) 


For the proper choice of m, this is the tangent line. If we solve this equation with 
the equation of the parabola, we get a single solution for this choice of m. Let us 
then solve these two equations simultaneously to determine what value of m gives 
a single solution. Solving the equation of the parabola for x and substituting into 
the equation of the line, we have the following. 
m( C. #2) 
4c 4c 


my? — mys 
0 


y— Yo 


4cy — 4cyo 
my* — 4cy + (4cyo — mys) 


Now we have a quadratic equation in y. Since the equation Ay* + By + C = 0 
has exactly one solution if B? — 4AC = 0, we have the following. 


ll 
© 


(—4c)? — 4m(4cyy — myé) 
4c? — 4cmyy + m’yg = 0 
(2c — myo)’ = 0 


Myy = 2C 
you = 
om 


Once we have this slope, it is relatively easy to verify the reflection properties 
Stated earlier in this section. 


Example 2 


Solution 
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Show that if P = (x9, yo) is a point of the parabola y? = 4cx, then the line joining 
P to the focus and the horizontal line through P make equal angles with the tan- 
gent to the parabola at P. 


We have already seen in Example | that the slope of the tangent at P(xp, yo) is 


Mian = aS, 
Yo 


Now we merely need to show that 0, = 6, in Figure 5.25. Equivalently, we may 
show that tan 6, = tan @,. But since 9, 1s the inclination of the tangent line, 


tané, = m,, = 2c 


The slope of the line PF is mpg = yo/(Xo — c). Using the formula for the tan- 
gent of an angle from one line to another (see Section 1.6), we have 


) MN 
Yo _ 2¢ 
Xo — € Yo 
Yo 2c 
Xo — © Yo 
yg — 2cx9 + 2c? 
XoYo — C¥o + 2C¥o 
4cxy — 2cx9 + 2c? 
XoYo + CYo 
2c(Xp + C) 
Yo(Xo + C) 
2c 
Yo 


1 + 


This gives the desired result. 


The conic sections also appear in other interesting situations. For example, a 
projectile thrown upward follows a nearly parabolic path, the deviation from 
parabolic caused mostly by air resistance. Planets follow elliptical paths around 
the sun, as do satellites (real or artificial) about their planets. These ellipses 
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P(X. Yo) / \ a 


c 
ZL | 


F(c,0) 


Figure 5.25 


have very small eccentricities, making them nearly circular. On the other hand, 
comets follow orbits that are either parabolas or ellipses with eccentricities near 
one. All of these things can be shown by an analysis of the forces involved. Such 
analyses require the use of calculus and are beyond the scope of this book. 


PROBLEMS 


B 1. Show that the slope of the tangent to 


2 2 
x 
— + yo = | 
a? b? 
at (Xo, Vo) Is 
bx 
Hie, ee 
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2. Show that the slope of the tangent to 


a y? - 
a? b 
at (Xo, Yo) Is 
b? 
m= —*. 
a yo 
3. Show that the line tangent to 
2 2 
x 
s+ Sel 
a b 
at (Xo, Yo) IS 
XXQ YYo 
—— + = | 
a? b? 
4. Show that the line tangent to 
ue y? 
a? b2 
at (Xo, Yo) iS 
220) 202. 
a? b? 


3. Use the result of Problem | to show that the lines from the point P = (Xo, yo) of 
an ellipse to its two foci make equal angles with the tangent at P. 


6. Use the result of Problem 2 to show that the lines from the point P = (x9, yo) of 
a hyperbola to its two foci make equal angles with the tangent at P. 


5.6 
CONICS AND A RIGHT CIRCULAR CONE 


As we indicated in Section 5.1, the conic sections are curves formed by the inter- 
section of a plane with a right circular cone. We shall prove here that this ts really 
the case. Let us first recall that a cone consists of two portions, or nappes, sepa- 
rated from each other by the vertex. 
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Figure 5.26 Figure 5.27 


Suppose a plane intersects a right circular cone to give the curve C of Figure 
5.26. Let S,; and S, be spheres which are inscribed in the cone and tangent to the 
plane at the points F, and F,, respectively. (We are considering the case in which 
there are two distinct tangent spheres which lie in the same nappe of the cone and 
are tangent at two distinct points. See Problems 1-3 for other cases.) The spheres 
S, and S, have the circles C, and C, respectively, in common with the cone. Of 
course C, and C, lie in planes which are perpendicular to the axis of the cone and, 
therefore, parallel to each other. Let P be any point of the curve C. Consider the 
line determined by P and the apex A of the cone. This line intersects the circles 
C, and C, at points 7, and 7, respectively. Since P7, and PF, are two tangents to 
the sphere S, from P, 


PT, = PF,. 


Similarly, 
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Thus 


PF, + PF, = PT, + PT, = T,T». 


Since the circles C, and C, lie in parallel planes, 7,7, is independent of the 
choice of the point P. Thus PF, + PF, is constant, proving that C is an ellipse 
with foci F, and F;. 

The conic can also be related to the cone by the focus-directrix property. Sup- 
pose a plane x intersects a right circular cone to give the curve C of Figure 5.27. 
Let S be a sphere inscribed in the cone and tangent to the given plane at F. The 
sphere S has a circle C; in common with the cone, C, lying in a plane y, perpendic- 
ular to the axis of the cone. Planes x and y intersect at a line d and form the angle 
a. Let P be any point of C. The line determined by P and the apex A of the cone 
intersects the circle C, at 7. Now we drop a perpendicular from P to the plane y, 
intersecting it at R. Finally RQ is taken perpendicular to d, the line of intersection 
of planes x and y. Let us consider the triangles POR and PRT. Angle POR is a 
and we shall designate the angle P7R by @. Thus 


sing = PR 
PQ 
and 
ng FR 
sinB = BT 
giving 
sina _ PT 
snB PO 
Again, since PF and PT are tangent to the sphere S from P, 
PT = PF, 
giving 
sIn@ _ PF 
sing PQ 


Of course a and @ are angles determined by the cone and the intersecting plane x; 
they are independent of the choice of the point P on the curve. Thus C is a conic 
with focus F, directrix d and eccentricity 


sina 
sin 3 





Furthermore, if0 < a < B,thene < 1 and thecurve C Is an ellipse; if a =(, then 
e = | and the curve is a parabola: and if a > 8, then e > | and the curve is a 
hyperbola. 
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PROBLEMS 


C 1. Show that if there is only one sphere inscribed in a cone and tangent to the intersecting 
plane, then the conic section 1s a parabola. 


2. Show that if there are two spheres inscribed in a cone and tangent to the intersecting 
plane, and if these two spheres are in different nappes of the cone, then the conic section 
is a hyperbola. 


3. Show that if there are two spheres inscribed in a cone and tangent to the intersecting 
plane at the same point, then the conic section ts a circle. 


4. Show that the intersection of a plane with a right circular cylinder ts either a circle, an 
ellipse, or a pair of parallel lines. 


REVIEW PROBLEMS 


A In Problems 1-6, sketch and discuss. 


l. y* = -6x 2. x° — 4y* =4 
3. y* = 16x 4. 4x? + Dy’ = 36 
§.x°-y*+9=0 6. 4x° + 3y? = 48 


B 7. Find an equation(s) of the parabola(s) with vertex (0, 0) and focus (5, 0). 


8. Find an equation(s) of the parabola(s) with vertex (0, 0) and containing the points (2, 4) and 
(8, 8). 


9. Find an equation(s) of the ellipse(s) with center (0, 0), vertex (10, 0), and focus (6, 0). 


10. Find an equation(s) of the ellipse(s) with center (0, 0), vertex (0, ~3V2), and containing 
the point (2, —3). 


11. Find an equation(s) of the hyperbola(s) with vertices (0, +8) and focus (0, 10). 


12. Find an equation(s) of the hyperbola(s) with asymptotes y = + 3x/2V/2 and containing 
(4, 3). 


13. Find an equation of the line tangent to 4x° + 3y* = 16 at (1, 2). 


C 14. The inner edge of a track has equation 


< 
N 


+=. 


ax 
NO N 
> 
N 


The track 1s of width d. When asked to find an equation of the outer edge, a student gave 
the answer 
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2 3 


ees ae y = | 
(atd)y (b+dy 


Prove the student to be correct or incorrect. 


1$2 


6 


TRANSFORMATION OF 
COORDINATES 


6.1 
TRANSLATION OF CONIC SECTIONS 


The coordinate axes are something of an artificiality which we introduced on the 
plane in order to represent points and curves algebraically. Since the axes are of 
this nature, their placement is quite arbitrary. Thus we might prefer to move them 
in order to simplify some equation. Any change in the position of the axes may be 
represented by a combination of a translation and a rotation. A translation of the 
axes gives a new Set of axes parallel to the old ones (see Figure 6.1a), while in a 
rotation, the axes are rotated about the origin (see Figure 6.1b). 

Let us consider translation first. If the axes are translated in such a way that the 
origin of the new coordinate system is the point (A, k) of the old system (see Fig- 
ure 6.2), then every point has two representations: (x, y) in the old coordinate 


(a) (b) 


Figure 6.1 
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system, and (x’, y’) in the new. The relationship between the old and new co- 
ordinate system is easily seen from Figure 6.2 to be 


x=x' +h or x’ =x-h 
and 
y=y tk or y=y-—k. 


These equations (either set) are called equations of translation. 





Figure 6.2 


Furthermore, we can consider translation from a vector point of view. The vec- 
tor xi + yj can be used to represent the point (x, y). A graphical representation of 
this vector is a directed line segment with its tail at the origin and its head at 
(x,y). It is easily seen from Figure 6.3 thatu = v + wor 


xi+ yy = (x' + A)’ + (y' +: k)dj. 





Figure 6.3 
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Thus 


and 


yp=y' +k. 


Suppose we have a parabola with vertex at (A, k) and axis y = k (see Figure 6.4). 


—@ 


(h, k) : 
NN : % 


<— hh —>|< x’ > 


~~ << —> 
b> 


Figure 6.4 


Let us put in a new pair of axes, the x’ and y’ axes, which are parallel to and in 
the same directions as the original axes and have their origin at the point (4,k) of 
the original system. Since the parabola’s vertex is now at the origin of this co- 
ordinate system, its equation Is 


y= 4cx’, 


where |c| is the distance from vertex to focus. Now the relationship between the 
old and new coordinates is given by the equations of translation 


x' =x -h and yp =y—k. 
Thus the equation of the parabola in the original coordinate system is 


(y — k)*? = 4c(x — A). 


Theorem 6.1 


Theorem 6.2 


Theorem 6.3 
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We can go through the same analysis for all three of our conics and obtain the 
following results. 


A point (x,y) is on the parabola with focus (h + c,k) and directrix x = h — c if 
and only if it satisfies the equation 


(y — k)*? = 4c(x — A). 


A point (x,y) is on the parabola with focus (h,k + c)and directrix y = k -— cif 
and only if it satisfies the equation 


(x — h)? = 4c(y — k). 


A point (x,y) is on the ellipse with center (h,k), vertices (h + a,k), and covertices 
(h,k + b)ifand only if it satisfies the equation 


2 2 
a’ b? 


The foci are(h + c,k), where c? = a* — 6’. 
A point (x,y) is on the ellipse with center (h,k), vertices (h,k + a), and cover- 
tices (h + b,k) if and only if it satisfies the equation 


2 2 
aq’ b? 


The foci are (h,k + c), where c? = a’? — 6b’. 


A point (x,y) is on the hyperbola with center (h,k), vertices (h + a,k), and foci 
(h + c,k)ifand only if it satisfies the equation 


(x -— hy’ (yp — ky | 
a’ b? 
where b* = c*? — a’. 


A point (x,y) is on the hyperbola with center (h,k), vertices (h,k + a), and foci 
(h,k + c), ifand only if it satisfies the equation 


(y — ky? (x — hy’ _ | 
gt 


where b? = c? — a’. 


Theorem 6.4 
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Suppose we now consider the equation 


and carry out the indicated multiplications. The result is 


y? — 2ky + k* = 4cex -— 4ch 
y? — 4cex — 2kyp + (k? + 4ch) = 0. 
This is in the form 
y+ D'x + E'y + F' = 0, 
where D' = —4c, E' = —2k, and F' = kh’ + 4ch. If we now multiply through by 


some number C (C + OQ), we have 
Cy? + Dx + Ey + F = 0. 


We can consider the other five standard forms of Theorems 6.1--6.3 in the same 
way. We find that in every case we get an equation of the form 


Ax? + Cy? + Dx + Ey + F = 0. 


If we have a parabola, then either A = Oor C = 0: 1f we have an ellipse, then A and 
C are both positive or both negative: if we have a hyperbola, then A and C have 
opposite signs. This is summarized in the following theorem. 


Every conic with axis (or axes) parallel to or on a coordinate axis (or axes) may be 
represented by an equation of the form 


Ax? + Cy? + Dx + Ey + F = 0, 


where A and C are not both zero. Furthermore, AC = 0 if the conic is a parabola, 
AC > Oifit is an ellipse,and AC < Oifit is a hyperbola. 


The equations of Theorems 6.1-6.3 are called the standard forms for conics, 
while the equation of Theorem 6.4 is called the general form. It is a simple matter 
to go from the standard form to the general form; one merely carries out the in- 
dicated multiplications. We go from the general form to the standard form by 
completing the square, just as we did for a circle. Once we have the conic in stan- 
dard form, it is a simple matter to carry out a translation. 


Example | 


Solution 
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Sketch and discuss the parabola 
Oy? + 36x -— 6y — 23 = 0. 


First we put the equation into standard yy 
form by completing the square on the y 
terms. To do this we first isolate the 


terms on one side of the equation. Then : 
we make the coefficient on )” one by ~ 
dividing by 9. Finally we divide the re- , ‘\ ; 
sulting coefficient of y by 2 and square: H : # 
this number is then added to both sides, x 
. : -4 -3-2-10]/ :2 

making one side a perfect square. 3 

9y? — 6y = —36x + 23 = 2 

yo sye dee S —3 

yea sy on 7 4x42 
Figure 6.5 


ae 


now give 


In the x’ system, we have a parabola with vertex at the origin, axis the x’ axis 
(y' = 0), focus at (—1,0), directrix x’ = 1, and a latus rectum of length 4. By 
using the equations of translation, we express the vertex, axis, and so on, in the 
xy coordinate system. Thus we have a parabola with vertex at (2/3,1/3), axis 
y = 1/3, focus at (—1/3, 1/3), directrix x = 5/3, and a latus rectum of length 4. 
The parabola, with both sets of coordinate axes, is shown in Figure 6.5. 

Note that the process of completing the square here is exactly the same one that we 
used in Section 4.1. If the coefficient on the square term is not one, we make it one by 
division. Then we complete the square by dividing the coefficient of the first degree 
term by two and squaring. Since this method of completing the square works only when 
the coefficient on the square term is one, the first step is essential. This is easily carried 
out when the x’ and y° terms both have the same coefficient or when one of them is zero. 


Example 2 


Solution 
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If they are nonzero and different, we cannot make them both one by dividing. In that 
case, instead of dividing, we factor. For example, 


Ox? + 18x = 9(x? + 2x). 


Now we can complete the square inside the parentheses. This can be repeated on the 
y terms in the same way. This is illustrated in the following example. 


Sketch and discuss the hyperbola 
9x? — 4y* — 18x — 24y — 63 = 0. 


Here we must complete the square 

on both the x and the y terms. Thus 5 
we must make the coefficients of a : 
both x? and y’ one. We do this by . ae 
factoring. 

9x? — 18x — 4y* — 24) = 63 
9(x? — 2x) — 4(1? + 6y) = 63 
Q(x? — 2x + 1) — 4(9? + 6y 4+ 9) 


Aaa? 4 


x 


= 634+9-1 —- 4-9 o 
9x — 1)? — 4(y + 3)? = 36 cdeelagees 
(x_- 1° = Cpa). =e | o27 
4 9 oe aa 
Now the equations of translation, 
vo=x- | Figure 6.6 
and 
yvo=yt 3 
give 
x2 yp? 
re 


In the x‘ system, we have a hyperbola with center at (0,0), a = 2, b = 3, and 
ce = g? + b? = 13. Thus we have vertices (+2,0), foci (+V 13.0), asymptotes 
y = +3x'/2, and latera recta of length 2b*/a = 2-9/2 = 9. Using the equations 
of translation, we see that in the x) system we have a hyperbola with center at 
(1, — 3), vertices (3, —3) and (—1, —3), foci (1 + V/ 13, —3), asymptotes y + 3 = 
+3(x — 1)/2, or 3x — 2y —9 =O and 3x + 2y + 3 =0. The length of the latera 
recta is, of course, unchanged by the translation. The hyperbola with both coordinate 


systems is given in Figure 6.6. 


Example 3 


Solution 
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While Theorem 6.4 tells us that any conic with axis (or axes) on or parallel to 
the coordinate axes can be represented in the form 


Ax? + Cy? + Dx + Ey + F = 0, 


it does not follow that any equation in this form represents a parabola, ellipse, or 
hyperbola. This point is demonstrated by the following example. 


Sketch and discuss 4x? + 3y? — 16x + 18y + 43 = 0. 


Since A = 4 and C = 3, AC = 12 > O. The equation appears to represent an 
ellipse. But completing the square gives 


A(x? — 4x) + 3(y? + 6y) = -43 
A(x? — 4x + 4) + 3(y? + Oy +: 9) = -43 44-44 3-9 
A(x — 2)? + 3(y + 3)? = 0. 


Since neither term on the left is negative, the sum can be zero only if both terms 
are zero. Thus x = 2 and y = —3. This equation is satisfied only by the point 
(2, —3) as shown in Figure 6.7. 





Figure 6.7 


The foregoing example is called a degenerate case of an ellipse, since the equa- 
tion has the form of an ellipse but does not actually represent an ellipse. It 1s com- 


Example 4 


Solution 


160 6 Transformation of Coordinates 


Conic AC Degenerate cases 
Parabola 0 One line (two coincident lines) 
Two parallel lines* 
No graph* 
Ellipse + Circle 
Point 
No graph* 
Hyperbola — Two intersecting lines 


parable to the degenerate cases of a circle, which we saw in Chapter 4. The degen- 
erate cases of the three conics are given in the table. 

In the previous examples we have been working from the equation of a conic section 
to its graph. Let us now consider the reverse problem; that is, starting with a description 
of a conic section, we shall find an equation for it. 


Find an equation(s) of the ellipse(s) with axes parallel to (or on) the coordinate axes 
and with vertex (3, 5) and covertex (1, 0). 


Since the axes are parallel to or on the coordinate axes and the vertex and covertex are 
the ends of the axes, we must have one of the situations shown in Figure 6.8. But (3, 5) 
and (1, O) are given to be a vertex and covertex, respectively. This means that (3, 5) 
is an end of a major axis, and (1, 0) an end of a minor axis. Thus Figure 6.8a is the 
correct one. Now we can take the result directly from Figure 6.8a. Since the major 


axis is parallel to the y axis, we have the form 
a k Zz = h 2 
(y : ye Pea 
a b 


Furthermore, it is clear from the figure that the center is (3,0),a@ = 5,andb = 2. Thus 
the desired equation is 


= 2 a 2 
(y — 0) a (x — 3)" 
25 4 
or 
25x? + 4y? — 150x + 125 = 0. 


Note that there is no need to actually carry out the translation in the above example; 
the standard form of Theorem 6.2 gives us all we need. 


*This is one of the cases mentioned in Section 5.1 in which an equation of the second degree does not repre- 
sent a curve formed by the intersection of a plane with a right circular cone. 
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Figure 6.8 


Example 5 Find an equation(s) of the hyperbola(s) containing (7, —2), (—1, —2), (8, 1), and 
(=2,.> 5): 


Solution It is easier in this case to use the general form, Ax” + Cy" + Dx + Ey + F = 0, of 
Theorem 6.4 rather than one of the standard forms of Theorem 6.3. Since the four given 
points satisfy the equation of the conic section, we have the following four equations. 


49A + 4C + 7D - 2E + F =0 
A+ 4C —- D-2E+F =0 
644+ C+8D+ E+F =0 
4A + 25C —- 2D —-5E + F =0 


Since there are four equations but five unknowns, we cannot solve for all of them; 
but let us solve for four of the unknowns in terms of the fifth. First let us subtract the 
second equation from the other three, eliminating F. 


48A + 8D = 0 
63A — 3C + 9D + 3E =0 
3A 216’ Do = BE = 0 


Adding the last pair, we get: 


48A + 8D =0 
66A + 18C + 8D =0 


Finally we subtract the first from the second. 


1I8A + 18C =O 
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or 
C=-A 
Substituting back, we get: 
D = —6A 
E = —4A 
F = -1I1A. 


Thus the desired equation is 
Ax’? — Ay’ — 6Ax — 4Ay — 11A =0 


Or 


x? —y?— 6x — 4y — 11 =0. 


PROBLEMS 


In Problems 1-20, translate so that the center or vertex of the conic section is at the origin 
of the new coordinate system. Sketch the curve showing both the old and new axes. 


1. (x — 3)? = &(y — 2) 
3. 16(x + 3)? + 25y? = 400 
5. 9x + 2)? + 4(y + 1) = 36 


7.y? —- 4x —-2y +9=0 
9. 4x? + y? + 24x — 2y + 21 = 0 


11. 
13. 


15. 
17. 
19. 


9x? — 4y? + 90x + 32y + 125 
9x? + 4y? — 72x + 16y + 160 
4x? - 4x —- 4y -5 = 0 

4x* — 16y? + 12x + loy + 69 =0 
25x° + 4y* — 150x + 40y + 350 


0 


16(x — 3)° + Wy + 1) = 144 


4. (y — 4)? = 2x 
6. 9(x + 2)° — 16(y — 1)° = -144 


8. 
10. 
12. 
14. 


16. 
18. 
20. 


x? — 8x —- By +8 =0 

x? + Oy? — 10x + 36y + 52 = 0 

9x? — l6y? + 72x + 96y + 144 = 0 
4x? — y? — 40x + 6y + 91 = 0 

lox? + 36y? + 48x — 180y + 257 = 0 
y°- 5y +6=0 
4x°-y?-2x —y =0 


In Problems 21-30, find an equation(s) of the conic section(s) described. 


21. Parabola with focus (3, 5) and directrix x = —1 


22. Ellipse with vertices (—1, 8) and (—1, —2), containing (1, 0) 


23. Hyperbola with vertices (4, 1) and (0, 1), and focus (6, 1) 


Example 1 


Solution 
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24. Parabola with axis parallel to the y axis and containing (0, 6), (3, —6), and (8, 14) 
25. Hyperbola with vertex (6, —1) and asymptotes 3x — 2y — 6 = 0 and 3x + 2y —2=0 
26. Ellipse with covertices (—5, 0) and (1, 0) and having latera recta of length 9/2 


27. Ellipse with axes parallel to the coordinate axes and containing (6, —1), (—4, —5), (6, —5), 
and (— 12, —3) 


28. Hyperbola with axes parallel to the coordinate axes and containing (2, —2), (—3, 8), 
(—1, =); and (2; 8) 


29. Hyperbola with foci (4, 0) and (—6, O) and eccentricity 5/2 
30. Ellipse with vertex (8, —1), focus (6, —1) and eccentricity 3/5 


31. If a parabola with a vertical axis contains the points (Xo, yo), (41, y1), and (x2, y2), show that 
its equation can be put into the form 


x x wy 4 
X6 X Yo | -( 
May es 
xZ ox. yr I 


32. What happens to the determinant of Problem 31 if the three given points are collinear? [Hint: 
See Problem 25, page 108.] 


6.2 
TRANSLATION OF GENERAL EQUATIONS 


The method of completing the square is simple to use, but it is rather limited in scope. 
It can be used only on second-degree equations with no xy term. If there 1s an xy term 
or if the equation is not of the second degree, another method, illustrated by the 
following examples can be used. 


Translate axes so that the constant and the x term of x* — 2xy + y? + 4x — 6y + 
10 = O are eliminated. 


Since we have an xy term, completing the square will never give us one of the forms 
of Theorems 4.1—4.3. Thus we cannot determine / and k before translating. Therefore 
we use the equations of translation, 


x=x' +h and y=y' +k, 


and see what values of h and k are needed to eliminate the specified terms. Substituting 
the equations of translation into the given equation, we have 
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(x’ th — 2x’ +hly' +h ty’ tke t+ 4a’ +h) - Oy’ +k) + 10=0 
x’? + 2hx' + h? — 2x'y' — 2kx' — 2hy’ — 2hk 
+ y+ ky’ +k? + 4x' + 4h — 6y’ — 6k + 11 =0 
x'*—2x'y’ + y+ (2h — 2k + 4)x’ 
+ (—2h + 2k — 6)y' + (h? — 2hk + kk? + 4h — 6k + 10) =0 


Since we want the constant term and the coefficient of x’ to be zero, we must choose 
h and k so that 


h? — 2hk +k’? + 4h — 6k + 10 =0 
2h-2k+4=0. 


Solving the second equation for h in terms of & and substituting into the first, we have 


h=k-2 
(k —2) —2(k —2)k +k? + 4(k — 2) -6k +10=0 
k?— 4k +4 —2k? + 4k +k? + 4k —- 8 — 6k + 10=0 


—-2k+6=0 
k =3 
h=k-2=1 


Thus the equations of translation are 
Yak eA and y=y' +3, 
and the result in the new coordinate system is 
x’ —2x'y’ +y?—- 2y' =0. 


The graph of the given equation (or equivalently of the new equation) showing both 
sets of coordinate axes is given in Figure 6.9. 
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6 
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Figure 6.9 


Example 2 


Solution 
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Translate axes to eliminate the first degree terms of x* — 4xy + 3x — 2y +4=0. 


Substituting the equations of translation, 
x=x' th and y=y' +k, 
into the given equation, we have 


(x' thy — 4x’ + hjyy' +k) t+ 3x’ +h) -2y' +k) +4=0 
x'* + 2hx' + h? — 4x'y' — 4kx' — 4hy' — 4hk + 3x' + 3h — 2y' — 2k +4=0 
x’? — 4x'y'’ + (2h — 4k + 3)x' + (—4h — 2)y' + (Ah? — 4hk + 3h — 2k +4) = 0. 


Setting the coefficients of x’ and y’ equal to zero and solving, we have 


2h — 4k +3 =0 


—4h —-2=0 

giving 

l l 

hea d == 

- 2 
Thus the equations of translation are 

l l 

Se SS and y=y te 


2 


and the equation in the new coordinate system is 
11 

x'*— 4x'y’ +— =0 
4 


or 
4x’? — 16x'y’ + 11 = 0. 


The result is shown graphically in Figure 6.10. 
Both of these examples carried out translations on a general second degree equation 


Ax? + Bxy + Cy? + Dx + Ey + F =0. 


Several things might be noted here. Except for multiplying through by a constant, as 
we did in Example 2 to eliminate a fraction, the translations did not change the values 
of A, B, and C. A, B, and C are said to be Invariant under a translation. Of the 
remaining three coefficients, we may dictate the values of only two of them. This does 
not mean that we may dictate the values of any two of the three; we could not have 
eliminated both first-degree terms in Example 1. 

It might also be noted that, when B # 0, we may not use AC to determine the type 
of conic section we have. In Example | it was seen that the graph is a parabola although 
AC is positive (not zero). In Example 2 we had a hyperbola although AC = 0. Thus 
the table on page 160 is only valid when B = 0. 

The method that we have used here is more generally applicable—its use 1s not 
restricted to second degree equations. 
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Figure 6.10 


Example 3 Translate axes so that the constant and the x term of y = x° — 5x* + 7x — 5 are 
eliminated. 


Solution Since we do not know what values of 4 and k to choose, we simply use the equa- 
tions of translation, 
x=x' +h and y=y +k, 
and see what values of 4 and k are needed to eliminate the terms specified. 
yp tk =(x' + hy — S(x' +h)? + 7(x' +h) - 5 
yo =x? + (3h — 5)x"? + (3h? — 10h + 7)x’ + (A — Sh? 4+ Th - 5 -— k) 
Now we must choose / and k so that 


3h? —- 10h +7 
h? — Sh? + 7h —-5 —k 


"ot 
So: 


The first of these two equations gives 
h = | or h = 7/3. 
Substituting these values into the second, we have 
k = -2 or k = -—86/27. 
Usingh = landk = —2, we get 


yi =x? = 2x”, 


B 
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Usingh = 7/3 andk = —86/27, we get 
ypo=x' 4+ 2x". 


(a) (b) 


Figure 6.11 


The graphs of both the cases described in Example 3 are given in Figure 6.11. 
While there are two different translations giving two different equations, both 
graphs are the same when referred to the original xy system. As an added bonus, 
this method has located the local maximum, (1, —2), and minimun, (7/3, —86/27). 
This method can also be used on second-degree equations with no xy term, but 
completing the square is so much simpler that most would prefer to use It. 


PROBLEMS 


In Problems 1-14, translate to eliminate the terms indicated. 


~ x? ~ Q2xy + 4)? + 8x — 264 + 38 = O: first-degree terms 
2x? — xy — y? + Sx - 8 — 3 = O: first-degree terms 
x? + A4xy — 9? - 2x - 14y — 3 = 0: first-degree terms 
3x7 + xp + 3? — lox — 10y¥ + 30 = 0: first-degree terms 


~ xv — Sx + 4 -— 4 = O; first-degree terms 


J x? + xy + Ox + Sp + 20 = O: first-degree terms 


y= x — 6x? + Ilx — 8: constant, x? term 
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8. y = x° — 3x + 6:constant, x term 


9. y = x* — 3x* + 3x + 5; constant, x term 

10. y = x° — 9x? + 24x + 3; constant, x term 

ll. y = x* — 8x? + 24x? — 28x + 7: constant, x term 

12. y = x* — 10x? + 37x? — 120x + 138: constant, x term 
13. x?y — 2x? + 2xy + y — 4x — 6 = O: first-degree terms 
14, x*y + x? + 2xy + x + y — 1 = 0: second-degree terms 


C 15. Prove that any translation on 
Ax* + Bxy + Cy? + Dx + Ey + F =0 
leaves A, B, and C invariant. 


16. Prove that any translation on y = P(x), where P(x) is a polynomial in x, leaves invariant 
the coefficient of the highest degree term of P(x). 


6.3 
ROTATION 


The second transformation of the axes that we wish to consider is a rotation of the 
axes about the origin (see Figure 6.1b). If the axes are rotated through an angle 
6, then every point of the plane has two representations: (x, y) in the original co- 
ordinate system and (x’,y’) in the new coordinate system. Alternatively, every 
vector v in the plane has two representations: v = xi + yj in the original coordinate 
system and v = x’i’ + y’j’ in the new coordinate system (see Figure 6.12). In order 


Jy 
y 
| \ 
| \ 
| \y’ 
v | x’ 
“ie : jl; me 
| cos@ ¢ J 
| : L  b sing 
x’ x : —_| 0 - x 
— 
—sin6 cos 8 





Figure 6.12 Figure 6.13 
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to find the relationships between the x and y of one coordinate system and the x’ 
and y’ of the other, let us consider the relationships of i and j with i’ and j’. 
Remembering that i, j, i’, and j’ are all unit vectors, we see from Figure 6.13 that 


er 


i cos #i + sin 6j 


er 


j —sin 6i + cos 6j. 


Thus 


< 
I 


xd at yj 
x'(cos #i + sin 6j) + y'(—sin 61 + cos 6j) 
(x'cos@ — y’sin@)i + (x'siné + y'cos 6)j. 


Since v = xi + yj, we have 
x = x'cos@ — y'sin#@ 
and 


y = x’ siné + y' cos 86, 
called the equations of rotation. 


An alternative method of finding the above equations of rotation without the use of 
vectors is the following. Recalling again that every point P of the plane has two 


representations, (x, y) in the original coordinate system and (x', v’) in the new system, 
we see from Figure 6.14 that 





Figure 6.14 


x=0Q, x'=OR, 
y =P vy’ = PR. 


CS 


Let us now consider the relations between x and y, and x’ andy’. Noting first of all 
that 


<ROQ = <RPO = 8, 


Example | 


Solution 
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we find from triangle ORS 


RS 
sn@g==—, 
_ OR 
RS = OR sin @ 
= x’ sin 0, 
and from triangle PRT 
| TR 
sing ==, 
_ PR 
TR = PR sin 0 
= y’ sin @, 
Now 
x= 00 
— — OS 
= — TR 


Thus we have the equations of rotation 


x' cos 6 — y’ sin 8; 


6 Transformation of Coordinates 


Os 
cosd ==, 
_ OR 
OS = OR cos @ 

=x’ cos @, 

PT 
cos #0 ==, 
_ PR 
PT = PR cos @ 

= y’' cos 6. 
y=PQ _ 
=1TQ+ PT 

= RS + PT 
=x'sin@+ y’ cos @. 


x =x’ cos 6 -— yy’ sin 6, 
y =x’ sin@+ y’' cos 6. 


Find the new representation of 


yo =p pp a 2S 0 


after rotating through an angle of 45°. Sketch 
the curve, showing both the old and new co- 


ordinate systems. 


Since sin 45° = cos 45° = 1/~/2, the equations y 


of rotation are 


x= and y= 





x’ + y' 


V2 V2 


Substituting into the — equation, we have 


2 A /2 2 


2 


ay 


Figure 6.15 shows the final result. 


(x' + y')? 


—2 =0 


=2 
= 4. Figure 6.15 
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Example 2 _‘ Find a new representation of x? + 4x) — 
2)? — 6 = Oafter rotating through an angle 
6 = Arctan 1/2. Sketch the curve. showing both 
the old and new coordinate systems. 


Solution Figure 6.16 shows that 








2 
sin @ = ae and cos6§ = ——., 
VO VS 
giving equations of rotation 
2x’ =e x’ + 9} 
x = —— and y = =< 
V5 V5 
Figure 6.16 
Substituting into the original equation. we have 
2x =x) 2x’ — y x’ + 2)" xo Dy) 
(2x - yy ee A ee eee a b=: 
> Vd VS > 
2 


Ax’? — Ax'y' + y'? + Bx'? + 12x’ — By? — 2x’? -— Bx'y’ — By” 6 


y= Br = 6: 


Figure 6.17 shows the final result. Note that Figure 6.16 can be used to determine 
the positicn of the new coordinate axes. 





Figure 6.17 
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In both of these examples, we have seen that the given rotation has eliminated 
the xy term. Of course, not every rotation will do so—it must be specially chosen. 
We shall see in the next section how to choose @ to eliminate the x) term. 


PROBLEMS 


In Problems 1-10, find a new representation of the given equation after rotating through the 
given angle. Sketch the curve, showing both the old and new coordinate systems. 


lh 2x + 3y = 6; 6 = Arctan 3/2 2. 3x — py = 5: 6 = Arctan 3 
xy = 4: 6 = 45° 4. 2x? —- xy + 2y? - 15 = 0: 6 = 45° 


(od 


x? — Ixy + yp? +xuxt+y = 0; 8 = 45° 


31x? + 100 3xp + 21y* -— 144 = 0: 6 = 30° 

x? 4 2V3xy + 3p? + 8V3x - 8y = 0: 6 = 60° 
. Lx? — 50V3xy — 39y? + 576 = 0: 6 = 60° 

. 8x2 + Sxy — 4y? — 4 = 0: 6 = Arctan 1/5 

10. 6x? — Sxy — 6y? + 26 = 0; 6 = Arctan(-1/5) 


CMON HRA NM 


In Problems \\ 16, find a new representation of the given equation after rotating through 
the given angle. 


WW. 3x2 — 3xy — py? + 4 = 0; 6 = Arctan(—1/2) 
12. 4x? + 3xy - 5 6 = Arctan 1/2 

13. 4x7 + 3xy - 5 g@ = 45° 

14. x? — 3xy + py? +5 = 0: 86 = 30° 

15. 3x7 — 3xy — py? + 4 = 0; 6 = 60° 

16. x? — Sxy + 2 = 0; 6 = Arctan 1/5 


17. Show that x? + y? = 25 isinvariant under rotation through any angle. 
18. Show that a second form for the equations of rotation Is 


s 


xX 


xcos@é + ysin6 
and 


—xsin@ + ycos 86. 


< 
il 


6.4 The General Equation of Second Degree 173 


6.4 
THE GENERAL EQUATION OF SECOND DEGREE 


We have seen that any conic section with axes parallel to the coordinate axes can 
be represented by a second-degree equation with B = OQ; furthermore, any second- 
degree equation with B = O represents a conic or degenerate conic with axes paral- 
lel to the coordinate axes. We now extend this concept to conic sections in any 
position. It is an easy matter to see that any conic can be represented by a second- 
degree equation, starting from our standard forms and translating and rotating. 

Suppose, given a second-degree equation with B = QO, we rotate axes through an 
angle 6. If our assumption that this equation represents a conic or degenerate 
conic is correct, then a rotation of axes through some positive angle less than 90° 
should give us a conic with axis (or axes) on or parallel to the coordinate axes. Thus 
such a rotation should eliminate the xy term, and we shall assume throughout this 
discussion that 0° < @ < 90° and 


Ax’? + Bxy + Cy? + Dx + Ey + F = 0. 


Substituting the equations of rotation we have 


A(x'cos@ — y’sin@)* + B(x'cos@ — y’sin 6)(x' sin 6 + y'cos @) 
+ C(x'sin6é + y’cos 6) + D(x'cos6 — y’sin @) 
+ E(x'sin@ + y’cos@) + F = 0. 


After carrying out the multiplication and combining similar terms, we find that the 
coefficient of x'y’ 1s 


(C — A)2sin6cos 6 + B(cos?6 — sin? 6) = (C — A)sin26 + Bcos26. 


We want this coefficient to be zero for the proper choice of @. Let us set it equal to 
zero and see what @ should be. 
(C — A)sin26 + Bcos26 = 0 


At this point we divide the argument into two cases. 
Case l: If A =C, then 


Bcos 26 = 0 
cos 26 = 0 
20 = 90° 
6 = 45°. 


Case ll: If A #C, then 


Theorem 6.5 
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(A — C) sin 26 =B cos 20 


sin 20 | 
Gee) cos 20 
(A —C)tan 20=B8B 
(A —C) ss =B (by a trigonometric identity) 
1 — tan’ 6 


2(A — C) tan 0 =B —B tan’ 0 
B tan? 6 + 2(A —C)tan@é —B =0 


This 1s a quadratic equation in tan @. Solving by the quadratic formula, we have 


2(C —A) + V4(A — C)? + 4B? 


tan @ = 
an >B 
—(C-~A)t VIC ~ AP +B? 
B 


Now we have two values of tan 8. Which one do we want? It is not difficult to see (refer 
to Problem 17) that the values of @ that we get from them must differ by an odd multiple 
of 90° and that the two values of 6 have opposite signs. Thus either value should 
eliminate the xy term. Since we are assuming that 0° < 8 < 90°, we want the positive 
value of tan 6. Since 


V(C -A’ +B? >ViC -AY=(|C -Al| 


(that is to say, the radical in the numerator is always numerically larger than C — A), 
it follows that the sign of the numerator corresponds to the sign on the radical. By 
taking the sign on the radical to agree with the sign of B, we can be sure that the result 
is always positive. Once we have tan 6 it is a simple matter to find sin @ and cos @ and 
substitute them into the equations of rotation. Thus we are always able to rotate axes 
to eliminate the xy term. The resulting equation must then represent a conic or degen- 
erate conic. 


Any conic section can be represented by the second-degree equation 
Ax? + Bxy + Cy? + Dx + Ey + F=0 


where A, B, and C are not all zero. Any second-degree equation represents either a 
conic or a degenerate conic. 


Let us sum up the results of the previous discussion. If B # 0, then the axes may be 
rotated to eliminate the xy term as follows: If A = C, then 6 = 45°. If A # C, then 
(C-—A)+V(C -—A)’ +B? 


tan 0 = ——_______———__ , 
B 
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where the sign on the radical is taken to agree with the sign of B. 


Example 1 Rotate axes to eliminate the xy term of x* + 4xy — 2y* — 6 = 0. Sketch, show- 
ing both sets of axes. 


Solution (C-A)+ V(C —A)? +B? 
tan 86 = — 
B 
_(-2-)+ V-2=- 17 + # 
ee 
3+ V9 + 16 
- ee 
1 
a: 


Using the triangle of Figure 6.18, we have 





Figure 6.18 


l 2 
sin 0 = —= and cos @ = -—~—. 
V5 V5 


Thus the equations of rotation are 


Substituting into the original equation (see Example 2 of the previous section), we have 


2x'? — 3y'7 = 6. 


Example 2 


Solution 
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The sketch is given in Figure 6.17 on page 171. 


Rotate axes to eliminate xy term of 
2x? —- xy + 2y?-2 =0. 


Sketch, showing both sets of axes. 


Since A = C,6@ = 45° and the equations of ro- y 
tation are 


, , 


a and. pee te. 


v2 v2 


Substituting these into the original equation, we 
have the following. 








xX = 


r ry\2 ast ’ t ’ r\2 
gravy xn-y xty ty) 4 _ 


= = = 0 
2 V2 v2 2 
2x't—4x'y' + 2y!*—x' ty +2x't+4x'y' + dy? a) Figure 6.19 
2 
3x'? + Sy’? = 4 
12 12 
ae 
4/3 4/5 


The sketch is given in Figure 6.19. 


There is a method of determining which conic we have before we rotate the 
axes. It is based on the fact that certain expressions are invariant under rotation: 
that is, they have the same value before and after any rotation. Although there are 
several such expressions (see Problem 15), the one in which we are interested 1s 
B* — 4AC for the equation 


Ax? + Bxy + Cy? + Dx + Ey + F = 0. 

If we substitute the equations of rotation, 

x = x'cosé — y’siné@ 
and 

y = x'sin@ + y'cosé 
into this equation, we get a new second-degree equation 

A'x'? + B'x'y' + C'y’? + D'x' + E'y' + F’ = 0 

with 
A cos*@ + Bsin@cos 6 + Csin’6, 


—2A sin@cos 6 + B(cos?6 — sin’?6) + 2C sin 6 cos 8, 


A! 
B’ 


Theorem 6.6 


Theorem 6.7 
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and 
C' = Asin’6@ — Bsin#@cos6é + Ccos’6. 


From this, we find that the expression for B'? — 4A'C’' then simplifies to 
B* — 4AC. This gives the following theorem. 


If the equation 
Ax* + Bxy + Cy? + Dx + Ey + F=0 
is transformed into the equation 
A'x'? + B'x'y’ + C'y'? + D'x' + E'y' + F' =0 
by rotating the axes, then 


B? — 4AC = B” —- 4A'C'. 


If we choose the angle of rotation properly, B’ = O and the type of conic can be 
determined by looking at A’ and C’ (see the table on page 160). Thus we have the 
following results. 


The equation 
Ax? + Bxy + Cy? + Dx + Ey + F = 0 


represents a hyperbola, ellipse, or parabola (or a degenerate case of one of these) 
according to whether B? — 4AC is positive, negative, or zero, respectively. 


Let us apply this to the foregoing examples. In Example 1, the equation 
x? + 4xy -— 2y? — 6 = 0 
gives 
B* —~ 4AC = 16 —- 4-1-(-2) = 24, 


indicating that the conic is a hyperbola, which we have seen to be the case. After 
rotation we have 


2x’? — 3y'? = 6, 
giving 
B'’? ~ 4A4'C' = 0 — 4-2-(-3) = 24. 
In Example 2, the equation 


2x? —- xy +2y? -2 =0 
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gives 
B?-~4AC =1-4-2-22 —15. 


This shows the conic to be an ellipse, which again is what we have already found. 
It might be noted that, after rotation, we get the result 


3 92 Dd _ 
5 x + 5y = 2 


provided we do not multiply both sides by some constant. This again gives 


B'’?- 4A'C' =0-4- = —15. 


NII Go 
Nol” 


For the result 

3x'? se Sy"? = 4, 
we get a different value of B'? — 4A'C', which is still negative. If, at some 
stage, we multiply both sides by some nonzero number k, B*? — 4AC is then multi- 
plied by k*. Since k? must be positive, the sign of B? — 4AC is not changed, 


no matter what number k is. 
This result is helpful here and will be used again in Section 7.4. 


PROBLEMS 


In Problems \-14, rotate axes to eliminate the xy term. Sketch, showing both sets of axes. 


hx te xy 4 yr? 4 4V2x —- 4072p = 0 2. 5x? + Oxy + Sy? — 8 = 0 

3. 7x? + 6xy — y? — 32 = 0 4. 4x? + Axy + y? 4+ 8V5x—- 16VS5y=0 
§. 8x° — 12xy + 17y? = 20 6. 9x° + 8xy — 6y’ = 70 

7. 5x? — 4xy + 8y? - 36 = 0 8. x° + 12xy + 6y’ = 30 

9. 4x? + l2xp + 9p? + BV 13x + 12V/13y — 65 = 0 


10. 6x? + 12xy + Ily* = 240 

11. 9x? — 6xy + yp? — 12V10x - 36V/10y = 0 
12. x? + 8xy + 7y? - 36 = 0 

13. 8x*° + 12xy — 8y* - 40 =0 

14. 5x° — 6xy + Sy? = 72 


1S. Given the equation 


Ax? + Bxy + Cy? + Dx + Ey + F = 0, 


A 


6.4 


16. 


17. 
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which yields 

A'x'? + B'x'y' + C'y'’? + D'x' + E'y' + F' = 0 
after rotation through the angle 6, show that A’ + C’ = A + C for any value of @: 
thatis, A + Cis invariant under rotation. 


It can easily be seen graphically that two conic sections have at most four points in 
common. But 


tl 
© 


I tape 4.3y= 2 
and 
2x? + 3xy + yp? - 6x - Sy +420 


have the five points (1, 0), (— 2, 3), (5, —4), (—6, 7), and (10, —9) in common. Why? 


Suppose 
(C —A) + V(C —A)’ + B’ 


tan 6, = 
B 
and 
(C —-A) -— V(C — A)? + B’ 
‘an :¢3.—— 
B 
Show that tan 6, - tan 6. = —1. Use this result to show that tan 6, and tan 6, have opposite 


signs and @, and 6, differ by an odd multiple of 90°. 


REVIEW PROBLEMS 


In Problems 1-9, sketch and discuss. 


ea nA we = 


10. 


11. 


12. 


13. 


14. 


. y? — 8x + 4y + 28 = 0. 
. 9x? + 25y* + 18x + 100y — 116 = 0. 


4x° + y?—- 8x + 6y +9 =0. ~y -xt2y+4=0. 
. 9x? — 16y? + 36x — 128y — 364 = 0. 
. 9x? — l6y? + 18x — l6y — 139 = 0. 


. 3x2 + 4y? + 30x - 16y + 91 =0. 


on f& WN 


x? — 4x -— 4y =0. 
4x? — 9y? — 16x — 54y — 65 = 0. 


Find an equation(s) of the ellipse(s) with center (—4, 1), axes parallel to the coordinate axes, 
and tangent to both coordinate axes. 


Find an equation(s) of the parabola(s) with axis parallel to a coordinate axis, focus (3, 5) 
and directrix x = —1. 


Find an equation(s) of the hyperbola(s) with asymptotes 5x — 4y + 22 = 0 and 5x + 
4y — 18 = O and containing the point (32/5, —7). 

Find an equation(s) of the parabola(s) with horizontal or vertical axis,vertex (2, —3),and 
containing (6, —1). 


Find an equation(s) of the ellipse(s) with axes parallel to the coordinate axes, focus (—1, 
—1), and covertex (3, 2). 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 
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Find an equation(s) of the hyperbola(s) with vertices (1, —1) and (7, —1), and focus 
(=|, = 1). 
Translate axes to eliminate the constant and second-degree terms of 
y =x? t+ 6x? + 3x — 14. 
Translate axes to eliminate the first- and third-degree terms of 
y =x* — 16x? + 88x? — 192x + 140. 


Rotate axes to eliminate the xy term of 3x° + 12xy — 2y*? + 42 = 0. Sketch, showing 
both sets of axes. 


Rotate axes to eliminate the xy term of 2x? — V3 xy + y? — 10 = 0. Sketch, showing 
both sets of axes. 


Rotate axes to eliminate the xy term of 4x° — 4xy + y* + V5 x + 2V5 y -10=0. 
Sketch, showing both sets of axes. 


Show that 2x* — 2xy + y* — 9 = 0 is an equation of an ellipse. This equation is a qua- 
dratic equation in y. Rearranging the terms, we have y* — 2xy + (2x* — 9) = 0, which can 
be solved by the quadratic formula to give y = x + V9 — x’. Sketch y = x and y = 
+ V9 — x’ (square both sides first in the latter equation) on the same set of axes. For each 
value of x, add the y coordinates for these two curves to get points on the original curve. 
Use this method to find the graph of the given curve. 


7 


CURVE 
SKETCHING 


7.1 
INTERCEPTS AND ASYMPTOTES 


In the first chapter, we sketched the graph of an equation by the tedious process of 
point-by-point plotting—a method that sometimes causes one to overlook some 
‘‘interesting’’ portions of the graph or to sketch certain portions incorrectly. Sup- 
pose, for example, you are asked to sketch the graph of 


10x(x + 8) 
(x + 10)? — 


The methods of Chapter | might lead you to the graph of Figure 7.1. A better 
sketch of the graph is given in Figure 7.2. While the earlier method produced cor- 


x y 
—5 — 6.00 
—4 —4.44 
—3 — 3.06 
—2 — 1.88 
— | —0.86 
0 0.00 
0.74 
y 1.39 
3 1.95 
4 2.45 
> 2.89 





Figure 7.1 
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Figure 7.2 


rect results for the portion we were sketching, it provided no means for de- 
termining which portions of the curve are most “‘interesting.”’ 
Let us consider one more example. Suppose we want to graph 


— 2x(2x — 1) 
Ay ed 


x y 
—4 —4.24 
—3 — 3.23 
—2 —2.22 
—| —1.20 
0 0.00 
| 0.67 
2 1.7] 
3 2313 
4 3.73 
5 4.14 





Figure 7.3 


Example 1 


Solution 
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The methods of Chapter | lead us to the set of points shown in Figure 7.3. Now, 
what does the graph look like? How would you join the points? You might join 
them as indicated in Figure 7.4a. The correct graph is shown in Figure 7.4b. These 
examples demonstrate the need for better methods of sketching curves. We begin 
by considering intercepts and asymptotes. 





Figure 7.4 


The intercepts of a curve are simply the points of the curve that lie on the co- 
ordinate axes: those on the x axis are the x intercepts, while those on the y axis 
are the y intercepts (the origin is both an x intercept and a } intercept). We de- 
termine the x intercepts (if any) by setting + equal to zero and solving for x: sim- 
ilarly, the » intercepts are found by setting + equal to zero and solving for y. 

2 yr 


: : xX 
Find th t tsof —+ — = l. 
In e intercepts o 4 + 9 


When y = 0.x? = 4and x = +2. When x = 0, »? = 9 and y = 43. Thus, the 
intercepts are (2,0), (— 2,0), (0, 3), and (0, — 3). 


An equation often encountered is one of the type vy = P(x) or y = P(x)/Q(x)., 
where P(x) and Q(x) are polynomials having no common factor. If P(x) can be 
factored to give the form 


P(x) = c(x -— a)"(N -— ar) 2+ + (XK -— ayy, 


where c,a),...,@, are real numbers, then the x intercepts are (a,.0). (a2,0),...., 
(a,.0). The y intercept (an equation in this form has at mos: one) is still found by 
setting x equal to zero. 


Example 2 


Solution 


Example 3 


Solution 
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Find the intercepts of y = (x + 1)*(x — 3). 


The x intercepts can be taken from the two factors: (—1,0) from (x + 1)? and 
(3,0) from (x — 3). When x = 0, 


y = 14-3) = -3. 
Thus the y intercept is (0, —3). 


Find the intercepts of 


_ (x — 2)*(x + 1) 
(x — 3)(x - 1? 


From the factors (x — 2)? and (x + 1), we get (2,0) and (—1,0). When x = 0, 
y = —4/3, and so the y intercept is (0, —4/3). Note that the factors of the de- 
nominator have no part in determining the x intercepts. 


Let us now turn to asymptotes. We encountered asymptotes earlier when we 
studied the hyperbola (see. Section 5.4). Let us consider some other examples. In 
Figure 7.2, the lines x = —l10 andy = 10 are asymptotes. We see that portions of 
the curve approach x = —1l0andy = 10. This is the main feature to be considered 
in determining asymptotes. Note that the curve contains the point (— 25/3, 10) of 
the line y = 10. This does not prevent y = 10 from being an asymptote. A curve 
can have one or more (even infinitely many) points in common with its asymptote; 
however, a line is not an asymptote of itself, nor does y = |x| have an asymp- 
tote. In Figure 7.4b, the line x = 1/4 is an asymptote. Again we see that portions 
of the curve approach this line. 

Although it is possible for any line to be an asymptote, we shall consider only 
horizontal and vertical asymptotes here (slant asymptotes are considered later in 
this chapter). First we take up vertical asymptotes. In Figure 7.2 you can see that, 
as x approaches — 10 from either side, y approaches no definite number but gets 
larger and larger. As x approaches |/4 from the right in Figure 7.4b, y gets large 
and negative; and, as x approaches 1/4 from the left, y gets large and positive. To 
find vertical asymptotes, we are not concerned with whether y gets large and posi- 
tive or large and negative. We are interested only in determining values of x for 
which y gets large in absolute value. If the equation is in the form 


—_ P(x) 
Q(x) 
then, as x approaches a, y gets large in absolute value if Q(x) approaches zero 


and P(x) does not. Thus we need determine only the values of x which make 
Q(x) = Oand P(x) =~ 0. 
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Example 4 Determine the vertical asymptotes of 
— (x + I(x - 3) 
(2x — 1)\(x + 2)? 
Solution The denominator is zero when either one of its two factors is zero. 

2x —- | = 0 gives x = 1/2. 

x+2=0 gives x = -2., 
Since neither value of x gives zero for the numerator, x = 1/2 and x = —2 are the 


vertical asymptotes. Figure 7.5 shows the graph with the vertical asymptotes. The 
method of sketching the graph ts deferred until the next section. 


lf - 


he ae ee Oe 


Figure 7.5 


Let us now consider horizontal asymptotes. Of course, if the given equation Is in 
the form 


_ P(y) 
(4') 


X 





9 


iO 


Example 5 


Solution 
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or can easily be put into that form, we can simply use the methods given for verti- 
cal asymptotes. We merely reverse the role of the x and y here. Unfortunately, it 
is often difficult or impossible to solve for x as a function of y (consider the equa- 
tion of Example 4), so another method must be found. 

If y = kis a horizontal asymptote for y = f(x), then the distance between a 
point of the graph of y = f(x) and the line y = k must approach zero as x gets 
large in absolute value. Thus we must investigate the behavior of y as x gets large 
in one direction or the other; if y approaches the number k (y ~ k) as |x| gets 
large, then y = k1sa horizontal asymptote. 


Determine the horizontal asymptote of 


ee a 


i. a ae 


As x gets large and positive, both the numerator and denominator are also getting 
large and positive. This fact alone tells us nothing about what number the quotient 
is approaching. Suppose we alter the equation by dividing both numerator and 
denominator by x’. Then 


x? + 3x 1 + 3/x_ 


pe ee 


Now, as x gets large, 


Thus 


2 
je eee ey 
1 + 3/x 


and y = | is the horizontal asymptote. Similarly, as x gets large and negative, 
y — 1. Thus the asymptote y = | is approached by the curve in both directions. 
Note in Figure 7.6 that the graph crosses the horizontal asymptote at (—4/3, 1). 


In finding the asymptote in the preceding example, we first divided both numer- 
ator and denominator by the highest power of x (x’ in this case) in the given ex- 
pression. This trick often helps in finding asymptotes. 


Example 6 


Solution 
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Figure 7.6 


Determine the horizontal asymptote of 


— (x + I(x —- 3) 
ys Ov = lice 2)” 


If we multiplied out the numerator, the highest power of x would be x’: in the 


denominator it would be x*. Thus we shall divide the numerator and denominator 
by x’ (do nor divide the numerator by x? and the denominator by x’; the result 
would not equal y). 


Pe ae ee oe ee) ae 


—— — 
pe , ae 


Grameen” (ee (2 (+ 2) 


x x x x 
As x gets large, all of the expressions with x in the denominator approach zero 
and 
(1 + O)(1 — 0)(O) _ 0 
V SF _-C 
| (2 — 0)(1 + 0)? 


Thus y = O is the only horizontal asymptote. The graph was given in Figure 7.5. 
Again note that the graph crosses the horizontal asymptote at (— 1, 0) and (3, 0). 
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Example 7 Find the horizontal asymptote of 


x(x + 1)(x —- 2) 


= (x — 4)(x + 2)_ 


Solution The highest power of x in this expression is x*. Dividing numerator and denomi- 
nator by x°, we have 


— x(x + eee ee ee oT (1)( + s)( ot) 


As x gets large in absolute value, the numerator approaches | and the denomi- 
nator, 0. Thus the fraction becomes arbitrarily large, rather than leveling off to 
some number k. There is, therefore, no horizontal asymptote. The graph is shown 
in Figure 7.7. 








Figure 7.7 
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PROBLEMS 


A In Problems \-16, find the intercepts. 


2 





hyp = x° + 3x 
3. vy = (x + I)(x? - 1) 
5. y = (4x + I)(x — 2)(2x 4+ 3)? 
Joy = (x — 1)(x? + 1) 
9. » = (3x — 1)2(x? + 2)9(2x + 1)4 
Mey = — 
x + | 
2 
13. ;» = (x_— 3)° 
2x + | 
2 
5. = = 
- 7 


= ae ae 


° V 


YS bene? 


(2x — 1)?(3x + 2)? 
(2x — 1)3(3x + 2)?(x - 3) 
(2x + 3)\(x? + x + (1) 
Qe SS) = ee 17" ee D) 
(x + 1)(x — 2) 
(3x + 1)? 
| 
3x +2 


(x + 1)7 (x? + 1) 


x? 





B sIn Problems \7 34, find all horizontal and vertical asymptotes. 


17. 


19. 


21. 


23. 


25. 


Zi. 


29. 


31. 


33. 


V = 


y= 


(x + 1)(x - 2) 








x - | 
x 
l= 
x + 3 
2x(x -— 2) 
Pe ae 
(x + 1) 
ne (2x — 3)(x — 2) 
(x + I)(x — 3) 
(x + 1)? 
pe ae ha 
x° + | 
— (Bx + 2)°(x - 4) 
(2x + 3)°(x + 1)? 
yox- Wx I 
(Hint: Rationalize the numerator.| 
ii SZ = 4x? + 3 


18. 


20. 


Ze. 


24. 


26. 


28. 


30. 


32. 


34. 


v 


v 


y 


y 


(4x + 3)(x - 2) 


4x -2 
x + | 

— (v + 1)? 
2x(x -— 2) 


_(x + I - 3)? 


(x + 2) 


(4x — 7)(x - 1)? 
(x + 1)(x + 2)(x + 3) 


(2x + 1)°(x - 2)? 
x(4x - 3) 


(2x + 1)*(x - 3)? 
x(2x - 3) 


ee A te 
3x + V9x? - | 
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1 
AnX" + An-\X" + +++ + ax + ag 


C 35. Ify = , Where a, ~ O and b,, ~ 0, what can 


bin x + Dm xm! + eee + Bix + bo 
be said about horizontal asymptotes in case 


a.n<m? b. n = m? cn > m? 


36. A certain chemical decomposition proceeds according to the formula 


15 
IS+t 





(¢ > 0), 


where ris the time in minutes and x is the proportion of undecomposed chemical; that 
Is, x 1S the ratio of the weight of undecomposed chemical to the weight of the chemical 
whent = 0. Show that the chemical never decomposes entirely. How long does it take 
for 99% of the chemical to decompose? 


37. Under certain conditions the size of a colony of bacteria is related to time by 


x = 40,000 22+! ( > 0), 
t+ | 
where x is the number of bacteria and f¢ is the time in hours. To what number does the 
size of the colony tend over a long period of time? In how many hours will the colony 
have achieved 95°. of its ultimate size? 


7.2 
SYMMETRY, SKETCHING 


Another characteristic that helps in sketching a curve is symmetry. There are two 
types: symmetry about a line and symmetry about a point. If a curve is symmetric 
about a line, then one-half of it is the mirror image of the other half, with the mir- 
ror as the line of symmetry. More precisely, for every point P of the curve, on one 
side of the line there is another point P’ of the curve such that PP’ is perpendicu- 
lar to the line of symmetry and is bisected by it. An example of this type of sym- 
metry occurs with the graph of y = 1/x’, in which the y axis is the line of sym- 
metry (see Figure 7.8). 

A curve 1s symmetric about a point O if for every point P # O of the curve, 
there corresponds a point P’ such that PP’ is bisected by the point O. The origin 
is the point of symmetry of the graph of y = 1/x (see Figure 7.9). 

While there is no restriction on the lines or points that may be lines or points of 
symmetry, we shall consider here only symmetry about the axes and about the 
origin. We begin with symmetry about the y axis. If a curve is symmetric about 
the y axis, then, corresponding to every point P = (x, y) on the curve, there is a 
point P’ = (—x, y) (see Figure 7.8) with the same y coordinate and an x coordi- 


Theorem 7.1 


Example I 


Solution 


Theorem 7.2 
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Figure 7.8 Figure 7.9 


nate that is the negative of the x coordinate of P. In this situation, we get the same 
value for y whether we substitute a positive number x into the equation or its nega- 
tive, —x. 


If every x in an equation is replaced by —x and the resulting equation is equivalent 
to the original (has the same graph), then its graph is symmetric about the y axis. 


Use Theorem 7.1 to show that y = 1|/x* is symmetric about the y axis. 


Replacing x by —x, we have 


i 
(—x)? 


’ 





Since (—x)*? = x’, we see that the substitution has produced an equation equiva- 
lent to the original equation, proving symmetry about the y axis. 


An argument similar to the one preceding Theorem 7.1 can be used to obtain 
the following theorem. 


[f every y in an equation is replated by —y and the resulting equation is equivalent 
to the original, then its graph is symmetric about the x axis. 


If a curve is symmetric about the origin, then, for every point P = (x, y) on the 
curve, there is a point P’ = (—x, —y) (see Figure 7.9). This is the statement of the 
next theorem. 


Theorem 7.3 


Example 2 


Solution 


Theorem 7.4 
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If every x in an equation is replaced by —x and every y by —y and the resulting equa- 
tion is equivalent to the original, then its graph is symmetric about the origin. 


Use Theorem 7.3 to show that y = 1|/x is symmetric about the origin. 
Replacing x by —x and y by —y gives 


ye 


This is equivalent to the original equation, since we get the original equation if 
we multiply both sides by — 1. 


Before using what we have observed about intercepts, asymptotes, and sym- 
metry to sketch a curve, we shall look at a characteristic of curves represented by 
equations of the form 


7 P(x) 
”* O(x)’ 





where P(x) and Q(x) are polynomials in reduced form; that is, P(x) and Q(x) 
have no common factors. The factors of P(x) determine the x intercepts, and the 
factors of Q(x) determine the vertical asymptotes of the curve. These are the only 
two places at which y can change from positive to negative or from negative to 
positive. This is not to say that the value of y must change there—only that it can- 
not do so elsewhere. We can easily determine whether or not the change occurs at 
a given intercept or asymptote by considering the exponent on the factor that pro- 
duces it. 


Given an equation of the form 


_ Px) 
QO (x) 


in reduced form, if (x — a)" (where n is a positive integer) is a factor of either P(x) 
or Q(x) and if(x — a)"*' is a factor of neither, then 

(a) the graph crosses the x axis atx = aifand only ifn is odd, and 

(b) the graph stays on the same side of the x axis atx = aifand only if n is even. 
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(a) (b) i 


Figure 7.10 


The expression “‘the graph crosses the x axis’’ does not necessarily imply that the 
graph has a point in common with the x axis. It means that the graph 1s above (or 
below) the x axis for c < x < aand below (or above) for a < x < d for some c 
and d. Of course the graph does contain a point of the x axis at an x intercept, but 
it ‘crosses the x axis’ at an asymptote by “hopping” over and not touching the 
axis. This is illustrated in Figure 7.10a, in which the graph crosses the x axis at 
both intercepts and both asymptotes. 

Similarly the graph can contain a point of the x axis and still stay on the same 
side of it. This is illustrated in Figures 7.10b and 7.10c, in which the graph stays 
on the same side of the x axis at the intercept and asymptote in each case. 

Although the following discussion does not constitute a proof of this theorem, it 
serves to show why the theorem works. Let us consider the case in which (x — a)" 
is a factor of P(x) (a similar argument can be used for the other case). Then 


-_ P(x) _ R(x) 
Q(x) Q(x) 


For all values of x at and “near” x = a, R(x)/Q(x) is either positive throughout 
or negative throughout, not making any sign change. But 


(x — a)’. 








x—-a<O for Xx <a, 


x-—-az=0 for xX = 4, 
and 


x-a>QO for X > Q. 


Example 3 


Solution 


194 7 Curve Sketching 


In other words, x — a changes sign at x =a. If n is odd, then (x —- a)" also 
changes sign; thus y changes sign at x = a. If n is even, then (x — a)’ is posi- 
tive whether x < aor x > a; that is, (x — a)" does not change sign and y does 
not change sign. Let us now use all of this information to sketch the graph of an 
equation. 


Sketch y = (x — 3)(x + 1). 


From the numerator, we get x intercepts (3,0) with an odd exponent and (— 1,0) 
with an even exponent. If x = 0, then y = —3, which gives (0, —3). Since the 
denominator is 1, there are no vertical asymptotes. As x gets large and positive, y 
gets large and positive; as x gets large and negative, y gets large and negative, 
which means that there is no horizontal asymptote. It 1s easy to see that no sym- 
metry exists about either axis or the origin. Summing up, we have: 


Intercepts: (3,0) odd, (— 1,0) even, (0, —3) 
No asymptotes: asx > + x,y—>+ x 
asx > — x,yp-*-—-— x 


No symmetry 





Figure 7.11 Figure 7.12 


All of this 1s indicated in Figure 7.11. Let us sketch the graph, starting at the far 
left and working to the right (this choice is quite arbitrary; we might just as well 
go from right to left or start in the middle and work outward). We keep in mind 
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that the curve must go through all intercepts and that y is a function of x; that is, 
it is single-valued. Since y > —x as x — —«<, we start in the lower left-hand 
corner. Going to the right, we first reach the intercept (— 1,0). Since it is an even 
intercept, the graph merely touches the x axis but does not cross it. Next, the 
graph goes through (0, —3) and then turns back up in order to go through (3,0). 
Since (3,0) is an odd intercept, the graph crosses the x axis there and proceeds 
upward. The result is given in Figure 7.12. 


Note that we put the lowest point of the “‘dip’’ at approximately x = 1. How 
did we know to put it there? We didn’t. We made no attempt to locate it—we 
simply guessed. Without further work, the best we can say is that it is between 
x = —landx = 3. Furthermore, how do we know that the graph does not have 
some extra “turns” and ‘“‘wiggles” and perhaps look like Figure 7.13? Again, we 





Figure 7.13 


don’t. As a general rule, unless there is some special reason to put In some extra 
“turn” or ‘‘wiggle,”’ we shall leave it out. This rule will not necessarily give us the 
correct graph every time, but there is no point in needlessly complicating the situa- 
tion. These methods give only a general idea of the graph. If you take a course in 
calculus, you will see how derivatives may be used to answer the questions raised 
here. 

Note that, with the exception of the three intercepts, we have not plotted a 
single point! Yet we have some idea (within the restrictions noted above) of the 
main features of the curve. With a little practice, you should be able to sketch such 
curves quite quickly, and thus achieve the principal aim here. 


Example 4 


Solution 
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(2x — 1)(x + 2) 


Sketch = 
(x + 1)?(x — 3) 


Intercepts: (1/2,0),odd; (-2,0),even; (0,4/3) 
Asymptotes: 
From the denominator: x = —1l,even: x = 3, odd 





_ (2x — 1)(x + 2)? (FE ores : *) 
Pus. wN2- Tee AN 





(x + 1)?(x - 3) ie + ) (: = 3) 


AS x — sey oe = 2 
Thus y = 21s the horizontal asymptote. 


No symmetry. 
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Figure 7.14 


All of this information is summarized in Figure 7.14. If we begin sketching at 
one end or the other, we have the problem of not knowing whether the curve is ap- 
proaching the asymptote from above or below. Similar problems exist at the verti- 


cal asymptotes and x intercepts. Suppose, 
then, we start at (0, 4/3). Going to the 
right, we first come to (1/2, 0). Since it is 
an odd intercept, the graph crosses the x 
axis there and then goes down to the verti- 
cal asymptote x = 3 (it cannot go up, 
since it cannot cross the x axis anywhere 
between x = 1/2 and x = 3). Since this 
asymptote is also odd, the graph now 
jumps above the x axis. Finally it comes 
down to the horizontal asymptote y = 2. 
Going back to (0, 4/3) and proceeding 
to the left, we see that the graph must go 
up to the vertical asymptote x = -|1 
(remember there is nothing to prevent the 
graph from crossing a horizontal asymp- 
tote). Since x = —1 is an even asymptote, 
the curve stays above the x axis. It must 
then proceed down to the intercept 
(— 2,0). This is also even, so the graph 
again remains above the x axis, finally 
going up to the horizontal asymptote. 
Thus, we have the graph indicated in Fig- 
ure 7.15. 


Figure 7.15 


A 


B 
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PROBLEMS 


In Problems \-10, check for symmetry about both axes and the origin. 











hoy = xt — x’ Det a XS & 
2 2 
3 a y age a 
y=x x 4+ 59 l 
ae 6.92 
x x 
Te RYO 8. x’y? = | 
9 y= i.e ee 
2 y 2 
x" + | x 


In Problems \1-30, use the methods of this and the preceding section to sketch the graph. Do 
not plot the graph point by point. 











ll. y = (x + 1)(x - 3) 12. y = (x + 2)(x - 1) 
13. y = x? — 5x - 6 i pee AS ly 
5. y = x4 — x? 16. y =x? - x 
pes ike 2S 
x x +2 
2 I(x - 1)? = 
hee 20. pe 
(x — 2)(x + 1) (x + 1)(x - 2) 
ieee ee 
x- 1 (x + 2)(x — 4) 
2 
A. $a eee 24. y = — 
(x - 1) x" + | 
x? + | 
C2) 26. xy = 2x + | 
27. x’y = 2x + | 28. x’y -— y = x? 
29. x*y-—y=x? 30. x°y —y =x 


31. Show that if a graph has any two of the three types of symmetry—about the x axis, 
about the y axis, about the origin—then it must have the third. 


32. Given an example of a curve with exactly two lines of symmetry. 
33. Cana graph have two points of symmetry? 


34. Give an example of a curve with infinitely many lines of symmetry. 


Example 1 


Solution 
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35. Show that if two perpendicular lines are lines of symmetry of a given curve, then their 
point of intersection is a point of symmetry. 


36. Aneven function fis one for which f(—x) = f(x); an odd function is one for which 
f(—x) = —f(x). What can we say concerning the symmetry of the graph of an even 
function? Of an odd function? 


37. A graph (with at least one point not on the x axis) is symmetric about the v axis. Can 
it be the graph of a function? Explain. 


38. Show that if every x in an equation is replaced by 2k — x and the resulting equation ts 
equivalent to the original, then its graph is symmetric about the line x = k. 


7.3 
RADICALS AND THE DOMAIN OF THE EQUATION 


Recall that two things can keep us from getting a value for ) when we substitute a 
value of x into an equation: a zero in the denominator and an even root of a 
negative number. A zero in the denominator gives a vertical asymptote (provided 
the numerator is not also zero for the same value of x). Even roots of negative 
numbers simply cause gaps in the domain of the equation. 


Sketch y = 


a 


Using the previous methods for determining intercepts, asymptotes, and sym- 
metry, we have the following. 


Intercepts: (0,0) odd 
Asymptotes: x = 2, x = -2 


The radical is equivalent to the one-half power, which is neither odd nor even. 
We have a special problem in finding the horizontal asymptotes. The highest 
power of x in the numerator is clearly x. The highest power in the denominator 
appears to be x’. But it is under the radical: so the highest power is really (x7)!/* = 
x. Thus we shall want to divide the numerator and denominator by x. But we 
shall want to put the x under the radical in the denominator, which leads to fur- 
ther complications. The symbol \/ means the nonnegative square root. Thus x = 


Vx? is true only when x > 0: when x < 0, Vx’ = —x (note that, since x itself 
is negative, —x 1s positive), and we have two cases to consider. 
2x 
2x x 2 


a ee ee (when x > O) 
x7 4 ee 


X xX 
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= ——_— = ——— (when x < QO) 


Thus, 
asx +> +, ae eee 
x’? — 4 ,_4 
: 
and 
asx —~> —x, ae eee 
x =.4 , 4 
x? 


giving two horizontal asymptotes: y = 2, which is approached on the right, and 
y = -—2, which is approached on the left. Replacing x by —x and y by —y gives 


2(-—x) _ —2x 


which is equivalent to the original equation. Thus we have symmetry about the 
origin. 
Finally, x? — 4 represents a real number only when x? — 4 > 0, which gives 


2 
—2. 


IA IV 


But y is real for one additional value of x, namely, x = O. If x = 0, y equals zero 
divided by a complex number, which is still zero. Thus the domain is 


{x|x >2 or x < -2 or x = O}. 


We see here that (0, 0) is an isolated point of the graph (see Note below). 

All of this information is represented graphically in Figure 7.16, which shows 
the intercept as an isolated point; the fact that it is odd is of no use. Note one thing 
more: Since Vx? — 4 is never negative, y is positive whenever x is positive and 
negative whenever x is negative. This additional information makes it easy for us 
to sketch the curve (see Figure 7.17). 

Note: The existence of an isolated point of this graph at the origin is open to 
controversy. On one hand are those who say that there is no point of the graph at 
(0,0). Their reasoning is as follows: Whenever we restrict ourselves to real func- 
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Figure 7.16 Figure 7.17 


tions of real variables, we say, in effect, that imaginary numbers do not exist. 
Thus, instead of having zero over an imaginary number, we have zero divided by 
no number at all, which yields no number. By this line of reasoning, every ‘‘part”’ 
of the equation must be real in order to yield a valid result. On the other hand are 
those who maintain that the result is independent of the means of obtaining it. 
The mere fact that we go from one real number to another by way of imaginary 
numbers, they say, does not invalidate the result. Exactly the same controversy 
arose when Cardan published his solution of a cubic equation in 1545. His rule 
for the solutions of x? = 15x + 4 leads to 


_ Ws Vail + PE Va. 


which simplifies to x = 4, the only positive root.* It was decided then that the excur- 
sion into complex numbers did not invalidate the result. While we shall take the latter 
point of view throughout this text, it is well to bear in mind the controversial nature 
of the problem. 


*In this connection, see Carl B. Boyer, A History of Mathematics, (New York: John Wiley & Sons, 
Inc., 1968), pp 310-316. 


Example 2 


Solution 
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Sketch y? = x* — x’. 


To graph this equation, we use the following device: Since y = +W/x* — x’, we 
first graph z = x* — x? and then, from the values of z, get y = +z. Graphing 
z= x*— x? = x*(x? — 1) = x?(x + 1)(x — 1), we have the following. 
Intercepts: (0,0), even, (1,0),odd, (-—1,0), odd. 

No asymptotes. 

Symmetry about the z axis (see Figure 7.18a). 


We see on this graph that, for each value of x, we have a value of z = x* — x’. 


Now let us find the corresponding values for y = +z. But first, we note the fol- 
lowing points to keep in mind. 


l. Vz =zifz =O0orz =1 
2.VWz>7if0<2< 1 

3. Vz < zifz> | 

4. Vzisnotrealifz < 0 


The final result is given by the graph of Figure 7.18b. The origin is again an 


isolated point of this graph. It is convenient to sketch both graphs on the same 
pair of axes. This is done in Figure 7.18c. 


e y yand z 





(a) (b) 


pega? yr=xt— x? 


Figure 7.18 


The same method could be used to sketch y = Vx* — x*. The only difference 
would be that we would have only the top half of the result in Figure 7.18b. We 


Example 3 


Solution 
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might also have used this method in Example 1, starting with 
2. 4x? 
x 4 
In that case, we would have to be careful which branch we chose; we would have 
to choose the top portion when x is positive and the bottom portion when x is 








negative. 
One final point. Let us recall that when we had an equation of the form 
_ P(x) 
” * O(x)’ 


we noted that x intercepts come from factors in the numerator and vertical 
asymptotes from factors in the denominator, provided there is no value of x for 
which both numerator and denominator are zero. In the examples we have been 
considering, this is equivalent to the provision that there is no factor common to 
both numerator and denominator. What happens if there are common factors? 
The answer is simple. You simply cancel the common factors and sketch the re- 
sulting equation. But remember that if you cancel the factor x — a, the original 
equation is not defined at x = a (it gives 0/0) and there is no point on the graph 
with x coordinate a. 


Sketch y = (x* — 1)/(x — 1). 


Since the numerator and denominator y 
have the common factor x — 1, we cancel 
them to get 
y=exetl, 


which gives a straight line. But recall that 

the original equation gives no value of y 

when x = 1. Thus the point (1, 2) should be —I 
deleted from the graph, as in Figure 7.19. 


Figure 7.19 


PROBLEMS 


B Sketch the graphs of the following equations. 


lLypaxvx? 1 2. 2 


7.4 Direct Sketching of Conics 





3...) = —* 
xo S 
9 Sa Vx | 
1.5 Se 
; x + 1 
2x 
9: yo Ss 
: (x = 1)? 
il. y? _ x(x + 1) 
(x — 2)° 


ae eS!) 








(x + 1)? 
5. 2 = be =D! 
x -2 
17. y? = (x — I)(x —- 3)? 
2 
19,» = —— : 
KS 
2 
x" +x 
21. Vee a 
x 
23. \ = x(x + 1)? 
(x — I)(x + 1) 
6 nce 
" h 
(Hint: Simplify the numerator. ] 
ea 
DF ip Soe 
h 
7.4 


10. 


12. 


14. 


16. 


18. 


20. 


Le: 


24. 


26. 


28. 
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x - | 


V x(x 4+ (1) 
x- Vx? - 1 


x? 


(x + 1)(x - 2) 
_ (x - 1) 
X 





x(x + 1)? 
X= 2 

x(l -— x) 
(x + 1)? 


7 = (1 — x)(3 - x) 


= —(x — I)(x - 3) 
2 ee 
XxX 
_x+x? 
XxX 
_ 2x(x - I) 
x(x + 1) 
_ -l- (+A) - 20 +A) 
h 
~l1-Vi+h 
h 


DIRECT SKETCHING OF CONICS 


We have been able to sketch conics by putting them into a standard form in 
Chapters 5 and 6. But this was often quite tedious, especially when we had to ro- 
tate the axes. Let us see if we can determine some methods of sketching without 
going through the process of rotating axes. 

Recall that any equation of second degree in x and y represents a conic or a 
degenerate conic. The type of conic can be determined by B’* — 4AC, as indicated 
in Theorem 6.7 on page 177. Remember, however, that this test does not distin- 
guish between the conics and their degenerate cases. The results are summarized 


in the following table. 


Example 1 


Solution 
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Conic B* —~ 4AC 
Parabola 0 
Ellipse — 
Hyperbola + 


7 Curve Sketching 


Degenerate cases 


One line (two coincident lines) 
Two parallel lines 
No graph 


Circle 
Point 
No graph 


Two intersecting lines 


If we are dealing with a hyperbola, the greatest single aid in sketching the graph 
is determination of the asymptotes. If they are horizontal or vertical, the deter- 
mination is relatively easy; so let us go to slant asymptotes. We shall consider two 
cases: the equation is linear in y(C = O) and the equation is quadratic in 4(C = QO). 
In either case, we first solve for y. Examples of each follow. 


Sketch x* — xy — 3y — 1 = Owithout 
rotating axes. 


First of all, B? — 4AC = (-l)* - 
4(1)(0) = 1, indicating that the conic is 
a hyperbola or a degenerate case of 
one. Solving for y, we have 


ee | 
a3 





os 


The methods of this chapter give inter- 
cepts (41,0) and (0, —1/3), and verti- 
cal asymptote x = —3. There is no 
horizontal asymptote, but we know 
that there must be a second asymptote. 
To find it, we carry out the division. 


x - | 8 
=x = 3 
x +3 : Toe G 








| as 


We now see that, for numerically large 
values of x, 8/(x + 3) 1s almost zero 
and y is very near x — 3. Thus the 
slant asymptote Is 


pe x= 2. 


With this, we can easily sketch the hyper- 
bola (see Figure 7.20). 





Figure 7.20 


Example 2 


Solution 


Example 3 


Solution 
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Sketch 7x” + 6xv — 4? — 32 = 0 without rotating axes. 
This equation Is quadratic in y. 

y? — 6xyp + (32 — 7x*) = 0. 
Using the quadratic formula, we have 


yp = 3x 4 4vV x? — 2. 


Again, for large values of x, Vx° — 2 is almost 
V x°, and y is very near 3x + 4x. Thus, the slant 
asymptotes are (see Figure 7.21) 





ye TX and y= —xX. 


This and the intercepts give us a good idea of the 


curve. Figure 7.21 


Slant asymptotes are not restricted to hyperbolas. In general, an equation of 
the form y = P(x)/Q(x), where P(x) and Q(x) are polynomials, yields a slant 
asymptote whenever the degree of the numerator is one more than the degree of 
the denominator, since division gives a linear expression plus a remainder. 

Another useful procedure in sketching conics (as well as other curves) is the 
method of addition of ordinates. Let us consider an example. 


Sketch 2x? — 2xy + 4? — 9 = Owithout rotat- 
INg axes. 


Since B? — 4AC = —4, the curve is an ellipse. 
Again, the equation 1s quadratic in y. 


y= 2xv + (2x? - 9) = 0 
By the quadratic formula, we have 
ypext VI- XxX. 


Instead of trying to sketch this curve directly, 
let us sketch 


yon and ee & WO = x, 





By squaring both sides, we can put the second 
equation into the form 


Figure 7.22 


fy SO, 
These two are easily sketched (see Figure 7.22). 
For each value of x in the interval [—3, 3], there is an ordinate on the line and 
one (or two) on the circle. Adding them, we have the ellipse of Figure 7.22. 
Since values of x outside the interval [—3,3] give complex values of » in the 
equation y = x + V9 — x’, there is no graph to the right of x = 3 or to the left 
ofx = —3. 


Example 4 


Solution 
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Sketch 4x* - 4xy + y? — Sx + 2y + 1 =0 
without rotating axes. 


Since B? — 4AC = 0, the curve is a parabola. 
Again solving for y, we have 


y=2x-1 + Vx. 
This gives the two equations 
y=2x- 1 and y=s VX, 


where the latter can be written y’? = x. Sketch- 
ing these two and adding ordinates, we have the 
result given in Figure 7.23. The line y = 2x — | 
is not the axis of the parabola. 





Figure 7.23 


Addition of ordinates can be used for hyperbolas, as well as for ellipses and 
parabolas. One disadvantage of this method is that the two curves must be 
graphed relatively accurately, or the final result is likely to be extremely inac- 
curate. 

One final word; it is not maintained that the methods of this section will a/ways 
provide the simplest method of sketching conics. They are alternate methods that 
are useful in many cases. 


PROBLEMS 


In Problems \-20, sketch without rotating axes. 


hkx—-x+y+3=0 2, 2xpy —-x -—-y-—-22=0 

3x7 - xy —-yp-42=0 4.x7-xyptxt+2y =0 

§. 2x7 — 2xy + yw? - 1 = 0 6. 5x? —- 4xy + yy? - 4 =0 

7x7 —-2xp + yp? — x = 0 8.x? — 2xy + yp? +x - 2p +2=0 
9. 2xvy —- y? -4=0 10. 2x? — 2xyp + yp? + 4x - 4y —-5 = 0 
11. 2xy — 3? + 6x -— 6y — 18 = 0 12. 3x? — 4xyp + yp? — 4x + 2p +5 = 0 
13. 4x° + 4xyp 4+ yp? —- 3x 4+ 2p 4+:1=0 = «14. x? — Ixy + y? — 12x + By + 24 = 0 
15. 3x2 + Ixy — y? + 10x + 2y +8 =0 16. x? — 2xy + y? — 2x + 2Zy-—3 = 0 
7.x? —- xy —-x -2=0 18. xy —- yy -y+2=0 

19. 10x? — 6xy + y? + 12x - 49 +4=0 20. 2xy + y> - 4 = 0 


21. Show that Vx + Vy = Vaisa portion of a parabola. 


7.4 Direct Sketching of Conics 


REVIEW PROBLEMS 
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In Problems \1—4, sketch the graphs of the equations as rapidly as possible without plotting 
points. Show all intercepts, asymptotes, and symmetry about either axis or the origin. 


a | 








ly =—— 
mae x> +1 
x’ -9 
3. y= 
y ge 
5. y =(x — 1)°(x + 3)°(2x — 3) 
7o.y=x-Vx°-4 
x(x — 2) 
9, y*° = ——_— 
: (x + 1)? 
x°-3x -—4 
11. Pap oe ae <a 
: x° + 4x +3 








Z 
— 3 
2. alae) 
(x“ — 4) 
x-] 
4, y= 
? x? + 3x 
6 
6 yext1-- 
x 
8 y= Kx — 1)(x + 2) 
: x + ] 
a eae 
10. y° = 
xD 
2 
ZS 
Mo DE 


In Problems 13-16, sketch the graphs of the given conic sections without rotating axes. 


13. x° +xy —2x +y =0 


14. x°-xy —y —4=0 


15. 5x° — 4xy + y> — 4x + 2y —8 =0 
16. 4x° — 4xy + vy? + Ilx - 6y +5 =0 


8 


TRANSCENDENTAL 
CURVES 


8.1 
TRIGONOMETRIC FUNCTIONS 


We now turn to some of the nonalgebraic (or transcendental) functions, beginning 
with the trigonometric functions and their inverses. Although the measurement of 
angles in degrees 1s convenient for many purposes, in advanced mathematics, 
radian measure is the more natural way of measuring angles. Recall that the 
radian measure of an angle is the length s of the arc of a circle subtended by the 
angle (see Figure 8.1) divided by the radius r of the circle. 

a) 


r 


Since an angle of 360° subtends an arc whose length 1s the circumference of the 
circle, we see that 360° is equivalent to 


S a27r . 
6= > = — = Drradians. 
r r 


Figure 8.1 
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With this result, we can find a formula for the area of a sector (a pie-shaped 
region). If the central angle of a sector is 27 radians, the sector becomes a circle 
with area wr’. Assuming that the area of a sector is proportional to the measure 
of the central angle, we compare the sector with central angle 27 and area wr’ with 
one having central angle @ and area A. This gives the ratio 


FAs, fe 
rr Qr 
therefore the area of the sector is 
a) 
A=-r. 
2 


Of course, @ is the radian measure of the angle. We shall use this result in the next 
section. 

The graphs of the six common trigonometric functions are given in Figure 8.2. 
Note that all of them are periodic (repeating). To say that a function f has period 
p means that f(x + p) = f(x) for all x; in other words, the function repeats it- 
self after every p units. The period of y = tanx and y = cotx 1s mw; the other 





(a) voosinx (b) v == cos x 





(d) vy cot (e) vy sec x (f) vy csc x 





Figure 8.2 


Example | 


Solution 


Example 2 


Solution 
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four functions have period 27. Note also that four of them have vertical 
asymptotes, although there is no denominator to assume a value of zero. This is 
reasonable when we consider that all of them are defined as ratios of certain 
lengths. Let us see how these curves are altered by changing certain constants. 


Sketch y = 3sin 2x. 


First of all, note that —1 < sinx < l. 
Thus the factor 3 in 3 sin 2x changes this 
range by a factor of 3. It takes one com- 
plete cycle for whatever angle we are tak- 
ing the sine of to go from 0 to 27; that is, 


we have one complete cycle for 
O < 2x < 27 or O<x<n. 


Thus, the 3 in 3 sin 2x triples the ampli- 
tude (or height) of the wave, while the 2 
halves the period (or gives two complete 
cycles in the normal period of 27). The 
result is shown in Figure 8.3. 





Figure 8.3 


Sketch y = 4cos (2x + z) 


First let us write the equation in the 
form 


y= 4cos 2(x + :) 
4 

Now we see that the amplitude is 4 
and the period is 27/2 = 2. When 
x = —7/4, 7/4, 3/4, and so on, 
x + 2/4 = 0, 7/2, x, and so forth. 
Therefore 7/4 has the effect of shifting 
the curve a distance 7/4 to the left, 
as shown in Figure 8.4. 





Figure 8.4 


Example 3 


Solution 


Example 4 


Solution 


8.1 Trigonometric Functions 


Sketch y = cos x + sin 2x. 


The method of addition of ordinates 
(see Section 7.4) is quite useful for 
equations of this type. Sketching 

y = cosx andy = sin 2x and add- 
ing the ordinates, we have the result 
given in Figure 8.5. 


Sketch y = x + sin x. 


Perhaps you wonder how we can add x and 

sin x, if x is an angle and sin x is a number. 
Actually both x and sin x are numbers. We take 
trigonometric functions not of angles, but of 
numbers. The numbers are simply the measures 
of angles. It is quite possible to consider 
trigonometric functions of numbers quite in- 
dependently of any angular interpretations; but 
if we do want to impose such an interpretation, 
the value of x is the measure of an angle in 
radians. Again, addition of ordinates works 
very well; Figure 8.6 1s self-explanatory. 
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Figure 8.5 





Figure 8.6 


PROBLEMS 


1. Express the following degree measures in radian measure: 45°, —210°, 270°, 30° 


— 180°, —60°, 135°, 150°. 


> 


2. Express the following radian measures in degree measure: 7/3, 7, 34/4, —2/2, Sr/6, 


—27/3, 3/2, 1077/6. 


In Problems 3 26, sketch one complete cycle. 


3. y = 3cosx 4. y = 


—2sin x 6. y 


2 sec x 


2tan 3x 
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7. 

9. 
11. 
13. 
15. 
17. 
19. 


21. 


23. 
25. 


8 Transcendental Curves 


y = 4sin wx 8. y = —2csc(rx/2) 

y = 3cos4x 10. y = 2sin(2x + mr) 

y = 3cos(2rx + 2/2) 12. y = tan(3x — 7m) 

y = 2sec(4x — 27) 14. y = -—cos(x - 7/3) 

y = —2sin(1/4 — x) 16. y = sinx — cosx 

y = 2sinx + sin2x 18. y = cosx — sin2x 

y = 3cosx + sinx 20. y = 4sinx + 2sin2x — sin4x 
y = Qsinx ~ sin2x + ¥ sin 3x 22. y = | — cosx 

y= 1+ 2sinx 24. y = 2+ cosx 

y = sin? x 26. y = 2 — 3sinx 


In Problems 27-30, sketch the graph. 


27. 


29. 


31. 


8.2 





y=zx - sinx 28. y = x* + sinx 
; sin 
y=xsinx 30. y = : 
x 
Sketch 
T . T : 2 x: 
y= - 4+ 2sinx y= —- + 2sinx + — sin 3x, 
2 2 3 
and 


+ 2sinx + : sin 3x + : sin 5x 
on the same coordinates. What do you think the graph of 


y= + 2(sinx + ; sin3x + ee +) 


5 


| 


looks like? 


INVERSE TRIGONOMETRIC FUNCTIONS 


Suppose we have the equation » = sin x and want to express x in terms of y. To do 
SO, we Introduce a new notation for the solution. 


xX = arcsin y or x = sin"'y 


Example 1 


Solution 
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(a) (b) 


Figure 8.7 


This 1s read: x is an inverse sine of y. Thus, x = arcsin y 1s equivalent to y = 
sin x, Or y = arcsin x 1s equivalent to x = siny. To graph y = arcsin x, we 
merely graph x = sin y. This is shown in Figure 8.7. Figure 8.7a shows the fa- 
miliar sine curve with the labels on the axes reversed, while Figure 8.7b gives the 
same graph with the axes in their usual position. Figure 8.7b looks exactly like the 
graph of y = sin x with the x and y axes reversed. Note that arcsin x 1s not single- 
valued; one value of x gives many values of arcsin x. The remaining five trigono- 
metric functions have inverses that are defined analogously. 


Sketch y = 2arcsin 3x. 


We first convert this to the equivalent equation 
involving the sine. 


— arcsin 3x 
2 
3x = sind 
2 
| sin 2 
xX = - sin 
3 2 


Graphing this by the methods of the previous sec- 
tion, we have Figure 8.8. 





Figure 8.8 


Example 2 


Solution 


Example 3 


Solution 
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Note that the graph shown Is a sine wave on the y axis. Furthermore, the 3 in 
the original equation gives an amplitude of 1/3, while the 2 gives a period of 
2-la = An. 


Sketch y = (1/3) arccos 2x. 


Again we can convert this to the equivalent 
equation involving the cosine, 


l 
x = - cos 3y, 
x 5 y 


and graph by the methods of the previous sec- 
tion. The result is given in Figure 8.9. This 
could also have been sketched by noting that we 
have a cosine wave on the y axis with amplitude 
|/2 and period 1/3-2z” = 27/3. 





Figure 8.9 


Sketch y = w/2 + arctan x. 


In the tangent form, the equation 1s 


WT 
X = tan y 7 5 Se a ig it 6 ih Ree TE eS BOE OO DOMES RS OS 
( 2 2G 


giving the graph of Figure 8.10. The 2/2 
has the effect of raising the curve a dis- mf 
tance 7/2. a 


Figure 8.10 


Example 4 


Solution 


8.2 Inverse Trigonometric Functions 


Sketch y = arcsec (x + 1). 


In secant form we have 
x = secy — l, 


which gives the graph of Figure 8.11. The | 
has the effect of shifting the graph one unit 
to the left. 





PROBLEMS 

1. » = arccos x 2. y = arctan x 3. 

5. y = 2arcsinx 6. y = 3arccos x 

7. y = Sarcsec x 8. »y = 4arccsc x 

10. » = arctan 2x 11. y = arccos 4x 

13. y = 3arcsin2x 14. y = 2arccos4x 

16. y = 4 arcsec 2x 17. y = —2arcsin : 

19. y = " + arcsin x 20. y = i + arccos x 

22.) = n — 2arctan x 23. y = arcsin(x + 2) 

25. y = 3arcsin2(x — 1) 26. y = 

21 * + 2arcsin 3(x 4+ 2) 28. y = 
2 | x +1 

29. y= - > + 5 arccos 30. y = 
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Figure 8.11 


y = arccot x 


4. y = arcsec x 


9. y = arcsin 3x 
12. y = arcsec 2x 
IS. y = 2arctan 3x 
18. y = -2 arccos = 
21. yp = - | + 2arcsin x 
24. y = arccos(x — |) 
2 arctan (3x + 2) 
Tv 
37 2 arcsec 4(x — 2) 
xr 1 ‘ 2x + | 
fa 
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8.3 
EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


Suppose we consider the graph of y = 2*. By plotting a few points, we have the 
graph shown in Figure 8.12. The curve has the x axis as a horizontal asymptote, 
but it approaches this asymptote only at the left end. At the right end the graph 
increases very rapidly; there is, however, no vertical asymptote. The graph crosses 
the y axis at (0, 1) and is always above the x axis. These are general characteristics 
of the graph of y = a*, where a > 1. If a < 1, then the graph rises steeply on the 
left and approaches the x axis on the right. The graph of y = 1% is the horizontal 
line y = 1, since 1* = 1| for all x. The graphs of several such equations are given in 
Figure 8.13. Note that, fora > 1, the larger the base a, the more steeply the curve 
rises on the right and the more rapidly it approaches the x axis on the left: while, 
fora < 1, the smaller the base, the more steeply the curve rises on the left and the 
more rapidly it approaches the x axis on the right. 

A base of zero gives the x axis without the origin (since 0° is meaningless), and 
negative bases are not considered at all, since powers of negative bases are not 
defined for any but integer exponents. 

A number that is often used for a base is the number e = 2.71828.... This base 
is especially useful in calculus, and, for this reason, is frequently encountered. The 
graph of y = e* lies between the graphs of y = 2* and y = 3%, as in Figure 8.13. 





Figure 8.12 Figure 8.13 
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Example 1 Sketch the graph of y = 2*~?. 


Solution This can be considered from two dit- 
ferent points of view. One way is to 
consider the desired graph to be the 
graph of » = 2%, translated two units 
to the right. Another is to note that 


2* 
yas Qx-2 = 2*.2-? ee, 
} rl 


Thus the » coordinate of y = 2*~7 is 
one-fourth of the corresponding }y co- 
ordinate of » = 2*. The result is given 
in Figure 8.14. 





Figure 8.14 


Example 2 Sketch the graph of ); = 2”. 
Solution Since 
y= 92x ae (27) ee 4* 


we have the graph shown in Figure 8.15. 





Figure 8.15 


Note the distinction between y = 2‘ and y = x’. The first, with a constant base 
and variable exponent, is an exponential function such as we have been discussing. 
The other, with a variable base and constant exponent, is a power function; its 
graph ts a parabola. 

Let us now consider the logarithm, which we define in the customary way. 


Definition 


Example 3 


Solution 
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The logarithm, base a (a > 0, a # 1), of the number x (x > 0) is the number y such 
thata” = x. Thus 
y = log,x means KS a’: 


We see that the logarithm and exponential functions are inverses of each other; 
that is, y = log, x, which is equivalent to x = a’, is simply the exponential func- 
tion y = a* with the x and y reversed. Thus, we may use our knowledge of the ex- 
ponential function to sketch the graph of a logarithm. The graph of y = log, x 
for various values of a is given in Figure 8.16. This figure is the same as 
Figure 8.13, with the x and y axes interchanged. Note that logarithms are defined 
only for positive values of x—there is no graph to the left of the y axis. The y axis 
is a vertical asymptote and y = log, x increases slowly for a > | and decreases 
slowly fora < 1. All contain the point (1, 0). 





Figure 8.16 


Sketch the graph of y = log, (x + 2). 


The expression x + 2 merely trans- 
lates the graph of y = log, x two 
units to the left. That is, there is a 
vertical asymptote when x + 2 = 0 
or x = —2, and the graph crosses the 
x axis when x + 2 = lorx = —l. 
Thus we have the graph shown in 
Figure 8.17. 





Figure 8.17 
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Example 4 Sketch the graph of y = log, (—x). 


Solution The logarithm is defined only when 
—X 1S positive, or when x 1s negative. 
The result is the mirror image of 
y = log, x reflected in the y axis (see 
Figure 8.18). 





Figure 8.18 


Two bases that are frequently used are 10 and e. The following abbreviations 
are frequently encountered and are used throughout this book. 


log x = logiox 


Inx = log, x 


PROBLEMS 


Sketch the graph of each of the following equations. 


A ly = 2**! 2. joe. 27"' 3. y = 37% 4.y=e 
B Sy = 47>? 6. y = 3!" 7p = 3% ee 
x+/ "py x-2 
9. = 22+! 10. » = 57"! Il. » = (5) 12. y = (=) 
2 3 
| 2x+1 | 2-x 2 
13. ) = & 14. y = (5 IS. y = 2 16. y = 2* 
17. » = logo(x + 1) 18. » = log,(x —- 1) 19. y = log;(x + 4) 
20. » = logy(x — 3) 21. »y = log;(-x) 22. y = Inx 
23. y = log, (2x) 24. » = log; (9x) 25. y = log, (4x —- 1) 
26. » = logy(4x + 1) 27. » = log, |x| 28. y = log, x’ 
29. y = logiy2 (x + 1) 30. y= logi;3 (x - 2) 


Definition 
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8.4 
HYPERBOLIC FUNCTIONS 


Certain combinations of functions occur frequently enough in applications of 
mathematics that it is convenient to set them apart by giving them special names. 
In this section, we consider the hyperbolic functions, which are defined in terms 
of exponential functions but are like the trigonometric functions in many ways. 
They are called the hyperbolic sine, hyperbolic cosine, and so on, and are ab- 
breviated sinh, cosh, and so forth, respectively. 


inti ee 2. hig, Coe 
sinh x 5 cosh x 5 
3. tanh x = Sah x 4. coth x - coshx 
cosh x sinh x 
>. ee a 6. She Sp 
cosh x sinh x 





y = sinh x y == cosh x y = tanh x 


(a) (b) (c) 


Figure 8.19 


The first two hyperbolic functions are easily graphed by addition of ordinates, 
and the remaining four by division of ordinates. For example, since 


—- x 


e 
7 9 





: e* 
sinhx = — — 
2 


Example 1 


Solution 


Example 2 


Solution 
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we graph y = e*/2 and y = —e-*/2 and add the ordinates. This is given in Figure 
8.19a. The graph of y = tanh x is found by noting that 


For each value of x, we divide y, = sinh x by y, = cosh x to find tanh x. The 
result is given in Figure 8.19c. 


Sketch the graph of y = sinh (x/2). 


Note that the substitution of x = 1 into this . 
equation is equivalent to the substitution of x = 
1/2 into y = sinh x. Thus the graph of y = 

sinh (x/2) 1s like that of y = sinh x, but “stretched” 
horizontally so that each point is twice as far 

from the y axis. This is given in Figure 8.20. 





Figure 8.20 


Sketch the graph of » = 2 cosh x. 


The effect of the 2 here is to stretch the graph of » 
y = cosh x vertically so that each point is twice 
as far from the x axis. This is given in Figure 8.21. 





Figure 8.21 


The inverses of hyperbolic functions can be considered in the same way as those 
of trigonometric functions. They are called the inverse hyperbolic sine, and so 
forth, and are represented by sinh~', and so forth. 


Definition 


Example 3 


Solution 
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y = sinh"! x means x = sinhy 


The other five inverse hyperbolic functions are defined similarly. 


Again the graphs of the inverses can be determined from those of the corre- 
sponding hyperbolic functions. 


Sketch the graph of y = sinh"! x. 


Since this is equivalent to x = sinh y, its y 
graph is the same as the graph of y = sinh x 

with the x and y reversed. The result is given 

in Figure 8.22. 


x 
Figure 8.22 

PROBLEMS 
Sketch the graph of each of the following equations. 

l. vy = cothx 2. = sechx 3. y = cschx 4. » = sinh2x 
>: 1 = = cosh x 6. » = tanh a 7. y = 2sinhx 8. » = 3coshx 
9. + = 2cosh3x 10. » = 2tanh 3x 11. y = sinh |x| 

12. » = sinh x? 13. » = sinh(x —- 1) 14. » = cosh (x + 2) 
15. y = tanh |x + 1| 16. y = 2cosh(x — 3) 17. y = cosh”! x 

18. ; = tanh7' x 19. » = 2sinh7'x 20. » = sinh~! 2x 


21. Express tanh x in terms of exponential functions. 


l Il+x 


22. Show that tanh ' x = — In J |x| <1. 
2 Lx 


23. Show that sinh”! x = In (x + Vx’ + 1). 
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REVIEW PROBLEMS 


Sketch the graph of each of the following equations. 





A 1. y = 2 sin 3x 2. y = — cos 2x 
l 
3. y = 2 arccos 3x 4. y == arcsin x 
§.y =2°? 6. y = sinh 2x 
x 
7. y = cosh 3 8. y = 3 sinh x 
B 9. y = 2sin (x ~ 2) 10. y = 3 sin 2x + 2 cos 4x 
11. y = 2 sin (2: = g 5) 2. y = : + cos 2x 
13. y = —— arct ia. ea 
. y =— — arctan . y =— += arctan 
CoG eae oes 2 
18, y = 377! 16. y = (3) 
" 2 
17. y = log (x + 3) 18. y = logs (3x + 1) 


19. y = 2 cosh ‘| x 20. y = sech ' x 
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POLAR 
COORDINATES 
AND 
PARAMETRIC 
EQUATIONS 


9.1 
POLAR COORDINATES 





Up to now, a point in the plane has been represented by a pair of numbers, (x, y), 
which represent (for perpendicular axes) the distances of the point from the ) and 
x axes, respectively. Another way of representing points is by polar coordinates. 
In this case, we need only one axis (the polar axis) and a point on it (the pole). 
These correspond to the x axis and the origin of the rectangular coordinate sys- 
tem. Normally we shall include the y axis, even though it 1s not necessary to do so. 

Before considering points in polar coordinates, let us recall that an angle in the 
standard position has its vertex at the origin (or pole) and its initial side on the 
positive end of the x axis (or polar axis). The terminal side is another ray (or half- 
line) with the origin as its end point. The ray with the same end point and on the 
same line as the terminal side is called the ray opposite the terminal side. For 
example, the terminal side of a 90° angle in standard position is the positive end 


(r, 8) 


Figure 9.1 
224 
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of the y axis together with the origin; the ray opposite the terminal side is the nega- 
tive end of the y axis together with the origin. 

A point P is represented, in polar coordinates, by an ordered pair of numbers 
(r, 6) (see Figure 9.1). It is determined in the following way: first find the terminal 
side of the angle @ in standard position; if r > 0, then Pis on this terminal side and 
at a distance r from the pole; if r < 0, then P is on the ray opposite the terminal 
side and at a distance | | from the pole. A few points are given with their polar 
coordinates in Figure 9.2. 





Figure 9.2 


It might be noted that while the terminal side of the angle — 7/3 is in the fourth 
quadrant, (— 1, —7/3) 1s in the second quadrant. The quadrant that a point ts in is 
not determined by the signs of the two polar coordinates, as it 1s with rectangular 
coordinates. It is determined by the size of 6 and the sign of r. If r is positive, the 
point is in whatever quadrant @ 1s in; if r is negative, the point is in the opposite 
quadrant. 

Polar coordinates present one problem we did not have with rectangular coor- 
dinates—a point has more than one representation. For example: (2, 7/2) and 
(—2, —2/2) represent the same point. In fact, if (7,8) 1s one representation of a 
point, then (r,@ + an), where nis an even integer, and (—r,@ + awn), where n 
is an odd integer, are representations of the same point. Furthermore, (0,4) 1s the 
pole for any choice of 0. 


Example | 


Solution 
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9.2 
GRAPHS IN POLAR COORDINATES 


Equations in polar coordinates can be graphed by point-by-point plotting, as we 
graphed rectangular coordinates. 


Graphr = sin @. 


Note in Figure 9.3 that we have the entire graph for 0 < @ < mw. The remaining 
values of # simply repeat the graph a second time, since (0,0) = (0, 7), (0.5, 7/6) = 
(—0.5, 77/6), and so forth. Of course, values of 6 outside the range 0 < 6 < 2a 
would give no new points. As we shall see later, this is a circle. 





iy r 
0O= 0 0.00 
r/6 = 30° 0.50 
7/3 = 60° 0.87 
r/2 = 90° 1.00 
27 /3-= 120° 0.87 
Sx/6 = 150° 0.50 
x = 180° 0.00 Xx 
7x/6 = 210° —0.50 
4n/3 = 240° —0.87 
34/2 = 270° — 1.00 
Sx /3 = 300° —0.87 
llnr/6 = 330° —0.50 
2x7 = 360° 0.00 


Figure 9.3 


This method of point-by-point plotting 1s quite cumbersome here, as it was in 
the case of rectangular coordinates. One way to simplify the proceedings is to rep- 
resent the table of values of rand @ by means of a graph. This may sound as if we 
are going in circles—we can get the graph from a table of values of r and @ that 1s 
represented by a graph. Actually, this is not so bad as it sounds. We shall represent 
the table by a graph in retangular coordinates. 

For example, the table of values of r and 8, used in Example | can be repre- 
sented by the graph shown in Figure 8.2a on page 209. Of course, Figure 8.2a rep- 
resents the graph of y = sin x; we merely replace the symbols x and y by 6 and r. 
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Example2 Graphr = 1 + cos@. 


Solution Wecan easily graph this equation 
in rectangular coordinates by using 
addition of ordinates. The result is 
given in Figure 9.4. Now we can read 
off values of r and 6 just as we would 
from a table. As @ increases from 0 
to 7/2, rgoes from 2 to |. This gives 
the portion of the curve shown in 
Figure 9.5a. As @ goes from 7/2 to z, 
r goes from | down to 0 (shown in 
Figure 9.5b). As @ goes from x to 
32/2, r goes from 0 back up to | (as 
in Figure 9.5c); and finally, as 6 goes 
from 37/2 to 27, we see in Figure 
9.5d that 6 goes from | to 2. The same path is traced for values of 6 beyond 27 or 
less than O. Putting all of this together, we have the desired graph, shown in 
Figure 9.5e. This curve is called a cardioid, which means “heart-shaped.” It is a 
special case of a more general curve called a /imacon (French for snail), which has the 
formr =a + bsin@orr =a + bcos @. If |a| = |b|, then we have a cardioid. See 
Problems 17-20 for the graphs of limagons. 





Figure 9.4 





(a) 





Figure 9.5 


Example 3 


Solution 


Example 4 


Solution 
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Graphr = sin 286. 





(a) 


Figure 9.6 


The graph is given in rectangular coordinates in Figure 9.6a. This is then put on 
the polar graph shown in Figure 9.6b. Note that for @ in the range 7/2 < 6 < 7m, 
ris negative. Thus, instead of giving the loop in the second quadrant, it gives the 
One in the fourth quadrant. Similarly, for #6 in the range 37/2 < 6 < 27, ris nega- 
tive. This gives the loop in the second quadrant. The resulting curve is called a 
four-leafed rose. 


Graph r? = sin 20. 


Graphing in rectangular coordinates by the methods of Section 7.3, we have the re- 
sult given in Figure 9.7a. There are a couple of things of interest here. First, r? = 
sin 26 has two values of r for each 8 in the ranges 0 < 6 < w/2 anda < 6 < 3m/2, 
while it has no value at all for t/2 < 6 < w and 3m/2 < @ < 2m. Since it has 
two values in the range 0 < 6 < w/2, we get both loops for 0 < 6 < 2/2, shown in 
Figure 9.7b. Similarly, we get both loops a second time for 7 < 6 < 3m/2. Because 
there is no value of r for 7/2 < 6 < w and 32/2 < 6 < 2m, there are no points of 
the graph in the second or fourth quadrants. This is called a lemniscate. 


There are tests for symmetry in polar coordinates which are somewhat like those 
in rectangular coordinates. Suppose, for example, that for each point (7,6) on a 
given curve there corresponds another point (r, —8#) on the same curve. Then (see 
Figure 9.8a) the curve is symmetric about the x axis. Thus if 6 is replaced by —@ 
and the result is equivalent* to the original equation, then the graph is symmetric 
about the x axis. Figures 9.8b and 9.8c illustrate conditions leading to symmetry 


*Two equations are equivalent if any point that satisfies one of them also satisfies the other. To 
determine equivalence we use algebraic or trigonometric identities, add any expression to both sides 
of one equation, or multiply both sides of an equation by a nonzero constant in order to make that 
equation identical to the other. 
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(a) 


Figure 9.7 


(r,n — 0) ; (r, 0) 


nm—|( ; 
J DON 


X 





(a) (b) 





(c) 


Figure 9.8 


Theorem 9.1 


Example 5 


Solution 


Example 6 


Solution 
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about the y axis and the pole, respectively. These tests are summarized in the fol- 
lowing theorem. 


(a) If is replaced by —6 and the result is equivalent to the original equation, then 
the graph is symmetric about the x axis. 

(6) If6@ is replaced by x — 0 and the result is equivalent to the original equation, 
then the graph is symmetric about the y axis. 

(c) Ifris replaced by —rand the result is equivalent to the original equation, then 
the graph is symmetric about the pole. 


Test r = | + cos 6@ for symmetry. 


The three tests are represented schematically below (the arrow is used to represent 
‘is replaced by’’). 


(a) (rr (b) (r—r (c) (r—-r 
Svc oi cca’ Ssicd 
r= | + cos(-@) r= | + cos(z — 6) —r= | + cosé@ 
= | + cosé@ = | — cosé 


Since r = 1 + cos (—@) is equivalent to r = 1 + cos 6, we have symmetry about 
the x axis. The other two tests are negative; however, this in itself is not enough to 
say that we do not have the other two types of symmetry (we shall consider this in 
more detail in the next example). Nevertheless the graph of r = | + cos @ (given 
in Figure 9.5e) indicates that we do have symmetry only about the x axis. 


We see from this example that, while symmetry 1s sometimes an aid in graphing 
an equation, the graph can also be an aid in determining the presence or absence 
of symmetry. This is especially true in polar coordinates, because negative results 
in the tests of Theorem 9.1 do not necessarily imply a lack of symmetry, as the 
next example makes evident. 


Test r = sin 26 for symmetry. 


(a) {ror (b) fr-r (c) [r- =r 
ane yo, foes 
r = sin (—28) r = sin(2m — 26) —r = sin 26 
= —sin 20 = —sin 20 


All three tests are negative. Yet we can see from Figure 9.6b that all three types 
of symmetry are present. 


The reason for the rather strange behavior of the last example can be traced 
directly to the fact that one point has many different representations in polar co- 
ordinates. For example, (7, —8) = (—r,m7 — 6) = (r,2m7 — 6), etc. Thus there are 
many tests for symmetry about the x axis. The equalities above lead to the three 
tests: 
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r—>r r—>-r rr 
g— -86 G—->nr--—-9 0 —- lr — 6. 


If any one of these gives an equation that 1s equivalent to the original, there is 
symmetry about the x axis. Notice that while the first and third of these three 
tests give negative results in the equation of Example 6, the second gives a positive 
result. This is sufficient to assure us that there is symmetry about the x axis. If 
they all give negative results, nothing can be concluded, since there are still other 
possible tests. The student can easily devise other tests for all three types of sym- 
metry. The result of all of this is that we must be content with tests for symmetry 
which do not guarantee a lack of symmetry when the test is negative. 

Because of the multiplicity of the foregoing tests and the indecisiveness of nega- 
tive results, you might prefer to rely upon the graphs of an equation. For example, 
Figure 9.6b suggests that we have all three types of symmetry for r = sin 26. Then 
the symmetry of Figure 9.6a assures us that we really do have the suspected sym- 
metry. Note, however, that a particular type of symmetry in the rectangular co- 
Ordinate graph does not necessarily imply the same type of symmetry in polar 
coordinates. Although the rectangular coordinate graph of r* = sin 26 (i.e., of 
y* = sin 2x) shows symmetry about the x axis, the polar graph does not (see 
Figure 9.7). Furthermore, the polar graph exhibits symmetry about the pole (or 
origin), while the rectangular coordinate graph does not. But the symmetry of the 
loops in rectangular coordinates does imply symmetry of the loops in polar co- 
ordinates and thus symmetry about the pole. 


PROBLEMS 


1. Plot the following points: (1, 7/3), (2.45°), (0, 30°). (—2. 90°), (— 1, 32/4), (2, 300°). 


*2. Give an alternate polar representation with 0° < 4 < 180°: (4,330°), (—2, 420°), 
(1. 210°), (0, 283"), (—3, 270°), (2, 240°). 


*3. Give an alternate polar representation with r > 0 and O < @ «< 2m: (-4,27/3), 
(3, —7/3), (0, 77/2), (—1, 11/6), (- 2, 1327/6), (— 2, 32/4). 


4. Give an alternate polar representation: (1, 30°), (—2, 7), (4, 210°), (0, 7/3), (—1, 30°), 
(2, 7/2). 


In Problems 5 34, sketch the graph of the given equation. 


r = cos 6 (circle) 6. r = 2 sin @ (circle) 

r = 1 — cos @ (cardioid) 8. r = 1 + sin @ (cardioid) 

r = 1 — sin @ (cardioid) 10. r = sin 8 — I (cardioid) 
11. r = cos 26 (four-leafed rose) 12. r = sin 46 (eight-leafed rose) 
13. r = sin 360 (three-leafed rose) 14. r = cos 30 (three-leafed rose) 
18. r = cos 580 (five-leafed rose) 16. r = sin 66 (twelve-leafed rose) 


*Answers are given for the first three parts of Problems 2 and 3 rather than for none of 2 and all of 3. 


Example 1 


Solution 
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17. r = 1+ 2 sin @ (limacon) 
19. r 
21. r = tané 

23. r? = sind 

25. r? = cos 40 

27. r? = 1 + cosé 

29. r = @ (spiral of Archimedes) 


2 + cos @ (limagon) 


. Il 


31. 7° = 6? 


2 
333.8 = 
r ooo (hyperbola) 
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18. r = 1 — 2 cos 6 (limacon) 

20. r = 2 + 3 sin @ (limacgon) 

22. r = sec é 

24. r? = cos 36 (lemniscate) 

26. r? = sin’ 6 

28. r? = 1 — siné 

30. r = 1/6 (hyperbolic spiral) 

32. r= — (parabola) 
Z 

34. r= eta: (ellipse) 


35. Find two tests for symmetry about the y axis that are different from the one given in 


this section. 


36. Find two tests for symmetry about the pole that are different from the one given in 


this section. 


9.3 


POINTS OF INTERSECTION 


Suppose we have a pair of equations in polar form that we solve simultaneously 
to obtain pairs of numbers satisfying both equations—that is, points of intersec- 


tion of the two curves. 


Find the points of intersection of r 


r = 2s1n 8. 


Eliminating r from this pair of equations, 


we get 


| 


sin@ = -, 6 
1 5 or 


l and 


4 










CL? 
= 5B 


giving the points (1, 7/6) and (1, 52/6). The 
graphs of these two curves, showing the two 


points of intersection are given in Figure 9.9. 





Figure 9.9 


Example 2 


Solution 
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While the solutions of a pair of simultaneous equations must be points of inter- 
section of the curves represented by the equations, some points of intersection can- 
not be found in this way. The reason 1s that they have different representations on 
the two curves. Thus we must graph both curves to be sure that we have found all 
points of intersection. 


Find the points of intersection of 
r = sin@andr = cos 6@. 


Eliminating r between the two equa- 
tions, we have 


sin@ = cos 6. 


If we divide by cos @, then 


tané = | 


and 


In the range O < 6 < 2m, we have 
(1/2, 2/4) and (— 1/02, 52/4). But 
these are different representations for 
the same point. Thus we have found 
only one point of intersection. As we 
can see from Figure 9.10, there are 
really two points of intersection—the Figure 9.10 
one we found and the pole. 

The pole has many different repre- 
sentations. On the curve r = sin 6, it 1s 
represented by (0, mn): on r = cos 8, it is represented by (0, 7/2 + zn). Thus, while 
the pole is common to both curves, it does not have a common representation that 
satisfies both equations. So we cannot find this point of intersection by finding 
simultaneous solutions of the two equations. This point has been identified in Figure 
9.10 by both (0, 0) and (0, 77/2) to show that there is no one representation satisfying 
both equations. 





One convenient way to think of the phenomenon of this last example 1s to 
imagine the two curves as paths traced by points as @ increases uniformly with 
time. From this point of view, the curves both go through the origin: but they do 
so at different times. 
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Example 3 ‘Find all points of intersection of 
r = cos2@andr = sin @. 





Solution cos 26 = siné 
1 — 2sin’6 = sin#@ 
2sin?@ + sind-1=0 
(2sin@ — 1)(sin@d + 1) = 0 
: l 
6 = -, 6= —| 
sin 5 sin 
-" on 3a 
6° 6 2 
Thus, we have the points (1/2, 7/6), 
(1/2, 52/6), and (—1, 37/2). In addition, Figure 9.11 


we can see from Figure 9.11 that the pole 
is a point of intersection; it may be repre- 
sented by (0, 77/4) satisfying the equation 
r = cos 286 or by (0, 0) satisfying 

r = sin 6. It might also be noted that the 
point (—1, 37/2) can also be written 

(1, 77/2), but this form satisfies only 

r = sin 6. 


PROBLEMS 


Find all points of intersection of the given curves. 


A lLr= V2,r = 2c0s8@ 2.r = V3,r = 2sin8 
3. r= 2,r= sind + 2 4. r= |l,r = 2c0s26 
5. r = cos6,r = 1 — cos@ 


B 6. r = cos@,r = 1 + sin#@ 


7. r = sin26,r = sin 8. r = sin26,r = W/2cos 0 

9. r = sec6,r = csc 6 10. r = secOé,r = tané 

Il. r = 3cos@ + 4,r = 3 12. r = sin26,r = cos26 

13. r = 2(1 + cos@),r(l — cos@) = | 14. r = 1 — siné,r(l — sin@) = | 


15. r = 1 — siné,r = 1 — cosé@ 16. ré = sin6,r’ = cosé 


Theorem 9.2 


Example 1 


Solution 


9.4 Relationships between Rectangular and Polar Coordinates 235 


17. r? = cos8,r* = secé 18. r = 2cos6 + l,r = 2cos@ — | 
19. r? = sin d,r = sing 20. r? = sin d,r = cosé@ 
9.4 


RELATIONSHIPS BETWEEN RECTANGULAR 
AND POLAR COORDINATES 


There are some simple relationships between rectangular and polar coordinates. 
These can be found easily by a consideration of Figure 9.12. They are given in the 
following theorem. 


If (x, y) and (r, 0) represent the same point in rectangular and polar coordinates, 
respectively, then 


y 
x = rcosé 
y = rsiné 
pax? + y? ; . 
tang =~ 
x x 
Xx 
Figure 9.12 


The last two, which may be solved for r and 6, would give us expressions involving 
+ and arctan. Thus, we prefer to leave them in their present form. 
With these, we can now change from one coordinate system to the other. 


Give a rectangular coordinate representation for the point having polar coordinates 
(2, 77/6). 


x = rcos6 y = rsing 
= 2cos7/6 = 2sin 7/6 
_7.¥3 -2.! 
2 2 


= V3 = | 
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Thus the point (2, 7/6) in polar coordinates is the point (V3, 1) in rectangular 
coordinates (see Figure 9.13). 





Figure 9.13 


Example 2 Express in polar coordinates the point having rectangular coordinates (4, —4). 


Solution 


Dn ahd 2 ae 
re=x°+y tan 0 . 
—4 
= 16 + 16 = — 
. 4 

r= +472 0 = = + an 


We have a choice for both r and @. The values of r and @ cannot be selected inde- 
pendently; the value we choose for one will limit the available choices for the 
other. In this case, the point (4, —4) is in the fourth quadrant. Thus, we may 
choose either a fourth-quadrant angle and a positive r or a second-quadrant angle 
and a negative r. Thus (see Figure 9.14) the point (4, —4) has any one of the following 
polar coordinate representations: 


(4/2, 71/4) = (-4V2, 34/4) = (4V2, - 1/4), etc. 
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Figure 9.14 


Of course we can use these equations to find a polar equation corresponding to 
One in rectangular coordinates, and vice versa. 


Exampie3 Express y = x’ in polar coordinates. 





Solution y= x? 
rsin@ = r’°cos* 6 
sin@ = rcos? 6 or r=0 
sin 6 
r= 
cos‘ 6 


r = sec@tan@é@ 


Since r = QO represents only the pole and it is included in r = sec @tan 6, we may 
drop r = 0. The result is 


r = sec @tan 6. 
Example 4. Expressr = | — cos in rectangular coordinates. 


Solution First, multiply through by +. 


r-=r-—- rcosé 


A 
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At this point, we could make the substitutions r? = x’? + y?, rcos@ = x, and 


r= +x?’ + y*. The last is rather bothersome, since it involves a +. In order to 
avoid this, let us isolate r on one side of the equation and square. 


r=r> + rcos6 


r? = (r’? + rcos6)? 


Mg ex a ee) 


We have done two things that might introduce extraneous roots: (1) Multiplying 
by r may introduce only a single point, the pole, to the graph. Since the pole is 
already a point of the graph of r = | — cos4, no new point is introduced here. 
(2) Squaring may introduce several new points. The equation 


r? = (r? + rcos6) 


is equivalent to 


r= +(r*? + rcos6). 


Now r =r? + rcos@ is equivalent to our original equation, r = 1 — cos§@, 
while r = —(r? + rcos@) is equivalent tor = —1 — cos 6. Thus 


x? + yr = (x? + yp? + x)’ 


is equivalent tor = | — cos @together with r = —1 — cos6@. But r = | — cosé@ 

and r = —1 — cos # have the same graph. Thus we have introduced no new points 

by squaring. 

PROBLEMS 

1. The following points are given in polar coordinates. Give the rectangular coordinate 
representation of each: (1.7), (3.7/3). (—1.3m). (¥72.39/4). (203. 50/3), 


(—3, 77/6), (0. 52/4), (4.0). (—2. 77/4). 


2. The following points are given in rectangular coordinates. Give a polar coordinate 
representation of each: (V2, - V2), (-1, V3), (4,0), (-1,-1), (0,-2), (0,0), 
(—2V/3, 2), (—3, 1), (4, 3), (—2, 4). 


In Problems 3-12, express the given equation in polar cuordinates. 


3. 82 4.y =5 


5. xt 4 y? = | 6. xr yt a 4 


2 3 


7x =y 8. y = x 
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9.x +2y —4=0 10. x =y 
Ml. y = 3x 12. y? = x? 


In Problems 13-18, express the given equation in rectangular coordinates. 


13. r=a 14. 49 = 7/4 
18. 6 = 7/3 16. r = 2sin 6 
17. r = 4cos 6 18. r = sin26 


In Problems 19-24, express the given equation in polar coordinates. 





I9.(x +yVP=x-y 20. x° + y? - 2x = 0 
2A..x se 9 2 eS pe 1-0 22. x7 + Oy? = 9 
23. XY = | 24. y = x 

x + | 


In Problems 25-34, express the given equation in rectangular coordinates. 


25. r = cos24 26. r = | —cos 6 
27. r = 3 + 2siné 28. r? = sind 
29. r? = 1 + sin® 30. r? = sin 20 
Pp 30, pe ea 

| — cos 6 | + sind 
33. r = 2sin@é + 3cos@ 34. r = secé 
9.5 


CONICS IN POLAR COORDINATES 


We found earlier that the equations of conic sections (in rectangular coordinates) 
have very simple forms if the center or vertex is at the origin and the axes are the 
coordinate axes. There are, however, three different forms corresponding to the 
three different types of conics. We find that conics can be easily represented in 
polar coordinates if a focus 1s at the origin and one axis Is a coordinate axis. Fur- 
thermore, the same type of equation represents all three types of conics if we use 
the unifying concept of eccentricity. 

Recall that any conic can be determined by a single focus, the corresponding 
directrix, and the eccentricity. If P is a point on the conic, then the distance from P 
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to the focus divided by the distance from P to the directrix equals the eccentricity. 
The particular conic we get depends upon the eccentricity; the eccentricity 1s a 
positive number and 


ife < 1, the conic ts an ellipse, 
ife = 1, the conic is a parabola, 
ife > 1, the conic is a hyperbola. 


This is illustrated in Figure 9.15, where we have an ellipse, a parabola, and a hyper- 
bola, all having the same focus and directrix. In this case the ellipse has eccentricity 
1/2, and the hyperbola has eccentricity 2. 





e=?2 


Figure 9.15 


If P = (r,8)is a point on a conic with focus 0, directrix x = p (p positive), and 
eccentricity e, then (see Figure 9.16) 


ae et get Sncc wl 
PD lp —rcos6| | 
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Figure 9.16 


There are now two cases to consider. 


pete ee 
p — rcosé 


ee Sa 
p — rcosé 


and 


Either of these yields an equation of the desired conic (see Problems 21 and 22); 
however, the first yields the commonly-used form. Solving for 7 in this equation, 


we have 
Fee 
| + ecos 6 
If the directrix is x = —p(p positive), then the equation is 
pa — PP 
| — ecosé 


If the directrix is y = +p(p positive), then the equation 1s 


ep 


i 
1 + esin 6 


Theorem 9.3 The conic section with focus at the origin, directrix x = +p (p positive), and 
eccentricity e has polar equation 


ep 
1 + ecos@ 


if the directrix is y = +p(p positive), it has equation 


Example 1 


Solution 


Example 2 


Solution 
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= ep 
1 + esing 


Describe r = 6/(4 + 3 cos 8). 
Dividing numerator and denominator by 4, we have 


35 

4 

ag eg , 
l = l = 
cose One 


WT rol uw 


Thus the eccentricity is 3/4 and the directrix is x = 2. The conic is an ellipse with 
focus at the origin, directrix x = 2, and eccentricity 3/4. 


Sketch r = 15/(2 — 3cos@). 


Dividing by 2, we have y 
1S 


3 
a5 
pe 2% 2. 4 = 
[= ; cos#é 1 — 5 cos 6 % 
Thus we have a hyperbola with focus {| 
at the origin, eccentricity 3/2, and at 
directrix x = —5. The vertices are on /T\ ¥ 
the x axis, one between the focus and 1) \ 7 
directrix and the other to the left of (\ 
the directrix. When @ = O,r = —-15; 


BAK 


Figure 9.17 


when @ = z,r = 3. Thus the vertices 
are (— 15,0) and (3, 7). When 6 = 
m/2or3n/2,r = 15/2. Thus, the 
ends of one of the latera recta are 
(15/2, 7/2) and (15/2, 32/2). This 
information is enough to give a 
reasonably accurate picture of the 
hyperbola. If the asymptotes are 
desired, they can best be found by 
considering some of the above points 
in rectangular coordinates. Thus the vertices are (— 3,0) and (— 15,0), and the cen- 
ter is (—9,0), giving a = 6andc = 9. Wecan now use the equation 


b* = ¢? — q’ 


Example 3 


Solution 
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to find b? = 45 or b = 3/5. Once we have this, the asymptotes are easily found 
(see Figure 9.17). 


Find a polar equation of the parabola with focus at the origin and directrix 
y= —-4. 


The equation is in the form 


EP 


r= ———__, 
1 — esin#@ 


since the directrix is a horizontal line below the focus. Furthermore, e = 1, since 
the conic is a parabola, and directrix y = —4 gives p = 4. Thus the equation is 


4 


r= ——_. 
1 — siné@ 


PROBLEMS 


In Problems \-8, state the type of conic and give a focus and its corresponding directrix and 
the eccentricity. 


ee oe een th. 
~ | + 2cosé "" | ~ 3sin 6 
4 5 
oi p a OE 
3 10 
Sk er ag rE ea 
7. r(3 + 2sin@) = 6 8. r(2 — 4cosé@) = § 


In Problems 9-14, find a polar equation of the conic with focus at the origin and the given 
eccentricity and directrix. 


| 
NO 


Se = 2/3 10. Directrix: y = —3;e = 
11. Directrix: y = 2;e = | 12. Directrix: x —4:e = 
13. Directrix:x = S;e = 5/4 14. Directrix:y = 3;e = 3/4 


9, Directrix: x 
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In Problems 15-20, sketch the given conic. 


2 l 
15.7 = —-_ 16. ¢ = —0__ 
17 pee 18. r(3 — Scos6) = 9 
4 — 5sin 6 
19. r(13 + 12sin@) = 25 20. r(3 + 3sin6) = 4 
—2 


21. Sketchr = Compare it with the conic of Problem 9 (see the following 


| — cosé 
problem). 


22. Show that the conic section with focus at the origin, directrix x = p (p positive), 
and eccentricity e has polar equation 


a Ae 
"T= ecosé 
23. Suppose, in the equationr = oe e — O and p — += 1n such a way that ep 


remains constant. What happens to the shape of the conic? What happens to the equa- 
tion of the conic? 


24. A comet has a parabolic orbit with the sun at the focus. When the comet is 100,000,000 
miles from the sun, the line joining the sun and the comet makes an angle of 60° with 
the axis of the parabola (see Figure 9.18). How close to the sun will the comet get? 





Figure 9.18 


25. A satellite has an elliptical orbit with the earth at one focus. At its closest point it is 
100 miles above the surface of the earth; at its farthest point, 500 miles. Find a polar 
equation of its path. (Take the radius of the earth to be 4000 miles.) 


26. Find a polar equation of a circle with center (k,a) and radius a by using the law of 
cosines (see Figure 9.19). What is the result when k = 0? 
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27. 


28. 


29. 





Figure 9.19 Figure 9.20 


By using the trigonometry of right triangles, show that the line PQ (Figure 9.20) can 
be represented by the equation 


xcosa + ysina — p = 0. 


This is called the normal form of the line, since it is expressed in terms of the polar 
coordinates of the point Q, which ts the intersection of the original line and another 
perpendicular (or normal) to it and through the origin (see Problem 38, Section 3.3). 


By using the identity 


sin?'a + cos’a = l, 


show that Ax + By + C = Ocan be put into the normal form by dividing through by 
+ WA* + B* (see Problem 27 for the normal form). 


Show that the distance from the point (x), y;) to the line Ax + By + C = O1s 


itz | Ax, + By, + C| 
VA? + B* 


This result was found without the use of polar coordinates in Theorem 3.6, page 74. 
[Hint: Put the original line and the one parallel to it and through (x, y,) into the nor- 
mal form (see Problems 27 and 28).] 


9.6 
PARAMETRIC EQUATIONS 


Up to now all of the equations we have dealt with have been in the form 


y= f(x) or F(x.) = 0. 


In either case, a direct relationship between x and y is given. Sometimes, however, 
it is More convenient to express both x and y in terms of a third variable, called a 
parameter. That is, 
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x=f(t) and y= g(t). 


Each value of the parameter ¢ gives a value of x and a value of y. 


f x y 
0.00 1.00 





30° 0.50 0.87 

60° 0.87 0.50 

90° 1.00 0.00 
120° 0.87 —0.50 
150° 0.50 —0.87 
180° 0.00 — 1.00 
210° —0.50 —0.87 
240° —0.87 —0.50 
270° — 1.00 0.00 
300° —0.87 0.50 
330° —0.50 0.87 
360° 0.00 1.00 


Figure 9.21 


For instance, if f = 0° in the parametric equations 
x = sint and y = cost, 


we see that x = 0 and y = 1. Thus the point (0,1) is a point of the graph. Note 
that we still have just the x and y axes; ¢ does not appear on the graph. Continuing 
with this process gives the results shown in Figure 9.21. Of course, we could continue 
with values of t beyond 360°, but we would simply go over the same points again. 
Although the value of ¢ need not appear anywhere on the graph, we have labeled 
several points with their corresponding values of t. Once the points are plotted, they 
are joined in the order of increasing (or decreasing) values of f. 

The result seems to resemble a circle. How can we be sure it is a circle? If we had 
a single equation in x and y, we could easily see by the form of the equation 
whether or not we have a circle. Let us try to eliminate the parameter ¢ between 
the equations x = sinfandy = cosv. 


sin? ¢ + cos*r = | 
xe py? = | 
We now see that we have a circle with center at the origin and radius 1. 
Elimination of the parameter not only assures us that this particular curve is a 
circle, it also gives us a basis for sketching more rapidly than can be done by point- 
by-point plotting. However, we must be careful with the domain of the resulting 


Example 1 


Solution 


Example 2 


Solution 
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equation. Let us illustrate this with some examples and see how the domain of 
F(x, y) = 0 plays an important role in sketching the graph. 


y 
Graph the following two pairs of parametric 
equations by eliminating the parameter. 
x=tvpe=t and Lar 7ST ‘ 
Elimination of the parameter gives » = xin both 
cases. But the graphs are not the same, as the (a) 
domains in the two cases will show. The domain y 


can be determined from the first of the two para- 

metric equations in each case. In the first case, 

x = tand, since there is no restriction on ?¢, there 

is none on x; the domain is the set of all real x 
numbers. In the second case, x = 1°. The do- 

main of ; = xis the range of x = 1’, which is 

{x | x > O}. Thus we have a restricted domain 

here that we did not have in the first case. The (b) 


raphs are given in Figure 9.22. 
on : : Figure 9.22 


Eliminate the parameter between x = ¢ + | and 


y = 0? + 3t + 2 and sketch the graph. 


Solving x = ¢ + | fort, we have 
f=x—- |. 
If this is substituted into » = 7° + 34 + 2, then 


(x — 1)? + 3(x - 1) + 2 


= < a aha 


y 


Note that there is no restriction on +: the domain 
of y = x? + xis the set of all real numbers. It is 
now a simple matter to sketch the curve: it Is 
given in Figure 9.23. 





Figure 9.23 


Eliminating the parameter is not always so simple as in these examples. Oc- 
casionally it is difficult or impossible. In such cases, the curve must be plotted 


Example 3 
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point by point as we did with x = sint, y = cost. Closely related to parametric 
equations are vector-valued functions. They are represented in the following way. 


f(r) = fi(d)i + fo(d)j 


Thus, when a value of ¢ is substituted into the equation, the function takes on a 
vector value. For example, if 


f(t) = ti + Vj, 
then 
fl) =i+j 
and 
f(2) = 21 + 4j. 


Recall that, in graphing vectors, we graph only representatives. Thus, in graph- 
ing vector functions, let us graph representatives of the vectors, each having its 
tail at the origin. Thus, 


f(t) =i + Vj 


has the graphical representation shown in Figure 9.24a. Normally we shall omit 
the directed line segments and show only their heads, as in Figure 9.24b. Thus, the 
result is equivalent to graphing the curve represented parametrically by 


Y= and ree, 





(a) (b) 


Figure 9.24 


Sketch the curve f(t) = ( + 2)i + (t? + 7t + 12)j. 


Solution 
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This is equivalent to the parametric 
equations 


x=t+2 and y=0r4+7t4 12. 
Eliminating the parameter, we have 
y = x? + 3x + 2. 


Its graph is given in Figure 9.25. 





Figure 9.25 


Let us consider a line determined by two of its points, A = (x,,y,) and B = 


(x2, 2). The directed line segments OA (where O is the origin) and AB represent 
vectors u and v, respectively (see Figure 9.26). Now suppose P = (x, y) is any 
point on the line, and w is the vector represented by OP. Since AB and AP have 
the same directions (or opposite directions if P is above A ), 


AP = rAB 







A(x, 1) 


B(x2, 2) 


P(x,y) 


Figure 9.26 


Example 4 


Solution 
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for some number r. (Note that r is negative if AB and AP have opposite direc- 
tions.) Then 


OP = OA + rAB. 
w=u-¢ rv. 
But 
w = xi+ yj, 
u = x,i + yij, 
v= (x, — x))i + (¥2 - Y)), 
which gives 


Xb + iy + r(x. -— 11)1 + (¥2 - WI) 
[x1 + r(x. — xi))}i + [yr + r(y2 - yd]. 


xl + yj 


Thus we have a vector-valued function of r which represents points on the given 
line. By tracing the argument backward, we see that for each value of r there 1s a 
vector which represents a point on the line. Thus the above vector-valued function 
represents the given line. The corresponding parametric form for the line 1s 


x =X, + 7r(% - Xx) 


y=y+r(y2 - yi). 


These are the familiar point-of-division formulas that we saw on page I1. This 
use of the point-of-division formulas as a parametric representation for a line is a 
convenient one; it is one of the principal ways we shall have for representing lines 
in three-dimensional space (see page 280). 


Find a parametric representation for the line through (1, 5) and (—2, 3). 


Letting (1,5) and (—2, 3) be the first and second points, respectively, of 
x =X, + r(% -— x) 
and 
y=yt rly. — yi) 
we then have 
x= 1l—.3r 


and 
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The choice of (1, 5) and (—2, 3) as the first and second points is quite arbitrary; 
we could have reversed the designation. In that case the parametric representation 
would be 


—2 + 3s 


~< 
l 


and 


3 + 2s. 


y 


While the two representations appear to have little in common, it is easily seen 
that they represent the same line. We get point (1,5) when r = 0 or whens = 1; 
we get (—2,3) when r = 1 or s = O. In fact, whatever point we get for a given 
value of r, we get the same point for s = 1 — r. By using other points on the line, 
we can get still more parametric representations. Thus a line does not have a 
unique parametric representation. 


PROBLEMS 


In Problems 1-6, eliminate the parameter and sketch the curve. 


Lxer be ley sere 2x =r +t —2ypat t+? 
Rx SPs 1 Sa S12 4.x=2°+41-3,pet-1 
§. f(s) =( - li¢ rj 6.f() = (0° + li + Pj 


In Problems 7-12, give equations in parametric form for the line through the given pair of 
potnts. 


7. (1,5), (3, 1) 8. (4, 2), (-1, 3) 
9. (2,5). (- 1, 2) 10. (4,1), (-8, 3) 
11. (2, 3), (5. 3) 12. (—3,2),(-3,5) 


In Problems 13-24, eliminate the parameter and sketch the curve. 


IB.x =Penyet—-t Mx aerelyp=aerP- 
MB.rerPiyer’ 16. x = acos@,y = bsin# 

17, x = 2+ cos#éy = -—1 + sind 18. x = 3 -— cos6,y = 2 + 4sin6 
19. x = 3 + coshé,y = 2 4+ sinhé 20. x = 4 + 2coshé,y = | - 4sinhé 
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21.f() = 714+ Dj 22. f(t) = (32 + Dit (e - Lj 
23. f(t) = costi + sintj 24. f(1) = i+ ej 


In Problems 25-30, sketch the curve. 


25. x = e',y = sing 

26. x = 6 — sin6é,y = | — cosé 

27. x =cos 6+ 6 sin 0, y = sin 0 — 6 cos 06; 8 =0 
28. x = acos’6,y = asin’ 6 


29. x = 2acos6@ — acos26,y = 2asin@ — asin 26 


30. x = ¢ — atanh an = asech ~ 
a a 


31. Show that the parametric representation 
x=xtrQxz2-— x1) and y= yy + r(y2 - yi) 


of the line through (x,, y,) and (x2, y2) is equivalent to the two-point form of the line 
given on page 64. 


32. Sketch each of the following parametric equations and note the similarities and 


differences. 
ax=tye=at bx =Viy=t 
cx = e',y = e d. x = sint,y = 1 — cos’ 
33. Sketch each of the following parametric equations and note the sim.tarities and 
differences. 
axe=a,ye= an | bx=Vny=vi-—1 
c. x = secl,y = tanl d. x = cosht,y = sinht 
9.7 


PARAMETRIC EQUATIONS OF A LOCUS 


The principal advantage of parametric equations is in the determination of equa- 
tions of a locus. It is frequently simpler to relate x and y to some third variable 
than to relate them to each other directly. One example of this is the determina- 
tion of the path of a projectile. The position, measured by the distance above or 
below a fixed reference point, of an object thrown vertically upward or downward 
is given by 


y = —16t? + vot + yo, 


where vo is the initial velocity and y, is the initial position. But if the object is 


Example 1 


Solution 
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thrown in any nonvertical direction, then its position must have both a horizontal 
and a vertical component. Of course these can be determined by reference to a 
pair of axes. However, it is easier to relate the horizontal and vertical com- 
ponents of the position to time than to relate them directly to each other. 

As soon as a projectile is released, it becomes a falling object. Thus the vertical 
motion is governed by the laws of falling bodies, and the y coordinate is easily 
related to time by the above formula with vy) replaced by v,, the vertical com- 
ponent of the initial velocity. The x coordinate is even easier to deal with. Be- 
cause the force of gravity is the only force acting upon the projectile (we neg- 
lect the resistance of the air), there is no force tending to change the horizontal 
velocity—it remains constant. Using the familiar formula, distance = (rate)(time), 
and adding the initial position, we have 


X = Ve + Xq, 


where v, 1s the horizontal component of the initial velocity. 


A gun Is inclined to the horizontal at an 
angle of 30° and fired from ground level with 
an initial speed of 1500 feet /second. Deter- 
mine the path of the bullet. 


Let us place the axes so that the gun is at the 
Origin. First we consider the initial velocity as 
a vector (see Figure 9.27) and break it down 
into its horizontal and vertical components. 
We have 


v= vyi + vj, 





where 
V3 
x = 30° = 1500 - — = 750V 3 
: vo 2 Vv Figure 9.27 
and 


», = |v| sin30° = 1500 - 5 2750: 


Now we consider the vertical component, which is a falling-body problem. Since 
the vertical component of the initial velocity is v, = 750, 


y = —16t*? + 750 + yo. 
By the placement of the axes, y = Owhens = 0. Thus yy = Oand 


y = —160? + 750r. 


Example 2 


Solution 


Example 3 
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For the horizontal component, v, = 750V3, giving 
x = 750V3t + Xo. 
Again by the placement of the axes, x = 0 when zt = OQ, which gives x9 = 0 and 
x = 750V3t. 
Thus, in parametric form, the path of the projectile is given by 
x = 750V%3t and yp = —161? + 7501. 
By eliminating the parameter, we see that the path 1s parabolic. 


—4x? x 


Y= 921875 | V3 


In the past we have found equations of curves from a geometric description. 
Again, this can often be accomplished by relating the x and y coordinates of a 
point on the curve to some third variable. 


Find parametric equations for the set of all points 


P which are determined as illustrated in Figure 
9.28. 


Since the ray OA is determined by the angle @, 6 is 
a convenient parameter. The x coordinate of P is 
the x coordinate of A; thus 


x = acos. 


Similarly, the y coordinate of P is the y co- 
ordinate of B. 
y = bsind 


Thus we have the curve in parametric form. It 
might be noted here that the parameter can easily 
be eliminated to give 





N 
Ko 


S| * 
Sa 


A wheel of radius ats rolling along a 
line. Find the path traced by a point on 
the circumference if the line is the x axis 
and the point starts at the origin. 


Solution 
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Suppose we use the angle 6 (see Figure 
9.29) as the parameter. Since the wheel 
is rolling along the x axis, 


OT = PT = a. 


Thus C is the point (a6, a). Further- 
more, from triangle CPQ, 


PQ =asin6 and COQ = acos@. 
Thus, 


255 





Figure 9.29 


x = OT — PO = CT —- CO 
= ad — asiné =a-— acosé 
= a(@ — sin@) = a(l — cos @). 


This curve is called a cycloid. 


PROBLEMS 


. A gun that is inclined to the horizontal at an angle of 60° is fired from ground level with 


an initial speed of 2000 feet /second. Determine the path of the bullet. 


. A gun is clamped in a horizontal position 8 ft above the ground and fired with an 


initial speed of 1600 feet/second. Determine the path of the bullet. Where does it hit 
the ground? 


. A ballis thrown upward from ground level at a 30° angle of inclination. Given that it 


is thrown at 32 feet/second, find the path of the ball. Where does it hit the ground? 


. A ball is thrown downward and inclined to the horizontal at an angle of 60° from a 


building 300 feet high. Find the path of the ball when it is thrown at 16 feet/second. 
How far from the base of the building does it hit the ground”? 


. A cannon, inclined at an angle @ to the horizontal, is fired from ground level with 


speed vg. Determine the path of the projectile. 
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6. Find parametric equations for the set of all points P determined as shown in Figure 
9.30. Eliminate the parameter. [Hint: Consider triangles OAR and OSQ. ] 





Figure 9.30 


7. Suppose, in Example 3, the point starts at (0,2a). Find parametric equations for the curve. 
It is the curve traced by P’ in Figure 9.31. 





Figure 9.31 


8. Find the path traced by a point P a distance b from the center of the circle of Ex- 
ample 3 if P starts at (0, a — b). The circle of radius a rolls along the x axis, but P is 
on a second circle of radius Db. 

9. Sketch the curve of Problem 8 if 


a. a = 2andb = | b. a@ = landbd = 2. 
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10. In Figure 9.32, BA = BP = BP. Find parametric equations for the set of all points P and 
P' determined as shown. Sketch. This curve is called a strophoid. [Hint: First find the 


coordinates of B. | 





Figure 9.32 


11. Find a polar representation for the curve of Problem 10. 


12. Find parametric equations for the set of all points P and P’ determined as shown in 
Figure 9.33. This curve is called a conchoid. [Hint: First find the coordinates of B.] 





Figure 9.33 


13. Find a polar equation for the curve of Problem 12. 


14. Sketch the conchoid (see Problems |2 and 13) if 
] b. a = landb = 2 c. a = 2andb = |. 


aa=b6= 
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C 15. Ifa string which is wound on a spool is unwound while the string is kept taut (see Fig- 
ure 9.34), the curve traced by the end of the string is called the involute of the circle. 
Find parametric equations for the involute of a circle of radius a. 





Figure 9.34 Figure 9.35 


16. Find the path traced by a point P on the circumference of a circle of radius a@ which 
rolls inside a circle of radius 4a (see Figure 9.35). This curve is called a hypocycloid. 


17. Find the path of the point P of Problem 16 if the smaller circle rolls outside the larger 
one. This curve is called an epicycloid. 


18. What is the result if both of the circles of Problem 17 have radius a? This curve is 
called a cardioid. 


REVIEW PROBLEMS 


A InProblems \-6, sketch the graph of the given equation and indicate any symmetry about either 
axis or the pole. 


lr =1+3cos 0 2. r =cos 40 
3. r = 1+ sin 26 4, r=e° 
5. r’ = sin 20 6. r°=1+ cos 8 


In Problems 7-12, find all points of intersection. 


7. r=1,r=1+ cos @ 8. r=1+ sin 0,r=1-—cos8@ 
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11. 
13. 


14, 
IS. 


16. 


r=sin6,r=1+ 2 sin 6 10. r =2sin20,r=1 
r =cos 0,r = cos 30 12, r=1+sin0,r=cos@- 1 
(a) The following points are given in polar coordinates; give the rectangular coordinate 


representation of each: (—1, 7/2), (2V2, 37r/4), (6, 7727/6), (-2V3, 277/3). 
(b) The following points are given in rectangular coordinates; give a polar coordinate 
representation of each: (—2, 2), (—5, 0), (1, —V 3), (10, 4). 


Express x* + y* + 3y = 0 in polar coordinates. 

Give a polar equation for the ellipse with focus at the pole, the corresponding directrix 
y = 3, and eccentricity 2/3. 

Give a polar equation for the parabola with focus at the pole and directrix x = —6. 


In Problems 17-20, eliminate the parameter and sketch the curve. 


17. 
19. 
21. 
22. 


23. 
24. 
25. 
26. 


27. 
28. 
29. 


=t+ly=r+4t-2 18. x =1-—3cos0,y =2+2 sin 0 
f(t) =(t + 1) 4+ 275 20. f(t) = ei + Intj 
Give a parametric representation of the line containing (2, 3) and (4, —S). 


Give a parametric representation of the line containing (—1, 4) and (3, —3). 


Express r = 1 + sin @ in rectangular coordinates. 
Express r(3 cos 8 — 5) = 16 in rectangular coordinates. 
Sketch the conic r = 2/(1 — sin @). Identify the focus, directrix, and <ccentricity. 


Sketch the conic rr = 2/(1 — 2 cos @). Identify a focus, the corresponding directrix, and the 
eccentricity. 


Eliminate the parameter and sketch x = sin 6, y = sin 26. 
Sketch f(@) = cos 6 (1 + cos 8#)i + sin 8 (1 + cos @)j. 


Find parametric equations for the set of all points P determined as sown in Figure 
9.36. [Hint: Use a polar equation for the circle.] Sketch. This curve is called the witch 
of Agnesi. 





Figure 9.36 
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Figure 9.37 


30. In Figure 9.37, OP = AB. Find parametric equations for the set of all points P de- 
termined as shown. [Hint: Use a polar equation for the circle.) Sketch. This curve 
is called the cissoid of Diocles. 


10 


SOLID ANALYTIC 
GEOMETRY 


10.1 


INTRODUCTION: THE DISTANCE AND 
POINT-OF-DIVISION FORMULAS 


So far we have dealt almost exclusively with plane figures. Let us mow consider the 
geometry of solid figures. Forming the bridge between algebra and geometry is the 
assignment of numbers to points in space, similar to the assignment we made to 
points in a plane: a point in space, however, is represented by a set of three num- 
bers rather than two. We begin with a set of three lines, called axes, concurrent 
ata point (the origin). The only requirement is that these three lines not be 
coplanar-—-that 1s, that they not all le in the same plane. However, we shall con- 
sider only the case in which the axes are mutually perpendicular. The three axes, 
labeled x, y, and z, with a scale on each, determine a set of three numbers, called 
coordinates, associated uniquely with any point in space. Since any pair of inter- 
secting lines determines a plane, the three pairs of axes determine three coordinate 
planes, which we shall call the xy plane, the xz plane, and the yz plane (see Figure 
10.la. The x coordinate of a point P in space is the number associated with the point 
on the x axis that is the intersection of the x axis and the plane through P parallel to 
the yz plane. The y and z coordinates of P are defined in a similar fashion by con- 
sidering the points of intersection of the y and z axes and with planes through P parallel 
to the xz and xy coordinate planes, respectively (see Figure 10.1b). 

The coordinate planes separate space into eight octants. Although we shall not 
number all of them, the one in which all three coordinates are positive is called the first 
octant. Note that points of the xy plane have z coordinate 0, points of the xz plane have 
y coordinate O, and points of the yz plane have x coordinate 0. Similarly, points of the 
x axis have y and z coordinates 0, and so on. Of course the origin has all of these 
coordinates Q. 
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yz plane 





(a) (b) 


Figure 10.1 


The two basic geometric representatives of the axes are given in Figure 10.2; 
10.2a shows a right-hand system, while 10.2b shows a left-hand system. Graphs of 
equations in the two systems are mirror images of each other. Since we shall nor- 
mally represent space by a right-hand system, the axes will usually appear in the 
positions indicated in Figure 10.2a. This is sometimes represented by the right- 
hand rule illustrated in Figure 10.2c. If the index and second fingers of the right 
hand point in the direction of the x and y axes, respectively, then the thumb points 
in the direction of the z axis. 


Many of the formulas of solid analytic geometry are simple extensions of plane 
analytic geometry. The one that follows is an example. 


Theorem 10.1 = The distance between two points (x,, \, 2,) and (X2, 2, Z2) is 


d= V(x, — x2)? + (yi — yo) + (21 - Z2)’. 


Proof Suppose we project the points P, and P, onto the xy plane, giving Q, and Q, (see Figure 
10.3). Since Q, and Q, are in the xy plane, we can use our distance formula for the plane 


to get 





d, = Q,Q. = V(x — x,)° FAY y\)’. 
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(a) (b) 


(c) 





Figure 10.3 
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We now use the Pythagorean Theorem on triangle P,; 7P, with right angle at T. 


d? = P,P, = P,T? + P,T’ 
= d? = Fa Te 
= (x. — x1)? + (2 — yi)? + (22 — 24) 


d = V(x - x) + (y2 — yi) Zo z1)° 


If the line joining the two points Is on or parallel to one of the coordinate planes, at least 
one of the three terms of this formula is zero, and it reduces to the plane case. Similarly, 
if the line joining the points is on or parallel to one of the axes, at least two terms are 
zero and the distance is the absolute value of the difference between the coordinates 
of the remaining pair. 





2 





Example 1 Find the distance between (1, —2, 5) and (—3, 6, 4) (see Figure 10.4). 


Solution d= V(x — my’ +n - yw) + (4 — 2)? 
V(1 + 3)? + (-2 - 6) + (5 — 4)’ 
V16+ 6441 

V/81 


= 9 
(—3. 6, 4) 
d=9 
(L,.=225) | 
| | 
| 
| | 
| | 
oe ; 
\-2 x 
ut _| ‘ 
| 6 
XV 
Figure 10.4 


Another easy extension from two dimensions is the point-of-division formula. 


Theorem 10.2) If Pi = (%,¥1,21), Po = (%2, 2,22), and P is a point such that r = P, P/P, Py, then 
the coordinates of P are 
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x) 2 r(x2 ae x1), 


Vi oF r(y2 = yi), 


and 


Z, + r(z. — 2;). 


N 
I 


The proof is similar to the one for the two-dimensional case, and it is left to the 
student. 


Example 2 Find the point 1/3 of the way from (—2, 4, 1) to (4, 1, 7). 


x + r(t — mi) = -2 +54 +2) = 0 


* 
I 


Solution 


<< 
| 


l 
a a aI a ea eo) a 
zentr2—2)=1+5(7-1=3 
The desired point is (0, 3, 3) (see Figure 10.5). 


The following theorem is a direct corollary of the point-of-division formulas. 





6 
(401, 7)¢ 
14 
| 
| 
| 4 
[= 
| 
| 
=§ aq <9 | 
| 7 
42) + -? 


Figure 10.5 


Theorem 10.3 


Example 3 


Solution 


A 
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If Py = (x1, Yi, 21) and Py = (x2, 2,22), then the coordinates of the midpoint of the 
segment P, P, are 
X; + X2 pack 520 F 22 

2 * 2 2 


Find the midpoint of the segment with ends (4, —3, 1) and (—2,5, 3). 


Xx +x 4-2 





pee | 
=? 2 
jee ee 
2 2 
Zi F323 1+ 3 
ao es =) 
2 2 


The point is (1, 1, 2). 


PROBLEMS 


In Problems 1-10, plot both points and find the distance between them. 


250) 34 15 3) 
. (5,4, —1), (2,0, -1) 
. (—5,0, 2), (4, 1, —5) 
. 3B, -1,4), 3.4.4) 
. (4,7, -1), 3, -1, 3) 


. (4, -2, 1), (2, 2, -3) 
. (2,5, 3), (—2, 4, -1) 
a2 5A)(-28 4) 
. (2, 5,0), (5, 5, 0) 

. (5,2, 3), (4,5, —1) 


Oo AI an Bw m 
Conf f& WN 


inet 
= 


In Problems 11-16, find the point P such that AP/AB = r. 


11. A = (4,3, -2),B = (-5,0,4),r = 2/3 
12. A = (5,2,3),B = (-5,7,-2),r = 2/5 
13. A = (-2,0,1),B = (10,8,5),r = 1/4 
14. A = (5,5,3),B = (2, -4,0),7 = 1/3 
15. A = (3,1,5),B = (-3,4,2)r = 2 

16. A = (-2,5,1),B = (4,-1,2),r = 3/2 
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In Problems \7-20, find the midpoint of segment AB. 


17. A = (5,-2,3),B = (-3,4,7) 
18. A = (4,3,5),B = (-2, -1,2) 
19. A = (—3,2,0),B = (5,4, 3) 

20. A = (4,3,-1),B = (4,8, -3) 


21. Given A = (5, —2,3), P = (6,0,0), and AP/AB = 1/3, find B. 
22. Given B = (—4, 14,4), P = (-1,8, —4), and AP/AB = 2/5, find A. 
23. Given B = (6,0,9), P = (4,1,6),and AP/AB = 3/4, find A. 


24. Given A = (5,3, —2), P = (1,5,2),and AP/AB = 2/3, find B. 


In Problems 25-28, find the unknown quantity. 


25. A = (5,1,0),B = (1, y,2),AB = 6 

26. A = (-2,4,3),B = (x, -4,2),AB = 9 

27. A = (x,4,-2),B = (-x, -6,3),AB = 15 
28. A = (x,x,5),B = (—1,—-2,0),AB = 5V/2 


29. The point (—1,5, 2) 1s a distance 6 from the midpoint of the segment joining (1, 3, 2) 
and (x, —1, 6). Find x. 

30. The point (1, —2,9) is a distance 50/5 from the midpoint of the segment joining 
(1, y, 2) and (5, —1, 6). Find y. 


31. Prove Theorem 10.2. 32. Prove Theorem 10.3. 


10.2 
VECTORS IN SPACE 


Vectors in three-dimensional space may be handled in much the same way as vec- 
tors in the plane. Vectors themselves, the sum and difference of two vectors, the 
absolute value of a vector, and scalar multiple of a vector are defined in the same 
way as they were in Chapter 2; and Theorem 2.2 (see page 41) holds for vectors 
in space as well as for vectors in the plane. The following theorems and definitions 
are the three-dimensional analogs of theorems and definitions of Chapter 2. The 
proofs of the theorems are simple extensions of the corresponding arguments in two 
dimensions. 


IfO = (0,0,0), X = (1,0,0), Y = (0,1,0) and Z = (0,0, 1), then the vectors rep- 
resented by OX, OY, and OZ are i, j, and k, respectively, and are called basis vectors. 


Theorem 10.4 


Theorem 10.5 


Theorem 10.6 


Definition 


Theorem 10.7 
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Every vector in space can be written in the form 
ai + bj + ck 


in one and only one way. The numbers a, b, and c are called the first, second, and 
third components, respectively, of the vector. 


If AB, where A = (xX\,y1,21) and B = (Xx, 2,22), represents a vector v in space, 
then 


V = (xX). — xX))1 + ()2 -— Wi)J + (22 - 2,)k. 


(a;i + bj + cik) + (Qi + Boj + Ck) = (a, + a2)i + (b) + b2)j + (Cc) + C)k 
(ai + bj + ck) — (a)i + by) + cok) = (a, — ay)i + (0) — b2)j + (eC, - c2)k 
d(ai + bj + ck) = dai + dbj + dck 
lai+ bj + ck] = Va? + B+? 


The angle between two nonzero vectors wand V is the smaller angle between the rep- 
resentatives of uand v having their tails at the origin. 


Ifu = ai+ b5+ ck andy = ai + bj + ck (u + 0 and v ~0) and if 6 is the 
angle between them, then 
aa, + bb. + OQ 


cos § = 
Jul fv 





Figure 10.6 


Proof 


Definition 


Theorem 10.8 


Theorem 10.9 
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By the law of cosines (see Figure 10.6) 
lv—-ul?? = jul? +lvl/? — 2/ul |v] cosé. 
Since 
v—u = (a — a,)i + (Bb) — b))j + (2 — c)k, 
we have 


(a, — a) + (b, — by’ + (cz — ¢) 


=ai + bt + ci + a3 + 63 + ch - 2/ul |v] cose. 
and it follows that 
lul| |v] cos@ = aa, + bb + aK, 
and 


Q,;a2 + b, by + ¢€)C) 
Jul |v 


cos @ = 
Compare this proof with the proof of Theorem 2.6 on page 48. 
[fu = ai + by + ck andv = aji + b2j + ck, then the dot product (scalar proa- 
uct, inner product) of u and v is 


U-V = @,a + b, by Cy. Cds 


Theorems 2.7—-2.10 (pages 50-52) still hold for three-dimensional vectors. They 
are restated here for convenience. 


The vectors u and v (not both 0) are orthogonal (perpendicular) if and only if 
u-v = 0 (the zero vector is taken to be orthogonal to every vector). 


Ifu.v, and ware vectors, then 


and 


(uU+ V)>-W=U-W+V-wW. 


Theorem 10.10 Ifwandvare vectors and 6 is the angle between them, then 


u-v = |u| lvl cosé@ 


Definition 


Theorem 10.11 


Example 1 


Solution 


Example 2 
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and 
v-ve= |v’. 
—_—> 
Suppose the nonzero vectors u and V are represented by AB and AC , respectively. Then 


the projection of u on v is the vector w represented by AB, where D is on the line AC 
and BD 1 AC (see Figure 2.15, page 52). 


If w is the projection of uonv, then 
u-v 


(—) v 
aa Tae = pee 
Ivi/ |v | v | 


Theorems 10.8—10.11 are not stated in terms of the dimensions of the vectors; 
their proofs are identical to those of Chapter 2. Proofs of Theorems 10.4—10.6 are 
left to the student (see Problems 27-29). 


lu-v| 


|v | 


and 





|w| = 


Givenu = 2i + j — 3kandv = i — 2j — k, findu + v,u — v,andu-v. 


u+v= (24+ 1)t + (1 - 2)j + (-3 - Ik = 31 —-j - 4k 
u-—v= (2 —- 1)i + (1 + 2)j3 + (-3 + ‘IDK = i + 3j - 2k 
u-v = 2-1 + 1(-2) + (-3)(-1) = 3 


Give in component form the vector v that is represented by AB, where A = 
(4,3, —1) and B = (1, 2, —3) (see Figure 10.7). 


4 
6 
—4 
2 
—? 
ra 
0 ae 
—?2 24 4 6 
2 ye ) 
—2 / | 
ple a oy B(-1, 2, -3) 
xX | 
A(4, 3,-1) 


Figure 10.7 
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Solution v =(-1 — 4)i + (2 — 3)j + (-3 + ‘Ik = —Si — j - 2k 


Example 3 Find the end points of the representative AB of v if v = 2i - 44 +k and 
(2, —3, 5) is the midpoint of AB (see Figure 10.8). 


Solution If A = (x, y;, 2,) and B = (x, y2, 22), then, by Theorem 10.5, 
BH x = 2; yr - yy = 4, and 2-2, = 1. 


By Theorem 10.3, 


LA PATE 2. 2) and Z) 4 22 _ 
2 2 2 


Solving simultaneously, we have 


Ave (1,-1.5) and Bz 3, -5.t) 


g 
6 
(2,-3.5) 
9 —4 
a 
¥ 
—6 —4 —2 0 2 


Figure 10.8 
Example 4 Determine whether the vectors u = 3i + j — 2k and v = 2i —- 4) + k are 
orthogonal. 


Solution u-v = (3)(2) + (1)(-4) + (-2)(1) = 0 


Thus u and v are orthogonal. 
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Example5 Find the projection w of u = 4i — j + k upon v = 3i + j — 4k (see Figure 10.9). 


Solution u-v = (4)(3) + (—1)(1) + (1)(—4) = 7 


and 
Lv) Se a7 3? & 1? (4? SH 7 26 


Thus 








N 


No 
| 
£ 


Figure 10.9 


PROBLEMS 


A In Problems \-4, give in component form the vector v that is represented by AB. 


aN 
| 


= (3,-2,4), B = (5,4,-1) 
(2,-3,8), B = (2,5, 2) 


(2,3, -5), B = (-4,1, 2) bs 
3. A = (5,0, -2), B = (2,-4,1) 4. A 
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In Problems 5-8, give the unit vector in the direction of. 


5.v = 464+ 5 — 2k 6.v =i — 2j + 2k 
7.v =i + 5j — 3k 8. v = 3i — 4k 


In Problems 9-14, find the end points of the representative AB of v from the given information. 


9. v = 2i — j + 3k, A = (2,1,5) 10. v = 3i + j — 4k, A = (1,4, 3) 
ll. v = —i + 2j) + 5k, B = (2,3,8) 12. v = 2i + Sj — 3k, B = (4, -2,6) 
13. v = 44 -— 2j + k, (2,5, —1)is the midpoint of AB 

14. v = 61 + j — 4k, (3,2, —5)1s the midpoint of AB 


In Problems \5-18, find the angle 6 between the given vectors. 


S6.u=i+j+ 2k, v=2i-j+k 16. u = 2i — 2) — k, v = -i + 4j + 2k 
17. u = 5Si—j + 3k, v = 4i 4+ 5j— 2k 18. u = 2i + 4) + 4k, v = 4i — 3k 


In Problems 19-22, findu + v,u — v, and u-v. Indicate whether wand v are orthogonal. 


19. u = 1 — 23 + Sk, v = 21+ 44+ k 20. u 


31+ - 4k, v = 21+ 6j + 3k 


21. u = 2i — j + 6k, v =i —- 45 — k 22. u = 41 + 3j — k, v =i + 2j + 3k 
In Problems 23-26, find the projection of wuponv. 

23. u = 44+j-k, v=i+j¢+k 24. u = i — 23+ 4k, v = 2j + 3k 

25. u = 4i — 2) — k, v =i — 23 + k 26. u = 21+ j, v = j — 2k 

27. Prove Theorem 10.4. 28. Prove Theorem 10.5. 29. Prove Theorem 10.6. 


30. Prove that (u + v) - (u + v) = jul? + 2u- v + lvl’. 
31. Prove the triangle inequality ju + vj < |u| + |v}. 


32. Prove ju — v| = |lu| — |vil. 


10.3 
DIRECTION ANGLES, COSINES, AND NUMBERS 


In plane geometry, we used the inclination and slope to give the direction of a line. 
The corresponding terms tn solid analytic geometry are direction angles and direc- 
tion cosines. They are most easily defined for vectors. 


Definition 


Definition 
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If v is a vector, then the ordered set {a, 8B, 7} is the set of direction angles for v if a 
is the angle between v and i, B is the angle between v and j, and vy is the angle be- 
tween vV and k. 


The direction angles for a vector v are illustrated in Figure 10.10. Note that the 
direction angles are not necessarily in the coordinate planes. The angle a is in the 
plane determined by v and 1; @ and y are in planes determined by v and j and by v 
and k, respectively. 





Figure 10.10 


The angle between two vectors was defined in the previous section. Note again 
that this is not a directed angle; in fact, we have given no convention for positive 
and negative angles in space. Thus direction angles are never negative and never 
greater than 180°. 

Just as the inclination of a line is less convenient than the slope, so the direction 
angles for a vector v are relatively inconvenient. More convenient to use are the 
cosines of the direction angles. 


Ifv is a vector, then the ordered set \l,m,n} is the set of direction cosines for v if 
[= cos a,m = cos B, andn = cos y, where a, B, y} is the set of direction angles 


for. 


If OP is a representative of v with O the origin and P the point (x,), 2) (see 
Figure 10.10), then 


Theorem 10.12 


Proof 


Definition 


Example 1 


Solution 


Theorem 10.13 
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= COSa = -, m = cos B = 2, n= cosy =~ 
p p p 


where p = Vx? + y’ + 2’. It is this relation to the coordinates of a point on the 
line which allows us to prove the next theorem. 


9 


If {l, m,n,} is a set of direction cosines for a vector, then 


4m? +n? = 1. 


From the relations above, we have 


Il 
al 
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= 
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+ 
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For most purposes, an even more convenient set of numbers is a set of direction 
numbers for a line. 


{a,b,c} is a set of direction numbers for the vector v if there is a nonzero constant k 
such thata = kl,b = km, and c = kn, where {l,m,n} is the set of direction cosines 


forv. 


Theorem 10.12 may be used to find direction cosines of a vector if its direction 
numbers are known. Of course, additional information is needed to get the proper 
Signs. 


Given that a vector v has direction numbers {4,1, —2} and is directed upward, 
find its direction cosines. 


V+ P44 Ce RP + kt + kr’ 
= k(I? + m’? +n’) = k? 
Thus, 
= 164144221 and k=4V 21. 
Since v is directed upward, y < 90° andn > 0. Thusk = —V/21, and 


Pe se he: el. and n= —. 


V 21 Vv 21 V 21 


The following theorem is a direct consequence of the foregoing definitions. 


The vectorv = ai + bj + ck has direction numbers {a, b,c}. 


Example 2 


Solution 


Definition 


Definition 


Example 3 


Solution 


Example 4 


Solution 
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Give a set of direction numbers for the vector v represented by AB, where A = 
(3, -—1,2) and B = (5,2, —-1). 


By Theorem 10.5, 
v = (5 — 3)i + (2 +: :LDjU + (-1 —- 2)K = 21 + 3j - 3k. 


By Theorem 10.13, one set of direction numbers for v is {2, 3, —3}. 
Direction angles, cosines, and numbers of vectors carry over directly to lines. 


The statement, ‘‘A vector v is directed along a line |,’ means that a representative of 
vis onl. 


A set of direction angles, cosines, or numbers fora line | is any set of direction angles, 
cosines, or numbers, respectively, for any vector Vv directed along l. 


Note that every line has two sets of direction angles and two sets of direction co- 
sines, corresponding to the two possible directions on the line. It is easily seen that 
if {/, m,n} is one set of direction cosines for a line, then the other is {—/, —m, —n}. 


Find the two sets of direction cosines and direction angles for a line if {1, 2,2} 1s 
a set of direction numbers for it. 


Since the three numbers given are a number k times the direction cosines, we have 
the following. 
kl = 1, km = 2, and kn =2 
eP+km+krn? = 14+44+42=9 
Re? +m? 4+ n’)=9 

ke = 9 (by Theorem 10.12) 

k = +3 
Thus, the two possible sets of direction cosines are {1/3,2/3,2/3} and 


{—1/3, —2/3, —2/3}, and they give approximate direction angles {71°, 48°, 48°} 
and {109°, 132°, 132°}, respectively. 


Suppose a line has direction numbers {2, —4,1} and contains the point (1, 3, 4). 


Find another point on the line. 


By Theorems 10.5 and 10.13, we have 


a=X,-— XxX b=y.- yi, and CS Zo Zi; 
Or 
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X> =X, + @, yr = y, + Bb, and Z>=21+C. 
Thus, 
x,>= 142 = 3, yy = 3-462 -l, and z>=4+1=5, 


which give the point (3, —1, 5) (see Figure 10.11). Of course, any nonzero multiple 
of the given direction numbers gives another set of direction numbers; these may 
be used to find other points on the line. 


(3.-1.5) 4 (1.3.4) 


to 


Figure 10.11 


Perhaps you feel a bit uneasy about this last example. How do we know that, 
of all possible sets of direction numbers, the one we were given is that one—that 
is, the set of direction numbers determined by the method of Example 2? The 
answer is simple all of them are. Here is the reason. No matter what pair of 
points we choose on a line, we must get one of the two possible sets of direction 
cosines. Taking one of those two sets, we can get from it any set of direction num- 
bers by multiplying by the proper number k. In particular, if we take a set of direc- 
tion cosines for the line of Example 4 and multiply it by the proper number k, we 
get the direction numbers {2, —4, 1}. Now there are two points on the line at a dis- 
tance | k | from the point (1, 3,4). By choosing the proper one of those two points, 
we see that that point, together with (1, 3,4) would give the direction numbers 
{2, —4, 1}. Of course, this argument could be repeated for any point and set of 
direction numbers. 

It might be noted that we could, say, double the direction numbers of Example 
4 to give another set of direction numbers, {4, —8, 2}. This, together with the point 


Theorem 10.14 


Theorem 10.15 


A 


278 10 Solid Analytic Geometry 


(1, 3, 4), gives the point (5, —5, 6), which ts also on the line. This could be repeated 
indefinitely to get as many points on the line as we choose. 

It is clear that if two lines are parallel and directed the same way, they must have 
the same set of direction angles and, thus, the same set of direction cosines. If they 
are parallel and have opposite directions, their direction angles are supplementary 
and one set of direction cosines is the negative of the other. Thus, any set of direc- 
tion numbers for one line is proportional to a set of direction numbers for the 
other. Furthermore, this chain of reasoning can be reversed to show that if two 


lines have proportional sets of direction numbers, they are parallel. 


Two distinct lines are parallel if and only if sets of direction numbers for the two lines 
are proportional. 


Suppose that lines /, and /, have direction numbers {a,,6,,c,} and fa), b),c>}, 
respectively. Then vectors v, and v, directed along lines /,; and /,, respectively, 
may be represented by 


vy, = a,i + b,j + ck and Y= ari =e b5j + Cok. 
By Theorem 10.8, v, and v, are orthogonal if and only if 
Vic°V¥o = Q,;Q2 + b, by + €);C2 = Q. 


This gives the following theorem for perpendicularity of lines. 


Two lines with direction numbers {a,,b,,c,} and \az,b2, cz} are perpendicular if and 
only if 
a,a, + bb, + C1C, = O. 


PROBLEMS 


In Problems \-6, find the set of direction angles for the vector described. 


Direction numbers {1, 4, 8}; directed to the right of the xz plane 
Direction numbers {4, —4, 2}; directed to the right of the xz plane 
Direction numbers {1, 2, —4}; directed behind the yz plane 
Direction numbers {2, —1, —3}; directed above the xy plane 


Direction numbers {1, 1, 1}; directed behind the yz plane 


2 eS eS 


Direction numbers {1, —1, 0}; directed to the right of the xz plane 


10.4 The Line 279 


In Problems 7-12, find a set of direction numbers for the lines containing the two given points. 


7. (1,4, 3) and (5, 2, —1) 8. (2,0, —4) and (- 1, 2, 3) 
9. (2, 2, 1) and (0, 0, 3) 10. (3,5, —2) and (— 1, 4, 4) 
11. (0,0, 0) and (5, 1, —2) 12. (—1, 4, 5) and (3, —4, 0) 


In Problems 13-18, find two more points on the line. 


13. Direction numbers {1, 5, 2}; containing (2, 3, —1) 

14. Direction numbers {1, 4, 0}; containing (—2, 1, 1) 

15. Direction numbers $2, 1, 2}; containing (1, 3, 3) 

16. Direction numbers {1, 1, 1}; containing (2, 4, —1) 

17. Direction numbers {4, 0, — 1}; containing (1, 3, —1) 

18. Direction numbers {4, 4, 3}; containing (—4, —4, —3) 

19. Give the direction angles and direction cosines for the coordinate axes with their usual 
directions. 


20. Give a set of formulas for finding all points on the line described in Example 4. [ Hint: 
Consider the two paragraphs following Example 4.] 


In Problems 2\-30, two lines are described by a pair of points on each. Indicate whether the 
lines are parallel, perpendicular, coincident or none of these. 


21. (3.4. 1), (4.8, —1): (2. 3, —5), (0, -5. - 1) 
22. (2, 1.5). (3, 3, —1): (4, 2, 10), (1, —4. 5) 

23. (4,1. —4), (3. 2.1): (4. 1, -4). (11, 3. - 3) 
24. (4,2. —1). (7, 6, 2): (5, 10, 3), (—4, -—2. —6) 
25. (2.1.4). (4. —3, 12): (1. 3, 0). (6. — 7, 20) 
26. (4,5. 1). (3. 2. —4): (4. 1, 2). (5, - 1.3) 

27. (2.3.1). (4. —2, 2): (1.0, 3), (3, — 3.1) 

28. (3, 1. 4). (4. 3. 3): (5.5, 2), (0. -5. 7) 

29. (2, 1.3). (5. -— 1.1): (3. 4. - 1), (5, 3. 3) 

30. (4,4, —3), (1.3, — 1): (2. 1.5), (8. 3. 1) 


oe 


10.4 
THE LINE 


Recall that in Chapter 9 (pages 249-250) we derived a parametric representation 
for a line containing two given points. The result was basically the point-of- 


Theorem 10.16 
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division formulas with r as the parameter. We used a vector argument there. The 
same argument holds in three dimensions; but instead of using two points, let us 
consider the line / with direction numbers {a,b,c} and containing the point 






P(x, y,2Z) 





Figure 10.12 


Po = (Xo; Yo, Zo). Let P = (x, y,z) be any point on /. If u and w are the vectors rep- 
—= — 
resented by OP, and OP, respectively (see Figure 10.12), it is seen that 


u = Xol + Yoj + Zok and w = xi + yj + 2k. 
Since {a, b,c} is a set of direction numbers for /, 
v = ai + bj + ck 


is a vector lying along /. But PoP represents another vector lying along /; it must 
be a scalar multiple, tv, of v. Since 


w= u + IV, 


it follows that 


Xo + 1a, 
Yo + tb, 


and 
Z= 2) + lc. 


A parametric representation of the line containing (X0,¥o,20) and having direc- 
tion numbers {a, b, c} is 


x = Xo + al, y= yo + Ot, Z= 2 + Ct. 


Example | 


Solution 


Example 2 


Solution 
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The following nonvector argument may also be used to establish this result. Given 
a set of direction numbers for a line and one point on that line, we can find another 
simply by adding. Furthermore, we can find other sets of direction numbers by taking 
a multiple of the original set. Thus if the point given 1s (Xo, yo, Zo) and the set of direction 
numbers given is {a, b, c}, then any point (x, y, z) such that 


xX =X t+ at, 
y=y+ Dt, 
Z Zo + ct, 


where ¢ is a real number, is on the given line. Furthermore, if (x, y, z) is a point on 
the line different from (xo, yo, Zo), then a set of direction numbers for the line is {x — x9, 
y — Yo, Z — Zo}. These must be a multiple of the given set of direction numbers 
{a, b, c}; that is, for some f, 


x —X) = at, 
y— yo = Ut, 
2 = Zo — Cl, 


These equations hold not only for every point on the line different from (x, Yo. Zo) 
but also for (x, yo, 20). Thus a point is on the given line if and only if it satisfies the 
set of equations given above. 


Find a parametric representation for the line containing (1,3, —2) and having 
direction numbers {3, 2, —1}. 


x = 1 + 32, y=3+4 21, 22 St 


Find a parametric representation of the line containing (4, 2, — 1) and (0, 2, 3). 
A set of direction numbers is {4 — 0,2 — 2,-1 — 3} = {4,0,-—4}. Thus the 
line 1s 


x =4+4 41, Va. c= -l — 4. 


Once we have the direction numbers, we may use them with either of the two 
given points. Thus, another representation of the line in Example 2 is 


x = 4s, i SZ. z= 3 - 4s. 


Although this does not look much like the first representation, it is easily seen that 
they are the same. For instance, ¢ = O gives the point (4,2,-—1), as does s = I: 
t = —1 gives the point (0, 2,3), as does s = 0, and so forth. 
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In fact, 
x=44+41 ye 2 z= -l1-4!1 
= 4 + 1) = 3-4-4! 
= 4s, = 3 -—- 4(r + 1) 
= 3 — 4s, 


where s = ¢ + 1. Thus, whatever point we get using a value of ¢ can be found by 
choosing s = 7+ lI. 

A simpler set of direction numbers can also be found. Since the ones we have 
are all multiples of 4, we can multiply through by 1/4 to get another set of direc- 
tion numbers, {1,0, —1}. Using these with the first point gives 


x=44+ 4, Ss z= -l—-u. 


Again, we see that 4¢ = u,so the two representations are equivalent. 

Perhaps you wonder what ts needed to be able to say that two parametric rep- 
resentations are equivalent. If a value of ¢ and another of s both give the same 
point, then, for those values of ¢ and s, the three coordinates must be equal. 
Eliminating x,y, and z between the two parametric representations gives three 
equations in tand s (in some of these, the parameters may both be absent, as they 
are in the representation of y here). If all give the same result when they are solved 
for one parameter in terms of the other, and if the domain and range are the same, 
then the representations are equivalent. 

Suppose we eliminate the parameter in the representation given by Theorem 
10.16. If none of the direction numbers is zero, we can solve each equation for f 
and set them equal to each other. This gives 

X-—X  V- Vo 2 Zo 





a - b C 
Actually, this is just a shorter way of writing the three equations 


Xx —Xo Vo Po 








a b 
v— Vo 2 - Zo 
b 
and 
¥— XZ = Z 
a .-—s—sie’ 


But these three equations are not independent—the last can be found from the 
first two, Let us discard it and consider only the first two, which, as we shall see 
in the next section, represent planes. Any point that satisfies both equations Is on 
both planes and therefore on the intersection of the two planes, which 1s a line. 
Thus this representation of a line gives it as the intersection of two planes. It might 
be noted that the equation we discarded is also a plane containing the same line. 
These three planes can be seen in Figure 10.13. The line PQ is projected upon each 
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of the three coordinate planes. In each case, this projyection—together with the 
original line—determines a plane. The plane 


X — Xo  JY— Yo 


a b 
is the plane determined by PQ and the projection, P,Q,, of PQ on the xy plane. 





Figure 10.13 


The z axis is either on or parallel to this plane. Similarly, 


¥Y-— Yo _ 2 20 


b Cc 


is the plane determined by PQ and the projection, P,Q,, of PQ on the yz plane; 
and 
X — Xo 2. ZH 


a C 


is the plane determined by PQ and the projection, P;Q;, of PQ on the xy plane. 
What, now, if one of the direction numbers 1s zero? Let us suppose that a = 0. 
Then the line in parametric form 1s 


X = Xo, Vv = yo + OF, Z= 2 + Ct. 


We do not have to eliminate the parameter from the first equation it 1s already 
gone. By eliminating ¢ between the last two equations as before, we have 


Theorem 10.17 


Example 3 


Solution 


Example 4 
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b Cc 


This together with x = x9 (or x — x9 = QO) gives the line as the intersection of two 
planes. In this case, plane PQQ,P, and plane PQQ;P, of Figure 10.13 are iden- 
tical; they are both the plane x = x9, which 1s parallel to (or on) the yz plane. Thus 
the line is parallel to the yz plane. 

If two of the direction numbers are zero, we have two equations in which the 
parameter is missing. The parameter in the third equation cannot be eliminated, 
because there is no other equation with which to combine it. But it is not neces- 
sary to eliminate it! The two equations without the parameter already give us the 
necessary two planes. In this case the line 1s parallel to (or on) one of the coor- 
dinate axes. To illustrate this, suppose that the line PQ of Figure 10.13 is parallel 
to the y axis. Then P; = Q;, and this point lies on the line PQ; hence no plane 
is determined by this projection. On the other hand, PQQ, P, 1s a plane perpendic- 
ular to the xy plane and parallel to the y axis, while PQQ, P, is a plane perpen- 
dicular to the yz plane and parallel to the y axis. 


Yy—-— Yo 2-7 29 


Ifa line contains the point (x9,¥o,2Z0) and has direction numbers {a,b,c}, then it 
can be represented by 


(a) MMe POV. 2 
a b C 


if none of the direction numbers is zero; 


(b) a a tial Ve Oia ee 
b Cc 


ifa = Oand neither b nor c is zero (similar results follow ifb = Qorc = 0), 
(c) x~X,) = 0 and y- yy = 0 


ifa = Oand b = 0 (again, similar results follow some other pair of direction 
numbers equaling zero). These are called symmetric equations of the line. 


Find symmetric equations of the line containing (4,1, —2) and having direction 
numbers $1, 3, —2}. 








Find symmetric equations for the line containing (4, 1, 3) and (2, 1, —2). 


Solution 


Example 5 


Solution 
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A set of direction numbers is {4 — 2,1 — 1,3 + 2} = {2,0,5}. Since 6 = 0, we have 
(using the first point) 








= and y-1=0. 


Find the point of intersection (if any) of the lines 
x=3+4+2t, p=2-t, z=5+t 
and 


x=-3-5, p=7/7+s5, z= 16 + 3s. 


Let us assume that there is a point of intersection. Then there is a value of ¢ and 
a value of s which yield the same values of x, y, and z. For these particular values 
of rand s, we have 


x=3+21=-3-5 
y=2-t=T+4+5 
z=5+t= 16 + 3s 
or 
2ti+s = —6, t+s = —5, P= 35 -= Lh 


If we solve the first pair simultaneously, we get 
t= -1 and s = —4., 


We see that they also satisfy the third equation. Thus there is a point of intersec- 
tion which corresponds tot = —1 (ors = —4). Itis (1, 3,4). 


Note that this method requires that the lines be given in parametric form. If they are 
given as symmetric equations, they must first be changed to a parametric represent- 
ation. A comparison of Theorems 10.16 and 10.17 makes this easy. 

It might be noted that there are three possibilities. One is the situation in which 
there is a value of ¢ and a value of s satisfying all three of the equations in ¢ and s, 
as above. This results in a single point of intersection. In a second possibility, 
there is no value for ¢ or s satisfying all three of the equations; that is, the values 
of rand s that satisfy the first two equations fail to satisfy the third. Thus, there is 
no point of intersection. The third possibility is that any two of the three equations 
in tand s are dependent: that is, any pair of values for ¢ and s that satisfies one of 
them, satisfies all three. In this case we have two different representations for the 
same line (see the discussion following Example 2). 
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PROBLEMS 


A In Problems \-1\6, represent the given line in parametric form and in symmetric form. 


. Containing (5, 1, 3); direction numbers {3, —2, 4} 
. Containing (2, —4, 2); direction numbers {2, 3, 1} 
. Containing (5, —2, 1); direction numbers {4, 1, — 2} 
. Containing (2, 0, 3); direction numbers {4, — 1, 3} 
. Containing (1, 1, 1); direction numbers {2, 0, 1} 

. Containing (1, 0, 5); direction numbers {3, |, 0} 

. Containing (4, 4, 1); direction numbers {0, 0, 1} 

. Containing (3, 1, 2); direction numbers {1, 0, 0} 

. Containing (4, 0, 5) and (2, 3, 1) 

. Containing (3, 3, 1) and (4, 0, 2) 

. Containing (8, 4, 1) and (—2, 0, 3) 

. Containing (—4, 2, 0) and (3, 1, 2) 

. Containing (5, 1, 3) and (5, 2, 4) 

. Containing (2, 2, 4) and (1, 2, 7) 

. Containing (1, —2, 3) and (1, 4, 3) 

. Containing (2, 4, —5) and (5, 4, —5) 


© Gorn A nA & WwW NO = 


ee ee ee ee 
Hon & WS NY —= © 


B In Problems \7-24, find the point of intersection (if any) of the given lines. 


Wx =44+ thy = -8 - 24,2 = 120; x = 3 + 2s,y = -1 + 5,z = -3 - 3s 
B.x =2-ty=34+2,2=4+t;x =lt+s,y=-2+5,2 =5—4s 

9.x =3+4y =4-2t,2=1+5t;x =5-s,y =3 + 25,2 =8 + 4s 

20.x =3-ty=54+ 3t,z2 = -1 -4t; x = 8 + 2s,y = -6-45s,z=S5 45 
9) X22 Ye 3 Lz x-3 y-!l_2 

| =o 1° 2 ~4 2 

2? Leo Ves. 2a! ASS. Vee. Ces 

| 2 5” * a2 3 


3, x - 3 y+ 3 








14, % 222 Y=3_ 











Definition 


Theorem 10.18 
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In Problems 25-30, indicate whether the two given lines are parallel, perpendicular, co- 
incident, or none of these. 














25. x = 34+ S5iy = -l-212z2=4+4+8; x = 3,y = 44 25,2 = -2 + 4s 
26.x =4-tny=34+2,z=14+0t; x = 14+ 2ty = 4 - 44,2 = 3-21 
27.x =24+ty=5-342z2=14+ 4 x =4-ty = 24+ 24,2 = 3 
op X22 VHS Lz ttl. x= 4 vet i 2-3 

| ~3 2 3 9 ~6 
5g Re oe . Ve Se 

| 3 2° -3 -9 ~ 6 
A ee gn a x+2_ y-5_2 

2 4 6 3 2 


31. Give equations for each of the coordinates axes. 


10.5 
THE CROSS PRODUCT 


Let us now look at the other product of two vectors—the cross product. 


Ifu = ayi+ b)j + cik andy = aji+ b2j + c)k, then the cross product (vector 
product, outer product) of wand v is 


ux V= (b,c, = c,b>)i + (Cc, Qa) = a\Cr)j + (a,b, = 5b, az)k. 


Some obvious questions arise. Why do we want to define a cross product this 
way? What is it good for? What are its properties? In some ways, all answers are 
the same. We define the cross product in this way to establish some interesting 
properties that are useful for certain applications. In a way, this 1s approaching 
the problem backward. It would be more logical to define the cross product of two 
vectors as that one having the desired properties and then show that such a vector 
must take the form given. The reason for our way of doing it is that it is by far the 
simpler approach. Before looking at some properties, let us consider a simpler 
form for the cross product. 


Ifu = ayi + bj + cykK andy = ani + bj + ck, then 
i jk 
uxvelia, 5b cI. 
Q> b; C2 


Example | 


Solution 


Theorem 10.19 


Proof 
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This theorem follows directly from the definition if we expand the above determi- 
nant by minors along the first row. 


Ifu = 3i+ j — 2kandv =i + 2j + k,findu x vandv x u. 








ij k 

uxve=/{/3 1 —2]= Si — 5j + 5k 
1 2 | 
ij k 

vxu-=/l1 2 | = 51+ 5) — 5k 
3S 1. 2] 


Note thatu x v = v x u! 


Again we are not multiplying numbers; there is no reason to assume that the 
cross product of two vectors has the same properties as the product of two num- 
bers. We have already seen one difference in Example |. The cross product has the 
following properties. 


Ifu, v and w are vectors and a isa scalar, then the following properties hold. 

(a) uxXv= —(vX wv) 

(6) ux(v+w)=uxv+uxXxw 

(c) uxO0=O0xu=0 

(d) Ifu = av, thenu x v = O(that is, the cross product of parallel vectors is 0) 
(e) (ux v)-w=u-(V x w) 


(a) Supposeu = ai + b,j + ci k, v = ani + b)j + cyk, and w = a;3i + b3j + 
c;k. Since, by Theorem 10.18, u X v and v X u are given by determinants 
that are identical except for the reversal of the second and third rows, it fol- 
lows that 


ux v= —(V x U). 


(b) Since ¥ + W = (a> + a;)i + (b; + b3)j + (c2 + c;)k, 


i j k 
u x (Vv + WwW) = ay b C\ 
47+ a; b,4+6; (24+ 6; 
i jk i jk 
=la, b, c,| + la, Jb, " 
ay by Cc; a; b3 ¢;3 











(u x v) + (u x Ww). 


The proofs of the remaining three parts are left to the student (see Problems 30 
and 31). 


Theorem 10.20 


Proof 


Example 2 


Solution 
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It might be noted that the definition of the cross product was stated in terms of 
three-dimensional vectors. In fact, we must have a three-dimensional vector space, 
for u x vis not in the plane determined by u and v, as shown in the next theorem. 


Ifu and v are nonzero vectors, thenu x vis perpendicular to bothuand v. 


u-(u x v) = (u x U)-¥ (why?) 
= 0-v (why?) 
= 0 (why?) 


Thus u and u x v are perpendicular. A similar argument shows that u x v and v 
are perpendicular. 


This property of the cross product gives us its principal use. Certain problems 
in three-dimensional analytic geometry that were relatively difficult without the 
use of the cross product are easier now. 





Figure 10.14 


Find a set of direction numbers for a line perpendicular to the plane containing 
x=, pS ss 21. z=44+ 
and 
x= 14 4s, ie Oy ae oS, Zea A 2s. 


Any line perpendicular to a given plane is perpendicular to any line in that plane. 
This suggests the use of the cross product. Vectors directed along the given lines 
are 


u = 2} + k and v= 414+ 2) + 2k. 


Example 3 


Solution 


Example 4 


Solution 
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Since u X v = 2i + 4j — 8k (see Figure 10.14), we have {2, 4, —8} as one set of 
direction numbers for the desired line; {1, 2, —4} is a simpler set. 


Find equations for the line containing (1, 4, 3) and perpendicular to 


HO and = = #4 = = 


Again, vectors along the two given lines are 
u = 21+) + 4k and v = 31 + 2j — 2k; 


andu x v = —10i + 16j + k is perpendicular to both of them. The desired line 
is, therefore, 


Find the distance between the lines 
x=1- 41, y=24+, z=34+21 
and 


x=l+¢s, y=4- 2s, z=-l+¢¥s. 


The desired distance is to be measured along a line perpendicular to both of the 
given lines. Again, vectors along the given lines areu = —4i + j + 2k andv =i — 
2j + k (see Figure 10.15). Thus the distance is to be measured along 





Figure 10.15 
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ux v = Si + 6j + 7k. 


The point A = (1, 2,3)1s on the first line, and B 2 (1,4, —1) 1s on the second. The 
vector represented by AB is 


w = 2j — 4k. 


We want a vector whose representatives are all perpendicular to both of the given 
lines and with one representative having its head on one line and its tail on the 
other. All of the representatives of u x v are perpendicular to both lines and one 
of the representatives of w has its end points on the given lines. Thus, the projec- 
tion p of w on u x v has the desired properties and its length is the distance be- 
tween the given lines. 


pj eo ime x yl _ 105+ 26-471 _ _ 16 
fax vl — — V/25 + 36 + 49 110 


Up to this point we have been dealing exclusively with the direction of u x v. Its 
length also has some interesting properties. 


Theorem 10.21 [fwandv are vectors and 6 is the angle between them, then 


lu xv] = |ul lv] sin@. 


Proof Since cos @ = u-v/(|u]||v|) by Theorem 10.10, 
lul{vi/sing = {ul |v| V1 — cos’é (see Note 1) 
_ (u-v)? 
lul?{v|? 


= Viul?tv[? - vy)’. 
If we let u = a,i + bj + c,k and v = api + bj + ck, then 
Jul |v| sind = VW(aj + 6} + ci)(a3 + 63 + c3) — (aay + bby Gey 
= V(bicr = ¢yb2)? + (C1a2 = ayer)? + (aiby — b\a2)” 


= ju xv. (see Note 2) 








Jul |v|7/1 


Note 1: By the definition of the angle between two vectors, 0° < # < 180°; and 
sin ff > 0. 
Note 2: The algebra here is routine but tedious. It 1s left to the student. 


Note the similarity between this theorem and the first part of Theorem 10.10. 
One consequence of this theorem is given in Problem 25. 


Theorem 10.22 


Theorem 10.23 
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It appears that Theorem 10.20 and 10.21 give a geometric description of u X v, 
the first giving its direction and the second, its length. Actually, this is not quite 
true. There are two vectors of a given length which are perpendicular to both u and 
v; they have opposite orientations (that is, one is the negative of the other). It can 
be shown that u x vis the one that gives the system {u,v,u x v} a right-hand 
orientation; that is, if the index and second fingers of the right hand point in the 
directions of u and v, respectively, then the thumb points in the direction of u x v 
(see Figure 10.16). This is summarized in the next theorem. 


Figure 10.16 


Ifu and v are vectors, 6 is the angle between them, and nis the unit vector perpen- 
dicular to bothuand v such that {u,v,n} forms a right-hand system, then 


uxve= |ul|v| sin6n. 


Some authors take this as the definition of u x v. Another direct result from 
Theorem 10.21 follows. 


[fu and v are two nonzero vectors, thenu x v = 0 if and only if u = kv for some 
scalar k. 


This extends Theorem 10.19d, which gives part of this theorem. The proof 1s left 
to the student (see Problem 35). 


Example 2 


Alternate 
Solution 


Example 3 


Alternate 
Solution 
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It might be noted that Examples 2 and 3 can also be solved without the use of vec- 
tors. We simply use direction numbers instead of vectors. 


Find a set of direction numbers for a line perpendicular to the plane containing 
x=1, y=3+ 2t, ZG ae ft 
and 


x=1+4+ 4s, y =3+ 2s, z=4+ 2s. 


A line perpendicular to the given plane must be perpendicular to any line in the 
plane. Thus the desired line with direction numbers {a, b, c} is perpendicular to the two 
given lines with direction numbers {0, 2, 1} and {4, 2, 2}. This gives the equations 


2b+ c=0 
4a + 2b + 2c = 0. 


Since we have only two equations in three unknowns, we cannot solve for all of them; 
however, we can solve for two of them in terms of the third. By subtracting the first 
equation from the second, we get 


4da+c=0 
or c = —4a. Doubling the first equation and subtracting from the second, we have 
4a —- 2b =0 


or b = 2a. Thus {a, b, c} = {a, 2a, —4a} are direction numbers for the desired line. 
A second set of direction numbers can be found by multiplying by I/a, giving 
{1, 2, —4}. 


Find equations for the line containing (1, 4, 3) and perpendicular to 








CS eS ad YZ: ee ee 
2 4 : 3 2 2 


Again, direction numbers for the two given lines are {2, 1, 4} and {3, 2, —2}; for 
the desired line, {a, b, c}. Since the desired line is perpendicular to both of the given 
lines, we have 


2a+ b+4c =0 
3a + 2b — 2c = 0. 


Doubling the second equation and adding to the first gives 


8a + 5b = 0 


294 10 Solid Analytic Geometry 


or b = —8a/5. Doubling the first equation and substracting the second, we have 
a+ 10c =0 
orc = —a/\0. Thus the direction numbers for the desired line are {a, —8a/5, —a/10} 


or, multiplying by —10/a, {—10, 16, 1}. Using these with the given point, we see that 
symmetric equations for the line are 








—10 16 I 


Example 4 can also be solved without the use of vectors; however, the solution 
involves planes, which we have not yet considered. 


PROBLEMS 


In Problems \--6, find u x v. Use the dot product to verify that your result is perpendicular 
to bothuand v. 


lou = 3i —- j + 4k,v = 21+ j + k 2,u=i+j+ k,v = 21 —- j — 4k 
3. u = 21+ 3j — kKvv = -1 + 2j 4,.u = 41 + 2jy,v = 31 - j 
5. u = 3i + k,v = —-i + j 6.u = 2i+j- k,v = —i — j + 3k 


In Problems 7-12, find direction numbers for the line described. 


7. Perpendicular to the plane containing (4, 1, 2), (2, —1, 1), and (3, 0, 4) 

8. Perpendicular to the plane containing (2, 2, 3), (—1, 4, 1), and (0, 1, 2) 

9. Perpendicular to the plane containing x =24+4,y = 3 — 21,z = -tandx =2 -— 2s, 
y=3+5,2 = -S 

10. Perpendicular to the plane containing x = 3 + 44, y = | —74,z = 3andx = 3 — 2s, 
yv=l1+2s,z = 3-5 

11. Perpendicular to the plane containing x =4+4+4,y = —1 4+ 21,z = 2tandx =2+5, 
y= 44 25,z = 1 + Qs 

12. Perpendicular to the plane containing x =2+2t,y=3-—0#,z = —-l+¢tandx =4 +4 


2s,yvez2—-s,z2=44+5 
In Problems 13-18, find equations for the line described. 


13. Containing (3,2, 1) and perpendicular tox = 1 —- 24,y) =34+%t,z=4-tandx = 
2+5,y = -l+2s,2 = 3-5 
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14. 


15. 


16. 


17. 


18. 


Containing (4,-1.0) and perpendicularto x = 34+%4y=2-t,2 = Jt and x = 4, 
po=2+s,2 = -l¢+s 
Containing (2.3.1) and perpendicular to the plane determined by (2, 3,1) and the 


linex = O.y = 24,2 = 1 

Containing (0.4, —2) and perpendicular to the plane determined by (0,4, —2) and the 
linex = —-2 + 244 = 8.2 = -l +1 

Containing (2,0,5) and perpendicular to and containing a pointofx =4+4+%¢y = 
Dr eet Die! |, ey 


Containing (1, 1,2) and perpendicular to and containing a point of x = | - .y = 
2+ 22 = 41 


In Problems 19-24, find the distance between the given lines. 


19. . 
20. x 
nk. 
22. 
ZS: 


24. 


25: 


v=leny = -24+ 302 =44+7 and x =2-s,pe34¢ 25,2 = 145 
v=e24¢nye21-h2 = 4 and x» = 245.) = 4 - 25,2 = 1 + 3s 
x=tl+aoyr=1-542=2+t and x =445,) = 5 + 25,2 = —-3 + 4s 
re24+tny=-44+27,2 = 1-3t and x= 3 -s y= 44 25,2 = 24+ 5 
x=24 36 =54n2 = -1 —- 20 and x = 2+ 3s,y = 3 +5,2 = 5 —- 2s 
v= 4ny = 146225 -2-t and x = 94 4s,y = 1 45,2 = -2-5 

—> — 
Suppose the vectors u and v are represented by AB and AC, respectively. Show that the 


areaof..ABCis |u x v|/2. (Equivalently, the parallelogram determined by AB and 
AC has area |u X v|.) [Hint: Use Theorem 10.21. ] 


In Problems 26-29, use the result of Problem 25 to find the area of the triangles with the 
given verlices. 


26. 
28. 


30. 
31. 


(1,0, 4), (2, — 1,2), (4.4. 1) 27. (3, —2.1).(—1, 2.0), (4, 4, 2) 
(2,4, 3). (1,0. 1), (-2, 2,4) 29. (4, 2), (3. —1), (- 1, 0) 

Prove parts c and d of Theorem 10.19. 

Show thatifu = a,;i+ 6;j + cy kv = a2i + 62) + c2k, and w = a3i + 633) + ck, then 


a, Ob, Cy] 
u-(v x Ww) = Qa? b> C2 
a; 63 63 


Use this result to prove Theorem 10.19e. 
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— ——> 
32. Given that AB, AC, and AD represent the vectors u, v, and w, respectively, show that 
the parallelepiped determined by AB, AC, and AD (see Figure 10.17) has volume 
|}u-(v x w)|.([Hint: By Problem 25, the area of the base is |v x w|.] 





Figure 10.17 


In Problems 33 and 34, use the result of Problem 32 to find the volume of the parallelepiped 
determined by AB, AC, and AD. 


33. A = (0,0,0),B = (2,1,3),C = (5,3,1), D 
34. A = (1,3,2),B = (4,1,5),C = (1,5, 2), D 


(2, -—1,4) 
(0,5, -1) 


35. Prove Theorem 10.23. 


10.6 
THE PLANE 


Let us now consider the plane. Perhaps the simplest way of determining a plane 
is by three noncollinear points. But, for the purpose of determining its equation, 
it is better to describe it by a single point and a line perpendicular to it. 

Let p be a plane in space, containing the point Po = (Xo, Yo, Zo) (see Figure 
10.18); and let /, with direction numbers {a, b, c}, be a line perpendicular to p. In 
order to determine an equation of p, we consider any point P = (x,y,z) lying 


in the plane. The directed line segment Po P represents a vector 
v = (x — Xo)I + (Y — Yo)J + (2 — Zo)k 


in the plane p. Since / is perpendicular to p, it is perpendicular to any line in this 
plane; in particular, it is perpendicular to Py P. Since 
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P(x, y,2Z PX» Yo Z5) 


Figure 10.18 


u = ai + bj + ck 
is a vector lying along /, we have the following. 
u-v = 0 
[ai + bj + ck]-[(x -— xo)i + (y — yo)j + (Zz - Z0)k] = 0 
a(x — Xo) + b(y — yo) + e(z — 20) = 0 
Furthermore, the argument may be traced backward to show that any point 


(x, y, z) that satisfies the last equation must lie in the plane p. Thus we have proved 
the following theorem. 


Theorem 10.24 _ A pointis ona plane containing (x,,¥,,2,) and perpendicular to a line with direction 
numbers {A, B,C} ifand only if it satisfies the equation 


A(x — x1) + Bly — yi) + C(z - 21) = 0. 


This theorem can also be proved using a nonvector argument. The vectors are simply 
replaced by direction numbers. Suppose p is the plane in space, containing the point 
Po = (Xo, Yo, Xo); and /, with direction numbers {a, b, c}, is a line perpendicular to p. 
Then if P = (x, y, z) is any other point of p, a set of direction numbers for the line PP, 
is {x — xX, y — Yo, Z — Zo}. Since this line in the plane p must be perpendicular to /, 
we have 


a(x — Xo) + bly — yo) + c(z — 2) = O. 


Example 1 Find the equation of the plane containing (1, 3, -2) and perpendicular to the line 
through (2,5, 1) and (0, |, — 3). 


Solution A set of direction numbers for the given line is {2, 4,4} or {1, 2,2}. Thus the desired 
plane is 


Example 2 


Solution 


Example 3 


Solution 


298 10 Solid Analytic Geometry 


I 
) 


I(x — 1) + 2(y — 3) + 2(z + 2) 
x +2y+2z-3 = 0. 


Find an equation of the plane containing the two lines 


x=ly=3+424,z=44+1 and x= 1+ 4s,y = 3 + 25,x = 4 4 Ds. 


These lines clearly intersect at (1, 3,4). All we need, then, is a set of direction num- 
bers for a line perpendicular to the desired plane. This was done in Example 2 of 
the previous section by using the cross product of two vectors or (as shown in the 
alternate solution) by using the direction numbers. One such set is {1, 2, —4}. By 
Theorem 10.24, the corresponding plane is 


I(x — 1) + 2(y —- 3) - 42 - 4) 
x + 2y — 4249 


Hood 
eo: 


Find an equation of the plane containing the two lines 


3—-2t,z=-—-2+2rt 


x=I+ty 


and 


LAA SV SH 2S 25.2 = 1 2s. 

The two lines are parallel since they both have direction numbers {1, —2, 2}. Since 
(1, 3, —2) is on the first line and (4, 2, —1) is on the second, the line through these 
two points intersects both of the given lines and lies in the desired plane (see Figure 
10.19). Its direction numbers are {4 — 1,2 — 3, —1 + 2} or{3, —1, 1}. We now have 


ers 


Figure 10.19 


two intersecting lines with direction numbers {1, —2, 2} and {3, —1, 1} and lying in 
the desired plane. By the methods of the previous section, a line perpendicular to both 
of these lines (and therefore perpendicular to the plane containing them) has direction 
numbers {0, 1, 1}. Thus, by Theorem 10.24, the desired plane is 


Ox — 1) + l@y — 3) + I(z + 2) =0 
yr2 = 1 = 0. 


Theorem 10.25 


Example 4 


Solution 
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The following theorem is a direct consequence of Theorem 10.24. 


Any plane can be represented by an equation of the form 
Ax + By + Cz+D = 40), 


where {|A, B,C} is a set of direction numbers for a line normal to (that is, perpen- 
dicular to) the plane. Conversely, an equation of the above form (where A,B, and C 
are not all zero) represents a plane with {A,B,C} a set of direction numbers for a 
normal line. 


Find an equation of the plane containing the points P; = (1,0,1), P, = (—1, —4, 1), 
and P; = (—2, —2,2). 


This problem may be solved using either Theorem 10.25 or Theorem 10.24. Let us 
do it both ways. 

By Theorem 10.25, the equation we seek is, for the proper choices of A, B, C, 
and D, 


Ax + By + Cz+D = 0. 


We get an equation in A, B, C, and D from each of the three given points. 


P, = (1,0, 1): A + C+D=QdQ, 
P, = (-1, -—4, 1): —-A-—-4B+ C+D = 0, 
P; = (-2, -2, 2): -2A —- 28 +20 + D= 


Although we cannot solve for A,B,C, and D directly, since we have only three 
equations in four unknowns, we can solve for three of them in terms of the other 


one. If we take A to be fixed and solve for the other three, we have B = —A/2, 
C = 2A,and D = —3A. We may give A any nonzero value we want; let us choose 
A = 2.ThenB = —1,C = 4,and D = 6; the resulting equation 1s 


2x —y + 4z - 6 = 0. 


We now solve the same problem using Theorem 10.24. We let P,P, and P, P, rep- 
resent the vectors u and v, respectively. Then 


u = (-I1 — I)i + (-4 — O)j + (1 — IDK = —-2i - 4j 
v = (-2 —- I) + (-2 —- Oj) + (2 - IK = —3i — 2j + k. 


Since u and v lie in the desired plane, their cross product is perpendicular to it. 


Example 5 


Solution 


Example 6 


Solution 
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i jk 
uxv=|-2 -4 0] = —4i + 2j - 8k 
23: 22 | 





Thus {—4,2, —8} is a set of direction numbers for a line perpendicular to the 
desired plane. A simpler set is {2, —1,4}. Using this, together with the point 
(1, 0, 1) in Theorem 10.24, we have 


lI 
>) 


2(x — 1) - y + 4&z - 1) 
2x — y + 4z -— 6 


| 
= 


Sketch x + 2y + 3z = 6. 


By Theorem 11.25, we know that this equation z 
represents a plane. Knowing this, we merely need 
to find three points to determine the plane. The 
simplest points to find are the intercepts (the 
points where the plane crosses the coordinate 3 
axes), which are (6, 0, 0), (0, 3, 0), and (0, 0, 2). 

Thus we have the plane shown in Figure 10.20. 6 


Sketch x + 2y = 4. 


This equation represents a line if we are z 
considering only the xy plane (for 

which z = 0). But we get the same line 

when z = | orz = 2, and so forth. 

Thus the result is a plane that is parallel 

to the z axis (see Figure 10.21). 0 


Figure 10.21 


Of course the two planes 
A,x + B,y+C,z+D, =0 
and 


A,x + Boy + C,z + D, = 0 


Theorem 10.26 


Example 7 


Solution 
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are parallel if and only if their normal lines are parallel. Similarly, the planes are 
perpendicular if and only if their normal lines are perpendicular. Thus from 
Theorems 10.14 and 10.15, we have the following theorem for planes. 


The planes 
Aix +B,y+C,z+D, = 0 
and 
A,x + Boy + C,z + D, = 0 
are parallel (or coincident) if and only if there is anumber k such that 
A, = kA), B, = kB,, C, = kC,; 
they are perpendicular if and only if 
A,A, + B,B, + C,C, = 0. 


Show that 3x + y — 4z = 2 and 6x + 2y — 8z = 3 are parallel planes and that 
3x — y + 2z = 51s perpendicular to both of them. 
The coefficients of x, y, and z in the three equations are 
A, = 3, A, = 6, A; = 3, 
B, = 1, B, = 2, B, = -l, 
C, = -4, C, = -8, Ce] 2. 
Since A, = 2A,, B, = 2B,, and C, = 2C,, the first and second planes are either 
parallel or coincident. But since D, = —3 # 2D, = 2(—2), they are not equivalent 
equations—the planes are parallel. Since 
A,A; + BB, + CC; = 3-3 + l(-1) = 4.2 — 0, 
the first and third planes are perpendicular. Of course, the third plane must then 
be perpendicular to the second as well; but this may also be checked using 
Theorem 10.26. 
A,A; + B,B; + C,C; = 6-3 4+ 2(—1) — 8-2 = 0 
PROBLEMS 
In Problems | -6, sketch the plane. 


lh 2x + 3y +2 = 6 2.3x -yr2e=9 3. 2x + y —- 42 +42=0 
4.x -—-y- 4z = 8 Sx + ly = 3 6 y-5 = 0 


30 


2 
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In Problems 7-24, find an equation(s) of the plane(s) satisfying the given conditions. 


7. Containing (3, 2, —5) and perpendicular to a line with direction numbers }3, —4, 1} 


8. Containing (4, 2, 3) and perpendicular to a line with direction numbers {-— 2, 5, |} 


9. Containing (4,1,-—3) and perpendicular to the line x = 24+ 34, y= 4-41, 
72 3 = 21 

10. Containing (3, 2,5) and perpendicular tothe linex = 1 + t,y = 31 4+1 

11. Containing (3,5, 1) and parallel to 3x -— 4y + 2z = 3 

12. Containing (4, —1, 2) and paralleltox + y - 2z = 4 

13. Containing (1, 1,0), (1, 3, 2), and (2, —1, 1) 

14. Containing (2, —2, —2), (1, —3,5), and (— 1,4, 1) 

15. Containing (1, 4, 2), (2, 3, —1), and (5, 0, 2) 

16. Containing (3, 1, —4), (2, 3, 1), and (7, 4, —2) 

17. Containing x =4+¢,y =2-t,z = 1 4+ 2tandx = 4 - 3s,y = 24 25,2 = 1 - 

18. Containing x = 2+ 2t,y= —-l+t,z2=4-tandx=2-—5,y = —-1 —- 25,2 =4 4 3s 

19. Containing (4,1,2)andx =4-¢,y=1+4+242=3-1 

20. Containing (-2,3, —4)andx = 1+4y = 3 - 24,2 = -2 +1 

21. Containing x = 34+ 2, y=4-124,z2=1+0t and x = -I +25, y=3-5, 
2 =a eG 

22. Containing x = 44+ t,y = 2t,z = Sandx = 1+ s5,y = 3 + 2s, —2 

23. Containing (1,5,—2) and perpendicular to 3x + 2y — z+ 1 = 0 and 
xX —-y+2z = 0 

24. Containing (3,0, —4) and perpendicular to2x — S5y + z = landx — 2y —- z = 3 

In Problems 25-28, find equations of the given line. 

25. Containing (2,5, —1) and perpendicular to 2x — y + 3z +2 =0 

26. Containing (4, —2, 3) and perpendicular to 3x + 2y — z+ 6 = 0 

27. Containing (2, —4,5) and paralleltox — y + 3z = 4and3x — 3y + 22 = § 

28. Containing (4,0, 5) and parallelto 2x — S5y + z+ 1 = Oandx + 2y —-z4+2=0 


In Problems 29-34, indicate whether the given planes are parallel, perpendicular, coincident, 


or 


29 


none of these. 


~ 3x + y — Sz = 2,x + 2y4+2= 4 


30. 4x — 2y + 2z = 6,2x —- y+z = 3 


J 


Example 1 


Solution 
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31.4x + y-—-2z22=5,x —-y+2z=2 32. 4x —-2y+2z2=I1,x+y-2z=0 
33. 2x — y + 3z = 4,6x - 3y + 9z = 5 34. x% 4+ 3y —2z = 4,2x —~y4z = 3 


In Problems 35-38, find the point of intersection of the plane and the line. 


35. 3x —2y +z =4;x% =2+t,y=1-24,2=2-St 
36. x + 2y — 42 = 12;x =1+t,y = —-24+ 3t,z = -2t 
37. 3x —y +42 =7;x =2-ty=5+2t,z=1+t 
38. 2x + 3y —z =2;x =1+t,y =-24+3t,2=6-¢t 
39. Doesthelinex = ly = 5 + 4t,z = 2 + theinthe plane2x — y + 4z = 5? 


10.7 


DISTANCE BETWEEN A POINT 
AND A PLANE OR LINE; 
ANGLES BETWEEN LINES OR PLANES 


In Section 10.5, we used the cross product and the projection of one vector upon 
another to find the distance between a pair of lines in space. Similar methods can 
be used to find the distance between a point and a plane or between a point and a 
line. 


Find the distance between (3, —4, 1) and 
x —- 2y + 22+ 4 = 0. 


A vector perpendicular to the given plane is 


ao oe "Y(3,74. 1) 
(see Figure 10.22). We now choose an arbitrary 7 x 
point on x — 2y + 2z + 4 = 0, say (0,0, —2), and p (0, 0.-2) 


let u be the vector represented by the directed line 
segment from (3, —4, 1) to (0,0, —2). 


(0 — 3)i + (0 + 4)j + (-2 — 1)k 


—3i + 4) -— 3k Figure 10.22 


Now the distance we want is the length of the pro- 
jection p of u upon v. 
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lu-v| 
|v | 
- | (-3)(1) + (4)(-2) + (-3)(2) | _17 
V14444 3 


Alternate Again there is a simple nonvector solution for this problem. Since we want the per- 
Solution pendicular distance, we first find equations for the line containing (3, —4, 1) and 
perpendicular to the given plane. Knowing that this line has direction numbers 

{1, —2, 2}, we see that the line is 


x=3+t, y= —-4-2t,z =1 +4 2t. 


Now we find the point of intersection of this line and the given plane. This is done by 
substituting the parametric equations of the line into the equation of the plane and 
solving for f. 


(3+ t) — 2(-4 — 2t) + 201 + 2t) + 4=0 


17 + 9t =0 
17 
t=-— 
9 
Thus 
3 17 10 
x= -_ oO Tr 
9 9 
ee. ee 
y 9 9 
34 25 
z= -— o_O Tr? 
9 9 





This argument can be shortened somewhat. After we found the point (x, y, z) we 
used it only to find x — 3, y + 4, and z — 1 in the distance formula. But since the 
parametric equations 


x=3+7, y=-4-2t, z=14+2! 


are equivalent to 


Theorem 10.27 


Example 2 


Solution 
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XS2 Sh, Vy PASH 2h. ed Se, 


we can use t, —2f, and 2¢ in place of x — 3, y + 4, andz — 1. Thus after we found 


that tf = —17/9, we can go directly to the distance formula. 
d = Vt? + (-2ty + (2ry 
17 
= V9r = 3(r| = — 
H=5 


Exactly the same method can be used to find the distance between the point 
(x;, ¥1,2,) and the plane Ax + By + Cz + D = 0. We obtain the following. 


The distance between the point (x,,y,,Z,) and the plane Ax + By + Cz + D=0 
1S 


_ | Ax, + By, + Cz, + D| 


d 


The proof is left to the student (see Problem 33). Notice that this formula 1s 
similar to the one on page 74 for the distance between a point and a line in two 
dimensions. With this formula, the distance of Example | is 
_ | Ax, + By, a5 Cz, oF D | 
- VA? + B+ C? 

| 1-3 — 2(-4) + 2-14 4| 


V1? + (=2)? + 2? 


d 


Find the distance between P = (5, 1,3) 
andthelinex = 3,y = 7442, 
z=] +t. 


A vector directed along the given line is 






u=j+k 
(see Figure 10.23), and the point Q = Q(3,7,1) 
(3,7, 1)1s on the line. Letting v be the 
vector represented by OP, v 
P(5, 1,3 
v= (5 — 3)i + (1 — 7)j + (3 —- 1)k 
= 2i — 6) + 2k. Figure 10.23 


From Figure 10.23, the distance is 


Alternate 
Solution 
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d= |v| sin@. 
But by Theorem 10.21, 


lux vl] = |ullv| sing. 
Therefore 
d=|visng—-l¥x¥! _ |8i+ 2j- 2k| | 64+4+4 
|u| lj +k] /2 
V72 
= —— = V 36 = 6. 
V2 


A nonvector solution for this problem is almost identical to the alternate solution of 
Example 1. The only difference is that we find the plane containing (5, 1, 3) and 
perpendicular to the given line, rather than finding a line perpendicular to a given 
plane. Since the line has direction numbers {0, 1, 1}, the plane containing (5, 1, 3) and 
perpendicular to the line is 


Ox —5) + ly -— 1) + l(z — 3) =0 
yt2z2=4. 
This plane and the given line give 
Teel + reH4 
2 = 4 
LS 
x=3, y=7-2=5, z=1-2=-—-!1 


Thus the distance we want is the distance between (5, 1, 3) and (3, 5, —1), which 1s 
d=V(5—- 3’ +(1 - 5) + (3 4+ 1) 
= V4+ 16+ 16= V36 = 6. 


Note that we cannot shorten the solution here as we did in Example |, because the 
(3, 7, 1) of the line is not one of the two points giving the distance. 

We have already considered the angle between two vectors in Section 10.2 (see 
page 268). The relationship between the two vectors and the angle between them 
was given in Theorem 10.7. This is restated here for convenience. 


Ifu = ai + b,j + cik andy = aji + b2j + ck (u # 0 and v = 0) and if 0 is the 
angle between them, then 
eeeh & a,;ar + b, b> + C\C2 
|u| |v 


An angle between two lines can be found in much the same way, since the direc- 
tion numbers of a line are the components of some vector directed along that line. 
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However, an angle between two lines is the angle between two vectors directed 
along these lines. Since vectors directed along a line can be oriented in one of two 
directions, there are two angles 0, and 8, between any pair of lines. Since 


J, + 6, = 180° 
and 


cos 6, = —cos 6,, 


we can determine the absolute value of cos 6, where @ is an angle between two 
lines; but we need additional information to determine the sign of cos 6. 


Theorem 10.28 If 6 is an angle between two lines with direction numbers \a,,b,,c,} and a7, b2, ¢2}, 
then 


| a\ap + b, b> + C1C> | 


| cos @| = ———————— 
Vai +R4+ eva + b+ ch 


Example 3 Find the acute angle between the lines 
= 2 -— 31, yp=44+, ZS] 
and 


x13 4 s. yel-=s, oS 22h Zs. 


Solution Direction numbers for the lines are {—3, 1,1} and {1, —1, 2}. Thus 


a7 BD Gs | 
Vae+ b+ Vai + 34+ 3 
ase a 11) 12 | 


V94+14I1V1I4144 


| cos 6 | 


Since the angle is acute, cos @ is positive. 


cos 8 0.2462 
6 = 76° 


Rt 


If two lines are perpendicular, then cos 6 = 0. This gives us the well-known test 
for perpendicularity 


Q,;Qr7 + b, b> + C,\C2 = Q, 


where fa,,b,,c,} and {a,, 6b), c,} are direction numbers for the lines. 
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Let us now consider an angle of intersection of two planes. This is defined to be 
an angle between their normal lines. With this definition, the problem is reduced 
to a familiar one. Note that we have again made no attempt to define the angle 
between two planes but only an angle. The particular one desired must be spec- 
ified. The situation is illustrated in Figure 10.24. 





Figure 10.24 


Theorem 10.29 If 6is an angle between the planes 
Aix + Byy +C,z + D, = 0 and A,x + Byy + Cyz + Dz = 0, 
then 
lcos6| = ___ | AiA2 + BiBo + CiC2| 
VAi + B+ CVA + BR + C3 


Example 4 ‘Find the acute angle between the planes 2x + y -—- z+ 3 =Oand4x —-y+zZz+ 
1 = 0. 
| 4,4, + B,B, + C,C, | 
VAi + BP + C}VA3 + BB+ CP 
}2-44+ 1(-1) -—1-1| 
V44+14+1V164+141 


Solution | cos 6 | 


V6V1I8 63 3 


Since we want the acute angle, cos @ is positive. 


cos 6 = 0.5774 
§ = 55° 
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PROBLEMS 

A In Problems 1-8, find the distance between the plane and point given. 
lh. 2x — 4y + 4z + 3 = 0;(1,3, -2) 2. 4x + y — 8z + 1 = 0;(2,0, 3) 
3.x + y — 2z — 4 = 0:;(3, 3,1) 4.2x —-y+2+4+5 = 0;(1,0, 2) 
5S. x + 3y +z —- 2 = 0;(2, 1, —3) 6. x — 2y + 4 = 0;(2, 2,4) 
7.x +2-5 = 0;(3,3,1) 8. y + 7 = 0;(1, 3,1) 

B 9. If the distance between (1,4,z)and 8x — y + 4z — 3 = Ois 1, findz. 


10. If the distance between (2, y,3)and4x -— 4y + 2z — 5 = O18 3/2, find y. 








In Problems \1\-18, find the distance between the point and line given. 
Wl. (1,3, -2):% = 4,y = -3 + 44,2 = 11 4 St 
12. (4,3,3):% = 24+ 24,y =5 - S5t,z2 = -l - 7 
13. (2,4, -I): x = 54+ hy = -24+ 3,2z2=3 41 
ey eee 
2 | 3 
IS. (4.1,-2):% = 2-yny=34+ 24,2 = 141 
16. (2,3,-I):x = 44+ 4yy=1-—-t02=3421 
x - | yt2 z—4 
17. (1,4, 2); ——— = ——— = —— 
( 3 | —2 
18. (3,-1.4) x+2 y = z+4 
—2 —2 


In Problems \9- 24, find the distance between the parallel planes. 


19. 2x — y + 2z = 9,2x —- y + 2z = -12 
20. x — 4y — 2z = 5.x - 4y - 2z = 10 
21. 3x + y — 4z = 3,6x + 24y - 82 = —-5S 
22. x + y + 4z = 6,2x + 2y + 82 = 9 

23. x + 2y = 6x + 2y = | 

24, X= p= 2 = Ally =] 2y S22 = =3 


Theorem 10.30 
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In Problems 25-32, find the angle described. 


25. The angle betweenu = i + 3j + 4kandv = 3i — j + 4k 


26. The angle betweenu = i — 2j + 6kandv = 4i + Sj 
27. The acute angle between x = 2t, y = 3t,z = —tandx = 4t,y = -t,z = 2! 
28. The obtuse angle between 


x=1-2t,y=34+ 642 = 41, and 22 Fe Ss SH 2S eT 
29. The obtuse angle between 

x=24+ty=23-24,z2=2-1 and YS 4.21.) Si24%,.2°= J 
30. The acute angle between 

x=3-t,y=4-2t,z=-l-t and =, y= =4 22 2.49 


31. The acute angle between 2x + y — z — 1 = Oandx + y —- 3z2+4=0 


32. The obtuse angle between x — y + z — 4 = Oand2x + y+z2z=0 


33. Prove Theorem 10.27. 


10.8 
CYLINDERS AND SPHERES 


We now turn our attention to more complex surfaces, beginning with the cylinder. 
A cylinder is formed by a line (generatrix) moving along a curve (directrix) while 
remaining parallel to a fixed line. If the generatrix is parallel to one of the co- 
ordinate axes, the equation of the cylinder is quite simple. 


A nonlinear equation of the form 


f(x,y) = 0 


is a cylinder with generatrix parallel to the z axis and directrix f(x,y) = 0 in the xy 
plane. Similar statements hold when one of the other variables is absent. 


It is a simple matter to see why this is so. If x = x9 and y = yo Satisfies the 
equation f(x, y) = 0, then any point of the form (xo, yo, z), for any choice of z, Is 
on the surface. But the set of all such points is a line parallel to the z axis. Thus 
any point on the curve f(x, y) = 0 in the xy plane determines a line parallel to the 
z axis in space. The result is then a cylinder. 


Example 1 


Solution 


Example 2 


Solution 


Theorem 10.31 
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Sketch x? + y’? = 4. 


N 


The surface is a cylinder with generatrix parallel to 
the z axis and directrix a circle in the xy plane. 
A portion of the cylinder is given in Figure 10.25. 


———, - 


Figure 10.25 


~ 


Sketch y = 2’. 


The surface is a cylinder with generatrix z 
parallel to (or on) the x axis and directrix 

a parabola in the yz plane. A portion of 

the cylinder is given in Figure 10.26. 


Figure 10.26 


Another relatively simple surface is the sphere. The following theorems con- 
cerning the sphere are analogous to those for a circle and are proved in much the 
same way. 


A point (x, y, z) is on the sphere of radius r and center at (h,k,1l) if and only if it 
satisfies the equation 


(x -hP+(y—kP + -lP =P. 


Theorem 10.32 


Theorem 10.33 


Example 3 


Solution 


Example 4 


Solution 


Example 5 


Solution 
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Any sphere can be represented by an equation of the form 


Ax* + Ay? + Az? 4+ Gx + Hy + Iz +J = 0, 
where A ~ 0. 
An equation of the form 

Ax? + Ay? + Az? 4+ Gx + Hy + I1z+J=0, 


where A # OQ, represents a sphere, a point, or no locus. 


The proofs are left to the student. 


Give an equation for the sphere with center (1, 3, —2) and radius 3. 
By Theorem 10.31, the equation is 

(x — 1) +(y - 3) + (z+ 27 = 9 
or 


x? + y* 427 — Qn — Oy + 42 +5 = 0. 
Describe the locus of x* + y? + z* + 2x -— 4y - 8z +5 = 0. 


Let us put the equation into the form of Theorem 11.31 by completing squares. 


x? 4+ 2x + y? — 4y Aig? at Bz = —5 
xe+4 2x 414+ y- 47444 2 - 82+ 16 = -5+1+4+4 16 
(x + 1)? + (y — 2) + (z — 49 = 16 


This represents a sphere with center (—1, 2,4) and radius 4. 


Describe the locus of 


2x? + 2y? + 2z* — 2x + 6y — 42 +7 = 0. 


ay cox 4 3y- 2435-0 

2 2 2 i] 

Xe + y + 3y + z° — 2z a 
ie ly 2 gee Pee Soe ae a 
x Aoi ge Ty ee te 2z + ag tat 

= 0. 


1\ 3\/ 2 
(x - SV + (yp 43h +e - OF 


The equation represents the point (1/2, — 3/2, 1). 
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PROBLEMS 


A In Problems 1-10, sketch the given surface. 


l. yy’ + 2° = 
3. y =x? 
5S. xy = 4 
7.z=4-y 
9. y = Inx 


y 
Ne 
=p 
N 
NR 
ll 
oS 


x 
| 
N 
i 


2 
4. 
6. x’ 
8 


10. z = e’ 


In Problems 11-20, identify the equation as representing a sphere, a point, or no locus. If 
itis a sphere, give its center and radius. If it is a point give its coordinates. 


Hl. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 


x? 


x? 


x? 


~ 

2x? 
2a 
9x? 
3x? 
4x? 


6x? 


+ 
és 
x 
+ 
+ 
a: 


dy 
dy 
dy 
3y 
4y 
oy 


+y 42 
+ yr + 
+ y? + 


+ yy? + 


2 


2 


2 


2 


2 


2 


2 


2 


2? 


2? 


+ + + + + + 


4s 
ip 
22° 
22° 
92? 
32° 
42? 


62° 


2x 
6x 
8x 
6x 


+ 


a: 
2x 
2x 
6x 
4x 
8x 
6x 


4z-—-4=0 

l0Oy + 2z + 19 = 0 
— 10z + 46 = 0 
—2z+ 22 =0 
4z-12=0 


4y 
By 


6y 
dy 
6y 
dy 
4y 
4y 


+ 


+ 


10z + 13 = 0 
l2z —-2=0 


8z+7=0 


16z + 21 = 0 


3z = 0 


B In Problems 21-28, find an equation(s) in the general form of the sphere(s) described. 


21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 


C29. 
30. 
31. 


Center (4, 1, —2) and radius 3 
Center (3, |, 1) and containing the origin 
Center (2,4, 7) and tangentto4x -— 8y +z = 1 


Center (4, 1, —3) and tangentto 2x -— y — 2z = 4 

Tangenttox — 3y + 4z + 23 = Oat(1,4, —3) with radius V/26 
Tangenttox + 2y + 2z — 17 = Oat(1,4,4) with radius 3 
Containing (3, 1, — 1), (2, 5, 2), (—3, 0, 1), and (— 1, 0, 0). 
Containing (4, 1,0), (—2, —1, 0), (0, 2, 1), and (1, I, 1) 


Prove Theorem 10.31. 
Prove Theorem 10.32. 
Prove Theorem 10.33. 
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10.9 
QUADRIC SURFACES 


In the plane, a second-degree equation represents a parabola, ellipse, hyperbola, 
or a degenerate case of one of these. There are far more variations in space, where 
we have already seen that certain cylinders and the sphere are represented by 
second-degree equations. The traces in the coordinate planes of a given surface are 
simply the intersections of the surface with the coordinate planes. The traces in the 
coordinate planes of quadric surfaces, represented by second-degree equations, 
are conics or degenerate conics. We say that a quadric surface is in the standard 
position if its traces in the coordinate planes are in the standard position—that is, 
they have their center or vertex at the origin and axes along the coordinate axes. In 
the following discussion, all surfaces are assumed to be in the standard position. 
The ellipsoid (see Figure 10.27) is represented by an equation of the form 


N 


2 2 
ae ee 
b Cc 


Q 





Figure 10.27 


Its traces in the coordinate planes are ellipses (or circles). We have already seen a 
special case of this, in which a = b = c. In that case, we have a sphere. There are 
two other special cases. One is the prolate spheroid. Here, two of the denominators 
are equal and both are less than the third. It has the shape of a football and may 
be generated by rotating an ellipse about its major axis. The other case is the oblate 
spheroid, in which two of the denominators are equal and both greater than the 
third. It has the shape of a doorknob and may be generated by rotating an ellipse 
about its minor axis. 
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The hyperboloid of one sheet (see Figure 10.28) is represented by an equation of 
the form 


No 
ho 


y 
b 


2 
+ — 


as 
tw 
oa 





Figure 10.28 


Its traces in the xz plane and yz plane are hyperbolas; in the xy plane, it is an 
ellipse. If a = b, it may be generated by rotating a hyperbola about its conjugate 
axis. 

The hyperboloid of two sheets (see Figure 10.29) is represented by an equation 
of the form 


Its traces in the xy plane and xz plane are hyperbolas. It has no trace in the yz 
plane; however, if | x | > a, its intersection with a plane parallel to the yz plane is 
an ellipse. If b = c, it may be generated by rotating a hyperbola about its trans- 
verse axis. 
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Figure 10.29 


The elliptic paraboloid (see Figure 10.30) is represented by an equation of the 
form 


No 


xX 


2 
— + = 


2 
2 


ss 


Cc 


Q 


Its traces in the xz plane and yz plane are parabolas. Its trace in the xy plane is a 
single point. If c > O, then its intersection with a plane parallel to and above the 





Figure 10.30 
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xy plane is an ellipse; below the xy plane there is no intersection. This situation is 
reversed if c < 0. In Figure 10.30, c > 0. If a = 5, the elliptic paraboloid is gen- 
erated by rotating a parabola about its axis. 

The hyperbolic paraboloid (see Figure 10.31) is represented by an equation of the 
form 


Its traces in the xz plane and yz plane are parabolas, one opening upward and the 
other down. Its trace in the xy plane is a pair of lines intersecting at the origin (a 
degenerate hyperbola). Its intersection with a plane parallel to the xy plane is a 
hyperbola. If c > 0, those hyperbolas above the xy plane have the transverse axis 
parallel to the x axis, while those below have it parallel to the y axis. If c < 0, this 
Situation is reversed. In Figure 10.31, c < 0. 


> 
A 


y 





Figure 10.31 


The elliptic cone (see Figure 10.32) is represented by an equation of the form 
x? y Z 
a’ b c 
Its trace in the xz plane is a pair of lines intersecting at the origin. Its trace in the 
yz plane is also a pair of lines intersecting at the origin. Its trace in the xy plane is a 


single point at the origin. Its intersection with a plane parallel to the xy plane is an 
ellipse. If@ = 6, itis a circular cone. 
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Figure 10.32 


Example 1 Describe and sketch 
9x? + Oy? — 42? = 36. 


Solution Dividing by 36, we have a hyperboloid of one 
sheet in the standard form. 


x? y? 2? 


— + — ee 

4 4 9 
Since the denominators of the x? and y” terms 
are equal, the trace in the xy plane, as well as in 
any plane parallel to it, is a circle. The surface is 
shown in Figure 10.33. 





Figure 10.33 


Example 2 


Solution 


10.9 Quadric Surfaces 


Describe and sketch 


9x? + Oy? — 42? = 0. 


Again dividing by 36, we have 


which is a circular cone with its axis the z axis. The cone 


x? y? 


—+-—-- —- = 


4 4 


is given in Figure 10.34. 
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Figure 10.34 


If the given equation does not fit any of these forms, determine its traces in the 


coordinate planes and planes parallel to them in order to have some idea of the 
shape. 


PROBLEMS 


Describe and sketch the quadric surfaces in Problems \-25. 


= 21M ww = 


. 36x? + Oy? + 42? = 36 


Lay 22 = 
ay 2 SO 


xo a Dy Bose 0 


. 25x? — 4y? + 2527 + 100 


2 


x? + 4y —- 27 = 0 

. 36x? — Oy? + 16z* + 144 
15. 
17. 
19. 


l6x? — 9y? — 927 = 0 
9x? — 36y? + 16z? + 144 


vey 422 = 4 


4x? + Dy? + 92? = 36 
4x7 + 4y? — 27 + 16 = 0 


re paw SO 
x? — 4y? - 427 = 0 
16x? — 9y? — 927 + 144 = 0 


. 25x? + l6y? + 2527 = 400 
. 16x? — 9y + 16z* = 0 

. 36x? — 4y — 927 = 0 

x? + y? — 427 = 0 

2x? + y? + 427 = 4 


320 10 Solid Analytic Geometry 


21. x7 - y? - 92 = 0 22-94" es Be 9 
23. 9x9 Sa re 0 24. x° + 3? + 2z = 0 
25. 25x? — 4y* + 252? = 100 


If the coordinate axes are translated with the origin moved to (h, k,l). the equations of 
translation are 


/ , 


x =x —-/h, y =y—k, 2 ee 2S, 


In many cases, translations may be carried out by completing the square. In Problems 26 30. 
translate and sketch. 


26. 2 = 4 — x? — 2)? 
27.2 = 14+ x? 
28.2 = x7 + y? + 2x + 4p 47 

29. x? + 4y? + 927 + 2x + 1Op — 182 - 10 = 0 
30; x? 4p =] 2 = 2k = My = Se 4 17 20 


+ 


10.10 
CYLINDRICAL AND SPHERICAL COORDINATES 


Here we look at two other coordinate systems in space that are useful. The first 
of these is called a cylindrical coordinate system, which is especially convenient 
when the z axis is a line of symmetry. In this system, a point P with projection Q 
on the xy plane (see Figure 10.35) is represented by (r, 6, z), where (r, 0) is a 
polar representation of Q and z 1s the (directed) distance of P from the xy plane. 


aq 


P(r, 6,2) 


y 





Figure 10.35 


Theorem 10.34 


Example 1 


Solution 


Example 2 


Solution 


Example 3 


Solution 


Example 4 


Solution 
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The relations between rectangular and cylindrical coordinates are the same as the 
relations between rectangular and polar coordinates as given by the following theorem. 


If (x, y, z)and(r, 0, z)represent the same point in rectangular and cylindrical coordi- 
nates, then 


x = rcos8, y = rsin8@, cae 


OF 


r=4Vx? 4+ y’, @ = arctan ~, 2 eB 


Express in rectangular coordinates the point having cylindrical coordinates 
(4, 30°, —2). 


x = rcos6@ = 4cos30° = 4.03. 2/3 


l 
-~=2 
2 


y = rsin@ = 4sin30° = 4. 
z= -2 

Thus, the point is (2/3, 2, —2). 

Express in cylindrical coordinates the point having rectangular coordinates (2, 2, 4). 


PSE Ay Sees a 27D 
6 


arctan 


ew INS 


T 
= arctanl = a + WN 


z=4 


There are two choices for r and infinitely many for 6. The choices we make are 
not independent of each other—the choice of one of them puts restrictions on the 
other. If we choose 6 to be 7/4 (or any first-quadrant angle), we must choose r = 
2+/2: if we choose 6 to be Sx/4 (or any third-quadrant angle), we must choose 
r = —2~/2. Thus, two possible representations are 


(20/2, 7/4,4) = (-2V/2, 52/4, 4). 
Express in cylindrical coordinates the rectangular coordinate equationx + y +z = 1. 


Substituting x = rcos 6 and y = rsin @, we have 


rcos#§@+rsin@+2z = l. 


Express in rectangular coordinates the cylindrical coordinate equation r = z sin @. 


Multiplying both sides by 7, we have 


r?=z-rsin@ — or x° + y* = yz. 


Theorem 10.35 
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Another useful system for representing points in space uses spherical co- 
ordinates. In this system, a point is represented by (p, 6, ¢), where p is the distance 
of the point from the origin, @ has the same meaning as in cylindrical coordinates, 
and o is the angle between the positive end of the z axis and the segment joining 





Figure 10.36 


the origin to the given point (see Figure 10.36). Since g is undirected, it is never 
negative. Furthermore 


0° < » < 180°. 


Likewise, werestrictp:p >0. __ 
From Fig. 10.36, we see that OQ = p sin g. Thus 


OQcos 6 = psing cos 8, 


OOQsin 6 = psingsin 8, 


and 
Zz = pcos¢. 
We can easily see from these that 


p=axrt+y? 42’. 


Thus we have the following theorem. 


If (x, y, z) and (p, 0, ~) represent the same point in rectangular and spherical 
coordinates, respectively, then 


x =p sing cos 8, 
y =p sing sin 6, 
Z =p COS g, 
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and 
pa=x ty? st 2’. 
Example5 Express in rectangular coordinates the point having spherical coordinates 
(2, 77/6, 2771/3). 


Solution x 


psinyg cos 6 


ein eos Ve ee 
3 6 2 


y = psingsin#g 


ei” Sat 9 Aine I 
3 6 


i 
ll 


pcos ~ 
2cos = 7 2(-> - —| 


Thus the point is (3/2, W3/2, —1). 


Example 6 me aes in spherical coordinates the point having rectangular coordinates 


(V3, V3, -V2). 
Solution pp=x? + y? + 2? 
=-~3+3+4+2 = 8 
p=2V2 
z= pcos¢ 
~V2=2V2cosy¢ 

l 

y = 120° 


x = psingcosé 


V/3 = 2V2- XB cos 0 


cos @ = 


Slr 


6 = 45° 
The point is (2 V2, 45°, 120°). 


Example 7 Express in spherical coordinates the rectangular coordinate equation x? + y* — z* = 0. 


Solution 


Example 8 


Solution 
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p’ sin? yg cos’ 6 + p’*sin’ g sin? 6 — p2 cos? y 


0 
p*[sin? g(cos’ 6 + sin? 6) — cos*y] = 0 


p*(sin? g — cos’? vy) = 0 


sin? yg — cos?y = 0 or p =0 
cos 2y = 0 
3m 
2p = 2, 
~ a 
_u 3x 
"44 


Thus, we have ¢ = 7/4, ¢ = 32/4, and p = 0.¢ = 7/4 gives the top half of the 
cone, y = 37/4 gives the bottom half, and p = 0 gives a single point—the origin. 
Since p = OQ is included in both of the others, we may drop it. The final result is 


3 


and = —— 
eh 


y= 


Sy 


Express in rectangular coordinates the spherical coordinate equation p’ sin g cos ¢ 
cos 9 = 1. 


p’ sin g cos g cos 6 = 1 


(p sin g cos 8)(p cos ¢) = 1 
xz = 1 


PROBLEMS 


1. The following points are given in cylindrical coordinates. Express them in rectangular 
coordinates. 
a. (2,45°, 1) b. (3, 27/3, -2) 
ec. (1,0°, 2) d. (0, 7/4, —3) 

2. The following points are given in rectangular coordinates. Express them in cylindrical 
coordinates. 


a. (1,1, 3) b. (0,2, —2) 
ec. (-1, V3.4) d. (-2 V3, —2, 3) 


3. The following points are given in spherical coordinates. Express them in rectangular 
coordinates. 


a. (3,45°, 30°) b. (1, 1/6, 0) 
ec. (1,90°, 45°) d. (2, 52/6, 37/4) 
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4. The following points are given in rectangular coordinates. Express them in spherical 
coordinates. 
a. (2, 2,0) b. (2,1, —2) 
c. (2,- V3.4) d. (1,1, V2) 


B 5. The following points are given in cylindrical coordinates. Express them in spherical 
coordinates. 
a. (3, 30°, 4) b. (2, 7/4, -2) 
c. (0, 45°, 3) d. (2, 7/2, —4) 
6. The following points are given in spherical coordinates. Express them in cylindrical 
coordinates. 
a. (4, 45°, 30°) b. (2, 27/3, 7/2) 
ce: (2,210°.133"} d. (3, 7/6, 27/3) 


In Problems 7-14, express the given rectangular coordinate equations in cylindrical and 
spherical coordinates. 


Txt + yr = 4 8.x + y+ 2? = 4 
9x? + yy? = 2 0.x? - yr =z 

fix = = 2 = | 2x - yt ral 
IB.x7 4+ Pr - 2 e 14. 4x? + 9y? + 92% = | 


In Problems \5-22, express the given equations in rectangular coordinates. 


15. z = r’sin 20 16. z = r’cos26 
W227 18. z = | + sind 
19. psing tang sin26 = 2 20. psing = | 

21. p = sing cosé 22. p*sinycosy = | 


REVIEW PROBLEMS 


A 1. Find the point 1/3 of the way from (-—2, 1, 5) to (1, 4, —4). 
2. Find the projection of u = i — 3j + k upon v = 41 + 2j + 3k. 
3. Find the set of direction angles for the vector v with direction numbers {1, —1, V2} if v is 
directed upward. 
4. Suppose the line /, contains (2, —2, 4) and (5, 3, 0), while /, contains (4, —3, 1) and 
(3, —4, —1). Are /, and /, parallel, perpendicular, coincident, or none of these? 
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5. Suppose the line /,; contains (5, 1, —2) and (2, —3, 1), while /, contains (3, 8, 1) and 
(—3, 0, 7). Are J, and /, parallel, perpendicular, coincident, or none of these? 


In Problems 6 and 7, represent the given line in parametric form and in symmetric form. 


6. Containing (4, 0, 3) and (5, 1, 3) 
7. Containing (2, —3, 5); direction numbers {3, —2, 1} 


In Problems 8 and 9, find the point of intersection (if any) of the given lines. 


x VO 2 Re LV ee 
= 3 | 
Se XH 2TH 3 He 26 2H Ss OS 8 2S a 8 2 es 








10. Find the distance between the lines 
x=4-t,y=3+2t,2 =4+t and x =3+25,y =5-5,z=-1+ 4s. 


In Problems 11 and 12, find an equation(s) of the plane(s) satisfying the given conditions. 


11. Containing (4, 0, —2) and perpendicular tox =4-—-t,y =3+2t,z=1 

12. Containing (2, 5, 1), (3, —2, 4), and (1, 0, 2) 

13. Find the distance between (4, 3, 1) and 2x — 2y +z = 4. 

14. Find the distance between x — 4y +z = 3 andx —4y +z =8. 

15. Find the distance between (2, 5, —2) and the linex =3 +t, y =4-¢,z =2 + 2. 


16. Find the distance between the lines 
x=1+2t,y =4+4+3t,2=2-t and x =4+2s,y =2+ 35,2 =5-S. 


I. 


17. Find the acute angle between the planes 2x — S5y + z = 3 andx + y — 22 
In Problems 18 and 19, describe the locus of the given equation. 


8. x°+y?+27>-2x —4y + 82+5=0 
19. 2x? + 2y? + 227 — 2x —4y + 6z2+7=0 


In Problems 20-23, sketch and describe. 


20. 9x* + Dy’ — 42° = 36 21.27 -x’=4 
22. 9x* — 36y* + 427 =0 23. x°>+y—z°=0 


24. The following points are given in rectangular coordinates. Express them in cylindrical and 
spherical coordinates. 
(a) (2, 2, 1) (b) (-1, 1, —2) 


25. Express z = r cos @ in rectangular coordinates. 


26. Express z = 4x* + 4y* in cylindrical and spherical coordinates. 


27. Express p = sin ~ (2 cos @ — sin @) in rectangular coordinates. 
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28. 


29. 


30. 


The point (5, 3, —2) 1s a distance 3 from the midpoint of the segment joining (5, 7, 2) 
and (1, 1, z). Find z. 


—_ 
Find the end points of the representative AB of v if v = 3i — j + 4k and the midpoint of 
AB is (2, 4, —3). 


Suppose u = 2i — j + 3k and v =i + 4j — k. Express u in the form u = p + q, where 
p = kv and q: v = O. Interpret geometrically. 


In Problems 31 and 32, find equations for the line described. 


31. 


32. 
33: 


34. 


35. 
36. 


37. 


Containing (3, 5, —2) and perpendicular to the plane containing 
x=S-ty=2+3t,2 =4+t and x =3-s5,y =5+35,z=-lt+s 


Perpendicular at (4, 2, 3) to the plane containing (4, 2, 3), (—1, 3, 1), and (2, 5, —3) 


Find an equation(s) of the plane(s) containing (4, 2, —3) and perpendicular to 
2x —-y +4z=5 and Lae Sy oe, 


Find, in parametric form, the line of intersection of 
2x = yo 37-2 and e+ oy 22 = 4, 


Sketch and describe x7 + y? + 4z*7 — 2x + 4y + 1=0. 
Sketch the graph of f(r) = (¢ + 1i + (Ct? — Dj t+ + DK. 


Prove or show to be false: u X (v X w) = (u X Vv) X w. 
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TABLE 1 
COMMON LOGARITHMS 


0043 0086 = .0128 0170 =.0212 0253 0294 0334 .0374 
0453 0492 = .0531 .0569 .0607 0645 0682 0719 0755 


0828 .0864 0899 0934 .0969 .1004 1038 1072 .1106 
1173 . 1206 1239 127) .1303 .1335 1367 .1399 1430 
1492 1523 1553 1584 1614 .1644 1673 .1703 1732 
.1790 1818 1847 1875 .1903 193] 1959 1987 .2014 


.2068 .2095 E22 2148 2175 2201 22) 2253 2219 
2330 .2355 2380 §=©.2405 2430 2455 .2480 .2504 2029 
ad .2601 .2625 .2648 .2672 .2695 2118 2142 .21765 
2810 .2833 .2856 2878 .2900 2923 2945 .2967 2989 


3032 3054 3075 .3096 3118 3139 .3160 3181 .3201 
3243 3263 3284 .3304 3324 3345 .3365 3385 .3404 
.3444 .3464 3483 .3502 Jo22 354] .3560 .3579 3598 
.3636 3655 3674 3692 3711 3729 3747 .3766 37184 
3820 3838 3856 3874 3892 .3909 3927 3945 .3962 


3997 4014 4031 .4048 .4065 4082 .4099 4116 4133 
4166 4183 4200 4216 4232 4249 4265 4281 4298 
4330 4346 4362 4378 4393 .4409 4425 .4440 4456 
4487 4502 4518 4533 4548 4564 4579 4594 .4609 
4639 4654 .4669 4683 4698 4713 4728 4742 4757 


.4786 4800 4814 4829 4843 4857 4871 .4886 .4900 
4928 4942 4955 .4969 4983 .4997 5011 53024 5038 
9065 .5079 5092 5105 S119 5132 145 5159 5172 
5198 211 5224 io2o7 5250 5263 5276 5289 .5302 


5328 .5340 3353 5366 5378 5391 5403 5416 5428 


5453 5465 5478 .5490 5502 5514 5527 5539 5551 
S75 5587 5599 5611 5623 5635 5647 5658 5670 
5694 5705 717 2129 5740 5752 5763 11D 5786 
.5809 5821 5832 5843 5855 .5866 5877 5888 3899 
5922 5933 5944 955 5966 5977 = .5988 5999 .6010 


.6031 .6042 .6053 .6064 .6075 .6085 .6096 .6107 6117 
6138 .6149 .6160 .6170 .6180 6191 .6201 6212 6222 
6243 6253 6263 .6274 .6284 .6294 .6304 6314 6325 
.6345 .6355 6365 6375 6385 6395 .6405 6415 6425 
6444 .6454 .6464 6474 .6484 6493 6503 6513 6522 


6542 6551 6561 6571 6580 .6590 6599 .6609 6618 
6637 .6646 6656 .6665 .6675 .6684 6693 .6702 6712 
.6730 .6739 .6749 6758 6767 .6776 6785 6794 .6803 
682 | .6830 6839 6848 6857 .6866 .6875 .6884 .6893 
691 | .6920 6928 6937 .6946 6955 .6964 6972 .698 | 


.6998 .1007 1016 1024 1033 1042 .7050 .1059 .1067 
.1084 .1093 7101 7110 7118 1126 1135 1143 1152 
.1168 JA77 1185 1193 1202 1210 1218 .1226 1235 
7251 1259 .1267 A219 .1284 1292 .7300 1308 1316 
1332 .1340 .1348 1356 .1364 1372 .1380 1388 .1396 
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TABLE 1 


(continued ) 


7709 


1782 
1853 
.1924 
1993 
.8062 


8129 
8195 
8261 
8325 
8388 


845] 
8513 
8573 
8633 
8692 


8751 
8808 
8865 
8921 
8976 


9031 
9085 
9138 
919] 
9243 


9294 
9345 
9395 
9445 
9494 


9542 
9590 
9638 
9685 
9731 


9777 
9823 
.9868 
9912 
.9956 





7412 
. 1490 
.1566 
.1642 
1716 


.1189 
. 1860 
1931 
.8000 
.8069 


8136 
8202 
8267 
8331 
8395 


8457 
8519 
8579 
8639 
8698 


8756 
8814 
887] 
8927 
8982 


9036 
.9090 
9143 
.9196 
.9248 


9299 
9350 
.9400 
9450 
.9499 


9547 
9595 
.9643 
.9689 
.9736 


9782 
9827 
9872 
9917 
.9961 


9703 
9750 


9795 
984 | 
.9886 
9930 
9974 


9754 


.9800 
9845 
.9890 
9934 
9978 


9763 


.9809 
9854 
.9899 
9943 
9987 


9768 


9814 
9859 
9903 
9948 
999 | 
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TABLE 2 
TRIGONOMETRIC FUNCTIONS 


pore [oom [ee ef 





0 
l 

2 
3 
4 
5 
6 
7 
8 
9 





cos sin cot tan Radians Degrees 


Tables 


TABLE 3 
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SQUARES, SQUARE ROOTS, AND PRIME FACTORS 


Square 
Number Square root Factors 


WOmonar Nhwhrnd — 


| 


2,209 
2,304 
2,401 
2,500 


1.000 
1.414 


6.782 
6.856 
6.928 
7.000 
7.071 





2 52 
3 53 
2: 54 
5 55 
2-3 56 
7 57 
zs 58 
3? 59 
2-5 60 
V1 6] 
2?- 3 62 
13 63 
2-7 64 
3-5 65 
2 66 
17 67 
2-3? 68 
19 69 
27-5 70 
3-7 71 
2-11 72 
23 73 
2*.3 74 
5? 75 
2-13 76 
3" 77 
2a] 78 
29 719 
2-3-5 80 
3] 8 | 
2° 82 
3-11 83 
2-17 84 
5:7 85 
2° +3? 86 
37 87 
2-19 88 
3-13 89 
22S 90 
4| 91 
2-3-7 92 
43 93 
2a 11 94 
37-5 95 
2-23 96 
47 97 
203 98 
a 99 
25 100 
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2,601 
2,704 
2,809 
2,916 
3,025 
3,136 
3,249 
3,364 
3,481 
3,600 


3,721 
3,844 
3,969 
4,096 
4,225 
4,356 
4,489 
4,624 
4,761 
4,900 


5,041 
5,184 
5,329 
5,476 
5,625 
5,776 
5,929 
6,084 
6,241 
6,400 


6,561 
6,724 
6,889 
7,056 
7,225 
7,396 
7,569 
7,744 
7,921 
8,100 


8,281 
8,464 
8,649 
8,836 
9,025 
9,216 
9,409 
9,604 
9,301 
10,000 


Square 


root 


7.141 
7.211 
7.280 
7.348 
7.416 
7.483 
7.550 
7.616 
7.681 
7.146 


7.810 
7.874 
7.937 
8.000 
8.062 
8.124 
8.185 
8.246 
8.307 
8.367 


8.426 
8.485 
8.544 
8.602 
8.660 
8.718 
8.775 
8.832 
8.888 
8.944 


9.000 
9.055 
9.110 
9.165 
9.220 


9.434 
9.487 


9.539 
9.592 
9.644 
9.695 
9.747 
9.798 
9.849 
9.899 
9.950 
10.000 
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ANSWERS TO 
ODD-NUMBERED PROBLEMS 


CHAPTER 1 


Section 1.2 [pages 8-10] 


I. 
13. 
23. 
25. 
Zi. 


29 


V65 3.2 §. V37/2 7. V6 9. Collinear 11. Not collinear 

Collinear 15. Right triangle 17. Right triangle 19. —3,5 DMs 23 

Since (5, 2) 1s equidistant from A and B (d = V'17), it is on the perpendicular bisector. 

Lettering the vertices A, B, C, and D, respectively. it follows that AB = CD = 3 and BC = AD = V10. 
(O. —1) inside; (1, 7), (2, 0). (-—5. 7), (—5, —1), (—6, 6) on; (—3, 8), (4. 2) outside 

A =R —-A,-—A2.—A; 


l l | 
= (x2 — X1)0¥3 — y2) — > (x2 — X1)(V1 — y2) — 9 (x2 — X3)(v3 — y2) — 9 (x3 — X1)(¥3 — yi) 


(2x2y3 -* 2X2Y2 oe. 2x13 te 2X1 V2 — X2y,) + X2yV2 + XV — X12 — X23 F X2y2 
X3V3 — X3¥2 — X3¥3 + X3V1 + Xs — XY) 


(X; V2 + X23 + X3V, — XVV3 — X2V1 — X32) 


ho | — + tO | — 


¥ 


| X37 1 X2 — X3 
ya 
yi — y2 


y3 — y2 


\ 


ina 


(2, y2) 


SS — SS YT 
X2— NX) 


ee 
fad 
wn 
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If the points are numbered in clockwise order, rather than the counterclockwise order given, the result will 
be the negative of the one above. Thus the absolute value is needed. 


31. Placing the axes as shown, we see that AB =a + b: butAC = Va? + c?2>a and BC = Vb? +c? > b. 
Thus AC + BC > AB. 





x 
B(-h, 0) Ata. 0) 


Section 1.3 [pages 15-16] 
1. (4, 3) 3. (16/5, —9/5) 5. (17, 22) 7. (2, 1) 9. (7/2, 1) 11. (12, —4) 


13. (0, —7) 1S. (3, 0) 17. (14/5, 7/5) 19. (6, —7) 21. (4/3, 5/3) 255.12; = 1/2) 


25. Placing the axes as shown, we See that the midpoints of the three sides are D = (0,0), E = (a/2, c/2), and 
F = (—a/2, c/2). Thus CE = ED = DF = FC = Va? + c7/2. 





2c 15. = 9 29. (13, —2), (-—9, —10), (—S, 4) 


31. Placing the axes as shown, we see that AB = CD = a and BC = DA = Vb? +c. Thus AB? + BC? + 
CD’ + DA* = 2a’ + b*? +c’). Since AC = V(a — b)* + c* and BD = V(a + b)’ +c’, it follows that 


AC? + BD? =(a-—by+cCt+(atbyte=Aat+ b+’), 







Cth. ©) Diath.) 


nee --— 
Ata, 0) 
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Section 1.5 [pages 22-24] 
1. 5/3, $9° 3. 2/3, 34° 5. No slope, 90° 7. 1, 45° 


9. 11. 





13. 





15. Parallel 17. None 19. Coincident 21. Perpendicular 23. 62.5% 
25. 14/3 27. 10/7, 11 29. 9 


31. Labelling the points A, B, C, and D, respectively, we have mag = Mcp = —1 and m, = maz = 1. Thus 
AB || CD and BC || AD, implying that it is a parallelogram. AB 1 BC, implying that it is a rectangle. Since 
Mac does not exist and myn = 0, AC 1 BD, implying that it is a square. 


a-O_ 


a—QO 


= 1: AC 1. BD. 
O-a 


33. Mac 





—1;) mgp = 


C(0, a) D(a, a) 


B(0, 0) A(a, 0) 
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3§. Since WXYZ is arhombus, 


WX = WZ. 
a=Vb+c’, 
2= bh? +c. 








Myy* Mxz = f= +f =] 
a*—b- c 
WY 1 XZ 
W(0,0) X(a,0) 
Clearly a and b must have opposite signs. Thus a = —b (or b = —a). Now it is clear that the origin, O, 


is the midpoint of AB; and OC 1s a median. Since OC 1 AB, OC is also an altitude. 


Section 1.6 [pages 29-30] 


b... 135° 3 13d: 5: 0: 7. 56° 9. 12° 11. 60° 13. 135° 3915, 27° 


17, -7-5V2 19.1+V2 21. -8+ V65 23.2 25. 37°, 72°,72° 27. 1/5 
29. 2 31. -—2 33. +1 
Section 1.7 [pages 32-33] 
1. Function 3. Function 5. Function 
y 





7. Function 9. Not a function 
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13. 15. 17. Not a function 


x 





(9/26, —5/26) 





19. Not a function 21. Function 23. Not a function 
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31. 


ey 





37. y y y y 


Section 1.8 [pages 35-36] 

1. 14x + 8y -— 69 =0 3. x° + y*? — 10x — l6y + 80=0 5. 2x -y —-8 =0 
7. 5x -— 2y - 19=0 9 x° + y?—-9x + 18 =0 Il. x? +y?’-x -9y + 18 =0 
13. y?-— 8x + 16 =0 15. 3x° —y’ + 6x -9 =0 17. 25x? + 9y* = 225 
19. x° + y? = 16 21. 8x? -y’?=8 23. xy = +4 


Review Problems [pages 36-37] 
1. (22/7, —9/7) 3. V221/2, V41, V185/2 De2 15 26) Hal 2 9. 3x —2y —8 =0 


ll. -1, -9 13. (2/3, 1) 15. (3, —2) 17. (1, 4), (4, 6) 19. x =ycoty 


CHAPTER 2 


Section 2.1 [pages 46-48] 
1 -6i-2§ 3. 7i+j 5. -i+5j 7. 41-37 9 9. (3/V/10)i — (V/V10)j 
MW. —(1/V5)i + (2/V5)j 3. (VS) + (2/5) 18. — 4/5) + (3/5) j 
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17. B = (4, 3) 19. A = (5, 0) 21. B = (6, 0) 23. A = (1, 3) 


25. 4i + j, 2i — 3) 27... 3i- Fj, 1 = 3j 29. 31+ j, -—i — 7j 





31. 5i — 3j,i + j 33. 





35. A = (5/2, —3/2), B = (11/2, 7/2) 337. A = (3/2, —1/2), B = (5/2, 1/2) 39. 81 + 5j 


41. —Si — 3j 
—_ —> . . 
43. a. AB = AB follows directly from the definition of equivalence. 


b. Since any true statement about AB and CD is also a true statement about Cb and AB, it follows that if 
AB = CD, then CD = AB. 
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c. Suppose AB = CD and CD = EF. If AB has length O, then CD has length 0; if CD has length O, then 
EF has length 0. Thus AB = EF. Suppose AB is not of length 0. Then AB and CD have the same length, 
both lie on the same or parallel lines, and they are directed in the same way. A similar statement can be 
made about CD and EF. Thus AB and EF have the same length, both lie on the same or parallel lines, 
and both are directed in the same way. Thus AB = EF. 


45. a. ait bj is represented by OP, from (0, 0) to (ay, b,). d2i + b2j is represented by OP; from (0,0) to (a2, 
b2), or by P, P; from (a,, b,) to (a, + a2, by + bz). Hence the sum is represented by OP, from (0, 0) to 
(a, + a2, b, T b>), giving (ai + b,j) + (azi — b>j) = (a, + az)i a (b, 1 b>)j. 


b. Let (a,l + b,j) — (ai > b2j) = ai = bj. Then ail + b,j = (a>i 2 b2j) e (ai ss bj) = (a> 5 a)i + 
(b. + b)j. Thus a, = a2 + a Ora = a, — az, and b, = b, + b orb = b, — by. 


c. V = ai + bj is represented by OP from (0. 0) to (a, 6); w = dai + dbj is represented by 00 from (0, 0) 
to (da, db). Clearly these points lie on the same line; so w is in the same direction as or opposite direction 
from _v, depending upon the sign of d. Furthermore, |w| = Vd’a’ + d*b* = Vd*(a* + b*) = |d| 
Va? + b= Id| Ivl. 


4 
d. ai + bj is represented by OP from (0, 0) to (a, b). Its length is V(a — 0)’ + (b — 0)? = Va? + b?. 


47. Clearly if a=c and b=d, then ai+ bj = ci+ dj. Suppose ai+ bj =cit+ dj. (a —c)it+ 
(b — d)j = 0. This vector has length 0. Therefore (a — c)? + (b — dy’ = 0. 
a-c=0 and b-d=0 
a=c and b=ad 


Section 2.2 [pages 53-55] 

1. Arccos 1/5V2 = 82° 3. 90° 5. 90° 7. Arccos 3/V34 = 59° 9. |, not orthogonal 
11. 4, not orthogonal 13. —1, not orthogonal 15. 3, not orthogonal 17. (1/2)i + (1/2)j 
19. —(6/5)i + (12/5)j 21. (2/5)i + (1/5)j 23. (6/5)i — (3/5)j 25. 30V2 
27.3 29. -8 «3h. -1/2 33. -1— 35, #23 37. (8 — 5V3)/11 
39. —(2/17)i — (8/17) j. —(19/17)i — (76/17) j 41. —(2/5)i — (4/5)j. (3/5)i + (6/5) j 


43. Since the zero vector is orthogonal to every other vector and 0 - v = 0, that case is trivial. Suppose now that 
neither u nor v is the zero vector. If u and v are orthogonal, then 
u’v 
——— = cos 90° = 0 
jul - |v 
Thus u- v = 0. On the other hand, if u- v = 0, cos 6 = 0 and @ = 90°. 


aya. + bb, u: Vv 
45. COs @g = ees ee = —__ 
jul: |v ul * |v| 





Section 2.3 [pages 58-60] 
1. 61 + 2j 


3. 5V5 Ib to the right and inclined upward at an angle of 63° with the horizontal 


5. 
Te 
15. 
17. 
19. 
25. 


27. 


29. 


31. 


33. 
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V25 — 12V2 Ib to the right and inclined downward at an angle of 3° with the horizontal 
3V3i+ 33 | 9. 32/21 — 3V2/2j. = s.s«1.638i + 1.1475 13. j 

V'29 Ib to the right and inclined downward at an angle of 68° with the horizontal 

34 + 15/2 lb to the left and inclined downward at an angle of 28° with the horizontal 
4V2i+ (4V2 -—9j 21. (3V2 -— 81+ 3V2j 23. (4V3 — 5) + (5V3 — 24)j 
q = 1/2ut+v+ 1/2w 


q = —1/2u + p —- 1/2w 

Adding, we have ‘ 
pty 

2q=ptyv, q= 5 


v 
Ww 
P 
u 
v 





a=u-v, b=utyv 


a-b=(u-—v)°(ut V) Ne 
=u'utrtrur‘v-v‘'u-Vv'y¥ 
= jul — Wi = 0 ee 


Vv 
jul = |v| u 


u=at+d=a-b, v=at+b a 
jul? + |v|? = ja — bi? + ja + bl’ 
= |al* + |-b|’ — 2\al|—b] cos B 
+ jal? + |b|’? — 2lal|b] cos a 





lul=|v], v=ut+w 


u*-(—-Ww) —-U-wWw 
cos a = ———_ = — — 

jull—wiul|w 

w: -(u + 
e680 vVew-(ut w) 


|w/|v| w/v 
_wru +Wwew 
|w/|[ul 
|w|* = |u|? + |v|/? — 2|ullv| cos (180° — a — B) 
= |u|’? + |v|? — 2u- v = 2/ul? — 2u- (u + w) 


ES 


= 2u:u—- 2u:u— 2u-w= —-2u-w ss 
| u'wt+w:-w u:w- 2u:w u‘wWw 
cos B = ———__—_—_ = ————_—_—__ = —- ——_ = 5 q 
[w||ul }w||ul| Jul w| 


a+b+c=0 


u = —-a— 1/2¢ 
v=a+ 1/2b 
sv=at+ru c b 


s(a + 1/2b) = a+ r(—a-— 1/2c), sa+t+ s/2b = (1 -—r)a— r/2e 


s/2b + rf2e =(l-—r-s)a=(l-—r-s)(-b—- Cc) tw 
(s/2+1—r—s)b+(r/2+1—-r—s)c =0 [I 
l-r-s/2=1-r/2-—s =0, 2r+s5 =r+ 2s = 2 : 
2rts = 2,. PRs KH 2. FH KH 23 
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Review Problems [pages 60-61] 





l 3 
LS t= 3. A = (1, 3/2), B = (5, 1/2) 5. 8 
V13 VB" 


11. (4V3 — 5V2)i + (10 — 5V2)j 


13. u=a+b, v=at+d 


d=-nb, rv=d+su 

r(a + d) = -nb + s(a + b) 
r(a—nb) = -nb+s(at+b), (r—s)a=(rn —n + 5)b 
r—-s=0, rn-n+5=0 

mt+tr-n=Q0, r(ltn)=n 

l 

l+n 


= 
ss 











~. Lb=-Tr=L—s = 


15. 15V3 lb, 15 Ib 


CHAPTER 3 


Section 3.1 [pages 66-68] 





x—2y+7=0 
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17. 


19. 


21. 


25. 
27. 
31. 


35. 


37. 
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x+y -6=0,x -—2y —3 =0, 
3x —-y + 1 =0 


X= 2y = 3 = 0, 2% + y =—6-=.0, 
x + 3y —-3=0 


Sx — 6y +2=0, 2x + Vy —3 = 0, 
7x + 3y -—1=0 


ax = 2y ES = 0 





The given circles do not intersect. 29. x —3y +3 =0 


7x —-y -20=0,7x -y-—20=0 33. 9C-5F+160=0 


— y 
(x1, yi), (X2, y2), m au 
X; — X2 
y — yy it? 5 — x,) 
Ay 7 XS 


yx — X2) — yil%y — X2) = XO — Y2) — XQ — 2) 
X(yi — y2) — p(X, — X2) + (X1y2 — X2y1) = 0 


If the determinant is expanded by minors with respect to the first row, it is seen to be the same as the above 
result. 


Since no two of the three lines are parallel, A,/B, # A2/B2, A2/B. # A;/B;, A3/B; # A,/B,. Thus A, Bz # 
B,A, and A, B, — B, Az # O. Solving the first two equations simultaneously, we have 


C, B, 

C, B; 
Ls = = 

A, : 


Ar B, 





ee 





If the lines are concurrent, the above point of intersection is on the third line. Thus 
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OF B, A C; 
C, B Ar C 
A. =p2 = CS 0 
A, B, A, B, 
A> B2 A> B, 
B, C A, C A, B 
A; 1 1 —B, 1 1 rs Cc 1 1 = 0 
B, C> A> C> A2 B, 
A, B, OF 
A> B, C> = 0 
A; B, C; 


The above steps are reversible. 


Section 3.2 [pages 73-74] 
1. 3: 





—3 —2 -1 


—! 
10x —2y+1=0 
—2 





—3 
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13. 1S. 





21. 2x -— Sy + Il = 0 


23,.x +¥y-7=0 25. x + 3y —-6=O0:x +y —-4=0 


y y y 





(b) 


348 Answers to Odd-Numbered Problems 


27. 4x +y —3 =0 29. (15/14, —5/14) Slo (=). =7)) 33. 5/2 35. | 


39. 





41. A representative of v is OP, where O = (0, 0) and P = (A, B). The slope of OP is B/A provided A # 0. 
The slope of Ax + By + C = O1s —A/B provided B # 0. Thus they are perpendicular if neither A nor B is 
0. If A = O, then OP is a vertical line and Ax + By + C = 0a horizontal line; if B = 0, OP is horizontal 
and Ax + By + C = 0 vertical. 


x y | 
43. |x, y, 1] = 01s linear in x and y. By Theorem 2.5 it represents a line. The points (x,, y,) and (x2, yz) 
X2 V2 l 


satisfy the equation. (If two rows of a determinant are equal, the value of the determinant is 0). Thus the 
equation represents the line through (x,, y,) and (x2, yz). 


45. (8, 3), (3, —2), (-4, -1) 


Section 3.3 [pages 79-81 | 

V2 3.9/V41 5. 2/57. «18/V29 9. 10/8 dN 29 13. 7/25 
15. 8/V5 17. 13/10, 26/V’29, 26/5 =s-:19. 13. 21. 7x —7y +2=0 

23. 39x + 13y —24=0 25. 2(V2 — 1)x — 2v + (4 — 3V2) = 0 

27. +3/V7_— 29. +3/2V2 so. (1, 1), (2, 2), (3, —3), (6, 6) 


33. Either A # 0 or B # O. Suppose B # 0. If P is on the same side as the origin O, then either P and O are 
both above or both below the line. Thus Ax, + By, + C andA -0+B-0+C =C have the same sign. 
If P and O are on opposite sides of the line, then one is above and the other below the line. Thus 
Ax, + By, + C andA -0+ B:+0+C =C have opposite signs. 
If B = 0, then A # 0 and the same argument can be used, using right and left of the line instead of above 
and below (see Problem 32). 


35. 2(°V3 - 1) 


Section 3.4 [pages 86-88] 


1. Lines through (—1, 4). Does not include x = —1. 
3. Lines with x intercept 2. Does not include x = 2. 


5. All lines through the origin. 


11. 
13. 
17. 
19. 
21. 
25. 
29. 
33. 
37. 
39. 
41. 
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. Lines having both an x intercept and a y intercept. Does not include any line through the origin. 


. Lines containing the point of intersection of 2x + 3y + | = 0 and 4x + 2y — 5 = 0. Does not include 


4x +2y —5=0. 

Lines with y intercept twice the x intercept. Does not include any line through the origin. 
All lines with y intercept equal to their slope. 15. {3x — Sy =k | k real} 

{y — 5 = m(x — 2) | m real} U {x = 2} 

{3x — Sy + 1 + k(2x + 3y — 7) =0|& real} U {2x + 3y — 7 = 0} 

{Ax + By =0]|A, B real} 23. {Ax + By + C =0| |6A + C|/VA? + B? = 5} 

(a) 3x — Sy + 25 = 0, (b) 5x + 3y — 49 = 0 27. (a) 2x +y —5 =0,(b)x — 2y + 10=0 
5x —y +3V26=0 (31. 15x — 8y — 43 = 0, 3x —4v +1 =0 

lix — 60y -17=0,x -—7=0 35. 16x — 8y — 27=0 

x —2y — 10=0, 3x + 2y —6=0 

x + 2y —8=0, 9x + 2y — 24 =0, (11 + 4V7)x — 2y — (16 + 8V7) = 0 
x+y—(44+2V2)=0 43. V3x —y + (6 —-4V3) =0. V3x + y — (6 + 4V3) =0 


Section 3.5 [pages 92-93] 


1. 
11. 


m = 4.17 3. k = 0.412 5. m = 2.14, b = 4.18 7. p = 2.40, q = 4.13 9, k = 11.2 
AH = 0.0703 cal/mole 


Review Problems [pages 93-94] 
l. a. 2x -— 3y + 13 =0, b. 2x —-y -6=0, ce. 3x°+ 3y = 1 = 0, d. x —2=0 


3.a.m=1/4, a=-l, 


5. 


[a b. m = —2/3, a = —5/2, b= —5/3; 


l = | 
c. m = —5/2, a =0, = 0; d. Noslope, a= -—1/3, noy intercept 


17/2V 10 


7. a. {y + 1 = m(x — 5)|m real} U {x = 5} b. {2x — 3y =k |k real} 


c. {Ax + By + C =0| |2A + 5B + C\/VA> + B? = 3} 


9 x+y -1=0 ll, x —1=0, 2x + 9y —- 23 =0, 10x + 9y — 31 =0 


13. (0,4), (-—4/3, 0) IS. y —1=0, 5x - 2, -13=0 
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CHAPTER 4 


Section 4.1 [pages 99-100] 


l. (x — 1% + (y — 3)’ = 25 
x>+y?-—2x —-6y —-15=0 


y: 





§. (x — 1/2)? + (y + 3/2)’ = 4 
2x7 + 2y* — 2x + 6y —-3 =0 





9, x° + (y + 3/2) = 25/4 
x°>+y? + 3y —4=0 
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3. (x —S5P + (y + 2 =4, 
x>+y?— 10x + 4y + 25 =0 





7. (x — 4)? + (y + 2)? = 26 
x? +y?— 8x + 4y —-6=0 





ll. (x - 3% + (vy -3/ =9 
x°+y?- 6x -6y +9=0 
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13. (x —4"% +(y - 1) =4 
x>+y?— 8x —2y + 13=0 





17. (x —- 1) +(y —- 2)? =4 





21. (x — 1/2)? + (y — 3/2)? = 9/4 
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15. (x — 4)? + (y + 47 = 16 
x? +y*— 8x + 8y + 16=0 





19. (x + 3)? + y* = 25 





9-6. =$=4—3 2:10 


a2 
~3 
4 











23. (x — 4/5)? + (y — 2/5)? = 25 


y 


—5 
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25. (x — 1/3 +(y + 1% = -1/9 27. (x — 2/3)? + (y - 1/2)? = 0 
29. (2, —-1), (3, 3) v 

31. (1, 4), GB, 1) 

33. No solution; the circle and line do not intersect. 


35..x% + y + 1=—0 


37. x°+y? =a’ 














oss anne 
m, = 

x ta 

_ yy 
m2 

Xx -a 

2 2 

mm, = 2 =~ =-] 
}7rt2 — — 

ya ~y? 


39. a. D?+E’-4AF>0 b. =0, c. <0 





Section 4.2 [pages 107-108] 

1. 3x? + 3y? — 10x -— 10y -5 =0 3. 5x* + Sy? + 13x -— 17y —- 40 =0 

§.x°t+y?- 13x -y= 7.x? +y?+4x -10y +4=0,x° + y? — 6x + 10y +9=0 

9. x°+y?-—4x + 8y —-5=0 11. 2x° + 2y? + 8x + 12y + 1 = 0, 2x7? + 2y? — 12x — 48y + 81 =0 
13. x° + y? — 2x + 6y = 0 15. x° + y* + 4x + 6y — 37 =0 

17. 13x° + 13y* + 4x + 19y — 49 =0 


19. x° + y? + 6x + 6y +9=0,x° + y? + 6x — 6V +9 =0,x° + y? — 6x + 6y +9 =0, 
x+y? —- 6x —-6y +9=0 


21. 5x* + Sy? + 52x — S6y + 47 = 0, 5x? + Sy’ — 32x + S6y — 37 =0 
23. x° + y? + 4x -21=0 


25. Since the three points are collinear, by Problem 36, Section 3.1, the coefficient of x* and y’ is 0. Now we 
need to show that either the coefficient of x or the coefficient of y is different from 0. Since the points are 
distinct, we cannot have both x; = x. = x3; and y, = y2 = y3. Suppose y,, y2, and y; are not all the same. 
Suppose furthermore that y2 # y3. 


x?>t+y* y I 

xstyz y. 1] =0 

xstys ys 1 
represents a circle (since y. # y3, the coefficient of x7 + y*, which is y2 — y3, is not 0) containing (x2, y2) 
and (x3, y3). If 


xp + yi y, | 
x3 + y3 y2 1] = Q, 
xi? + y3 yz | 


27. 
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then (x), y:) is on this circle. But since the three points are given to be collinear, (x,, y,) cannot be on the 
circle. Thus the last determinant (which is the negative of the coefficient of x in the original determinant) 
is not 0. 


x —-3y —-7+ 13V10=0 


Section 4.3 [pages 111-114] 


1. 
5. 
9. 
13. 


15. 
17. 


19. 
21. 
25. 


Tx? + Ty? + 26x + 32y —17=0 3. 3x? + 3y? + 14x — Ily — 23 = 0 


3x° + 3y? -— 2x —-10V --2=0 7.x? +y?-6x +2v+3=0 


13x° + 13y? + 20x — 22y —- 35 =O0,x? + y?-4x + 2y +1=0 11. 4x + 8y — 11 =0 
x? ty? +2x + 2y —-7+ k(x? + y? -— 4x - 6y + 9) =0 
9+04+6+0-7+k(9+0-12-0+9)=0 

8 + 6k = 0 

k = —4/3 


x? +y?+ 2x + 2y — 7 — 4/3(x? + vy? — 4x - 6y +: 9) =0 
x* + y? — 22x - 30y + 57 =0 
x*>+2x +1 t+y?+2y=7 x? +y?- 4x -6y +9=0 
(x + 1)°+(v +1) =9 (x — 27 +(y - 37 =4 


The distance between the centers is the sum of the radii. The given circles are tangent. There are many circles 
through this point and the point (3, 0). 





The family of all circles of radius 1, with center on the line y = 1. 


The family of all circles in the first and third quadrants, which are tangent to both axes, together with the 
origin. 


The family of all circles of radius | and containing the origin. 


V 13 23. V 33 


If P, and P, are two points on any circle, then the perpendicular bisector of P; P2 contains the center of that 
circle. Thus if three circles all contain P, and P>2, the perpendicular bisector of P, P2 contains the centers of 
all three circles. 
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27. TP? = CP? - CT’ 
_F Gee hy Porky ar 
TP = Vx, — bY + (nn —kP 
29. Since we are dealing only with the nonnegative square roots, 
xityt+ Dx, + Ey, + F =xi+yi+ D'x, + Ey, + F’ 
implies 


Vx t+yf+ Dx, + Ey, + F = Vxit+yi t+ D'x, + E'y, + F’. 


Review 4 [page 114] 
1. Circle with center (5, —2) and radius 4. 3. Point (1/3, —3/2) 5S. 4x + 4y —7=0 
7. 25x* + 25y? — 200x — 50y + 229 =0 9. x° + y? + 18x — 8y — 24=0 


11. The circle has equation x? + y? = r’. y 











Vy) Loa 
Maa — Mpx = —~ 
X,; + 7r yi 
yy X,; +r X,;—- Tr 
PX: y -— = -—— [x - 
2 y\ 2 


This line contains the center (0, 0) since substitution of (0, 0) into this equation gives xj + yj = r°, which 
is known to be true. 


CHAPTER 5 


Section 5.2 [page 122] 


1. Axis: x axis, V(O, 0), F(4, 0), 3. Axis: y axis, V(O, 0), 
D: x = —4, Ir = 16 F(O,1),D: y=—-Il1,lr=4 


y 
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§. Axis: x axis, V(O, 0), F (5/2, 0), 
D: x = —5/2, Ir = 10 


V 





9. Axis: y axis, V(O, 0), F(O, —1/2), 
D: y = 1/2, lr = 2 





13. y? = 25x 15. y’? = 5x, y? = —5x 17. y? = -12x 
23. x7 -2ry +y?+8x+8y-16=0 25.2x -y-1=0 


29. CP = PD 
Va (ye) = lye 
x? +y?- Ay +c? =y? + ty +c? 
x? = 4cy. 
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7. Axis: y axis, V(O, 0), F(0, 5/4), 
D: y = —5/4, lr = 5 


s 





11. Axis: y axis, V(O, 0), F(O, 3/2), 
D: y = —3/2, Ir = 6 





19. x* = 4y/3 21. y? =8x — 16 


27.x+y-4 
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31. We assumed that m*x? + (4m? + 8m + 8)x + (4m? + 16m + 16) = 0 is really a quadratic equation, 
which requires that m # 0. 


Section 5.3 [pages 129-131] 


1. C(0, 0), V(+13, 0), CV(O, +5), 3. C(O, 0), V(+5, 0), CV(O, +2) 
F (+12, 0), Ir = 50/13 F(+ V21, 0), Ir = 8/5 





5. C(0, 0), V(O, +7), CV(+5, 0), 7. C(O, 0), V(O, +3), CV(+2, 0), 
F(0, +2V6), Ir = 50/7 F(0, + V5), Ir = 8/3 


y 





9. C(0, 0), V(O. +4), CV(+3, 0), 
F(0, + V7), Ir = 9/2 





11. 
13. 
15. 
17. 
19. 
21. 
23. 
25. 


27. 
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x7/144 + y7/169 = | 

x7/25 + y7/10 = 1 

x7/36 + y7/9 = ] 

x°/100 + y7/64 = 1 

0.0167 

4x + 3y —11=0 

x —4y + 14=0, 11x + 12y — 70 =0 


F(-c, 0), D: x = -a’/c, e =Cla 








PF 
PD 
Vix tc) +y? Cc 
x +a’lc a 
s—— 3 =x 
VEC) Fy = — + a 
a 
De 
x’ + Qex +e? + y? =— + 2cx +a’ 
a 
QC). 4. 6. is 
a oy Sa ae 
a 
2 2 
xX ’ 
3 _ = | 
a“ a’-c 


The ellipse has equation b*x* + a*y* = a’b’. The tangent line has equation y — yo = m(x — xo). Solving 
the second for y and substituting into the first, we have 


b*x? + a*[ yo + 2myo(x — x0) + m?*(x — X)*] = a’b’, 
which simplifies to the quadratic equation 
(b? + a?m*)x? + 2a?m(yo — mxo)x + a?[(¥o — mx)’ — b*] = 0. 
Since the ellipse and its tangent line have only one point in common, this quadratic has only one solution. 
Thus its discriminant, B* — 4AC, is 0: 
4a*m?(yo — mx)” — 4(b? + a’m?)a[( yo — mx)’ — b*] = 0. 
This simplifies to 
m*(a’b? — b?x6) + 2mb?xoyo + b7(b* — ys) = 0. 


Since (xo, Yo) is on the ellipse, it satisfies the equation of the ellipse: b’x5 + a*ys = a°b’. Thusa*b* — b°x6 
can be replaced by a’yg, giving a’m*y¢ + 2mb*xoyo + b°(b* — ys) = 0. Similarly, we may multiply by a’ 
and replace a*b’ — a’yé by b’x<, giving 
a*m’ys + 2mb*xoyo + b*xG = 0. 
(a°>myo ae bx)’ = 0 

b* xo 


2 
a Vo 





m=- 
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Substituting this back into y — yo = m(x — xo) and simplifying, we get the desired result. 


Section 5.4 [pages 137-138] 


1. C(O, 0), V(+4, 0), F(+5, 0), 3. C(0, 0), V(O, +3), F(O, = V 13), 
A: y = +3x/4, Ir = 9/2 A: y = +3x/2, Ir = 8/3 
y 





§. C(0, 0), V(#12, 0), F(+13, 0), 7. C(0, 0), V(O, +5), F(O, + V 34), 
A: y = +5x/12, Ir = 25/6 A: y = +5x/3, Ir = 18/5 


2 y 
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9. C(0, 0), V(+1, 0), F(+ V5, 0) 11. C(O, 0), V(+3, 0), F(+3V2, 0), 
A: y = +2x, Ir = 8 A: y = +x, Ir = 6 


y 





13. C(0, 0), V(O, +5/2), F(O, + V34/2) 15. x7/4 — y7/12 = 1 
A: y = +5x/3, Ir = 9/5 17. x36 — y/16 = 1 
19. 16x° — 9y? = 144 
21. None 
23. y7/9 — x7/16 = 1 
25. x7/9 — y*/16 = 1 
27. 52x — Sy — 144 = 0 
29. 5x — 4y —-9 =0 





31. Using the hyperbola x*/a* — y*/b? = 1 (or b’x? — a’y> =a°*b’), we find that its asymptotes are 
bx + ay = Oand bx — ay = 0. If (xo, yo) is any point of the hyperbola, then the product of its distances from 
the asymptotes is 


pi ee) 
Since (xo, Vo) is on the hyperbola, it satisfies the equation of the hyperbola, giving b’x§ — a’yg = a*b’. Thus 


_ ja*b*| a’? 


a’ +b?) gq? +b? 








which is seen to be independent of the point chosen. 


33. 279x? — 121y? = 84,397,500 
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Section 5.5 [pages 146-147] 
1. See answer to Problem 27, Section 5.3. 3. See answer to Problem 27, Section 5.3. 


5. Since (xo, yo) is on the ellipse, x6/a” + yo/b? = 1 or b*xg + a*ys = a*b’. In addition, c? = a? — b’. 


























2 
_ — -b*xo _ Yo Yo 
Man = — 2 ? Mcp — ’ Mcp — 
a’ Yo Xo — C Xo tC 
2 
Yo b“Xxo 
ee + 5 
Mcp —~ Man Xo ~ C a Yo 
tan OS Se ae eee 
1+ Mcp ° Mian Yo —b Xo 
Lp ae 
Xo — C Qa Yo 
a°’ys + b’xg — b’cxo a’b*’ — b*cxy Db” 
eae ee a, eee Sea 
a“ XoYo — A°CYo XoYo C° XoYo — A°CYo CYo 
b*Xxo Yo 
2 
Man — Mc'p ayo Xtc 
a 6 = 
1 + Man * Mcp b*Xo Yo 
a’ yo Xo + C 
b*x§ + b*cxo + a’y6 a*b? + b’cxo b? 
= - De ee a ee ae ees ee 
a°XoYo + A°CYo — D°XoyYo C°XoYo + a“CYo CYo 


Section 5.6 [page 150] 
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1. If there is only one sphere inscribed in the cone and tangent to the intersecting plane, then the intersecting 
plane must be parallel to a line lying on the cone and containing the apex. In relating the cone to the 
focus-directrix property, we see from the figures that a = 8B. Thus e = | and the conic is a parabola. 


3. The line joining the centers is the line of symmetry of the cone and contains the point of tangency. Since the 
intersecting plane is perpendicular to this line, the conic section must be a circle. 


Review 5 [pages 150-151] 
1. Axis: x axis, V(O, 0), F(—6, 0), D: x = 6, Ir = 24 


3. AXiS: x axis 
V(0, 0) 
F (4, 0) 
D: x = -4 
lr=4-4= 16 





5. C(0, 0) , 
V(O, +1) ~ 
F(0, + V2) 
A: y = +x 
2b* 2:1] 
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7. y? = 20x 9. 16x* + 25y? = 1600 = 1. « 16x? — 9y? + 576 = 0 
13. 2x + 3y -8 =0 


CHAPTER 6 


Section 6.1 [pages 162-163] 


i ’ 
1. x’? = By 3. (x +3)7/25 + y?/16=1, x'7/25 + y'7/16 = 1 
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13. 9(x—4)?+4(y+2)?=0, 9x'? + 4y’? = 0 1S. (x-%y=y+%, x? = y' 


yy 





17. (y—%)7/4-(x+ “¥)P/16=1, y'7/4 — x7/16 = | 


= 


19. 25x’? + 4y'? = -—25 21. y? — 8x — 10y + 33 =0 
23. 3x7 —y?- 12x +2y —-1=0 25. 9x? — 4y? — 24x - 8y — 184 =0 
27. x’? + 36y” — 2x + 216y + 156 =0 29. 21x’ — 4v? + 42x — 63 = 0 


31. The parabola must have an equation of the form Ax’ + Dx + Ey + F = Oand be satisfied by the three given 
points. The first row of the determinant assures us of the proper form. The three points must satisfy the given 
equation because replacing the x and y of the determinant by the coordinates of one of the points gives us 
two identical rows, which implies that the determinant is zero. 


Section 6.2 [pages 167-168] 
lx’? —2x’y’ + 4y" -5=0 3.x + 4x'y’ —-y’?+1=0 5. x'y’ + 16=0 





Toy’ =x" -—x' 9 yy =x” Wh. yy’ =x" — 4x" + 6x” 13. xy’ —- 2x" -—-4=0 
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15. Ax? + Bxy + Cy? + Dx + Ey + F =0 
x=x'+h, y=y'’t+k 
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A(x’ thy + Bex’ +hyy’ +k) t+Ciy’ +kP t+ Dx' +h) t+ Ely’ +k) +F =0 


This gives 


Ax’? + Bx'y' + Cy’? + (2Ah + Bk + D)x' + (Bh + 2Ck + E)y' 


+ (Ah* + Bhk + Ck? + Dh + Ek + F) =0 


The first three terms above prove that A, B, and C are invariant. 


Section 6.3 [page 172] 
1. V13x' = 6 








7. x’? — dy’ =0 
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11. 17x’? + 7x'y'’ — Ty’? + 20 =0 
13. 7x'* — &x'y'’ +y’" - 10 =0 


15. 3V3x"? — (6 — 8V3)x'y’ 
—(8 + 3V3)y’2 — 16 = 0 


17. x =x'cos@-—y'sin@, y =x’ sin@ + y’ cos 8 
x'* cos’ 6 — 2x’y’ sin @ cos 6 + yy"? sin? 6 + x”? sin? 6 
+ 2x'y' sin 8 cos 6 + y’? cos? 6 = 25 
x'*(cos’ 6 + sin’ 6) + y'*(sin? 6 + cos” 6) = 25 








x'*+y'? = 25 
Section 6.4 [pages 178-179] 
1. 3x'° + y” — l6y’ =0 3. 4x"? —-y" —- 16=0 
r y 
~ 

3 
x 

5. 5x'* + 20y’* = 20 7. 4x"? + Oy"? — 36 =0 
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IS. x =x’ cos@?-—y’sin@, y=x' sin@+y’' cos 6. 
Ax’? cos’ 6 — 2Ax'y’ sin 6 cos 9 + Ay” sin? 6 + Bx’* sin @ cos @ 
+ B(cos* 6 — sin? @)x’y’ — By’? sin @ cos 6 + Cx”? sin’ 6 
+ 2Cx'y' sin 8 cos 6 + Cy"? cos’ 6 + Dx' cos 6 — Dy’ sin @ 
+ Ex’ sin @+ Ey’ cos 6+ F =0 
(A cos? 6+ B sin 6 cos 6 + C sin? @)x'? + [—2A sin 6 cos 0 
+ B(cos’ 6 — sin? 6) + 2C sin @ cos O]x'y' + (A sin’? 6 
— B sin @ cos 8 + C cos’ 6)y’* + (D cos 6+ E sin 0)x' 
+ (—D sin@+ Ecos 6€)y' + F =0 
A'+C'=(A cos’ 6 +B sin 6 cos 0+ C sin’ @) 
+ (A sin? @ — B sin 8 cos 6 + C cos’ 6) 
= A(cos* 9 + sin* 6) + C(sin? 6 + cos? @) =A +C 


(C —A)’-[(C — A)? + B*] | 
B? - 
Since the product is negative, tan 6, and tan 8, must have opposite signs. If we look upon tan 6, and tan 6, 


as the slopes of lines /,; and /,, respectively, then /, and /, are perpendicular. Thus their inclinations, 6, and 
6,, differ by an odd multiple of 90°. 


17. tan 6, * tan 6, = =] 
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Review 6 [pages 179-180] 


MC, =3)e. “Vely Hs: 2), 3. Axis: y = —2 
CV(1 +1, -3), FU, -3 + V5) V(3, —2), F(5, -2), D: x = 1, 
Ir = 1. lr = 8. 


y 





oC (=1,.-2);. Vie L252); 7. Axis: x = 2 
CV(—-1, —2 = 3) V(2, -1), F(2, 0), 
F(= 1:2 4;-—2),.. lr= 18/5: D: y = -3 

Ir = 4. 





9. 2x +3y +5=0, 
dx — 3y - 13 = 0. 


y ll. y? — 8x — 10y + 33 =0 
13. x° — 4x — 8y —-20=0. vy? -—x + 6y + 11 =0 
15. 16x* — 9y* — 128x — 18y + 103 = 0 





17. 


19. 


21. 
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y =x* — 16x* + 88x” — 192x + 140 
es ee 
y' tkh=(x' +hy — 16(x' +h) + 88(x' +h) — 192(x' + h) + 140 
= x'* + 4hxe'? + 6h2x'? + 4hex' + h* — 16x” 
— 48hx'* — 48h*x' — 16h* + 88x’? + 176hx' 
+ 88h? — 192x' — 192h + 140 
y’ =x'* + (4h — 16)x"? + (6h? — 48h + 88)x”’ 
+ (4h? — 48h? + 176h — 192)x' 
+ (h* — 16h? + 88h* — 192h + 140 —k) 
4h -16=0, h=4 
k =h* — 16h’? + 88h? — 192h + 140 
= 256 — 1024 + 1408 — 768 + 140 = 12 
yi =x" — 8x? =x"(x"? — 8). 





tan 29 = V3 - — V3, 
26 = 120°, @ = 60° 
sin 6 = V3/2, cos @ = 1/2 
x! — V3y 
x Tae eee 
2 
— V3x! Py” 
2 
1/4(2x'? — 4V3x'y' + 6y”? 
— 3x2 + 2V3x'y’ + 3y" 
+ 3x" + 2V3x'y’ +y'*)-—-10=0 
x’? + Sy" — 20 =0 
x'7/20 + y'"7/4 = 1, 


4 





B* — 4AC = (-2)?-4°2-1=-4<0. y 
The equation is that of an ellipse (see Problem 26 below). 

y? — 2xy + (2x7 — 9) = 0 

ee 2x + V4x? -— 4(2x? — 9) 
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CHAPTER 7 


Section 7.1 [pages 189-190] 


369 


1. (0, 0), (—3, 0) 3. (1, 0), (—1, 0), (0, —1) 5. (—1/4, 0), (2, 0), (—3/2, 0), (0, —18) 


7. (1, 0), (0, -—1) 9. (1/3, 0), (—1/2, 0), (0, 8) 11. (0, 0) 13. (3, 0), (0, 9) 


15. None 17. None 19. x =l,y =0 21.x =-3,y=1 23. x 


25.x =-1,x =3,y =0 27. y=1 29. x = —3/2,x =-l,y =0 
33. y =0 35. a. y =0 Db. y =a,/b, ¢. none 37. 80,000; 9 


Section 7.2 [pages 197-198] 
I. y axis 3. None 5. X axis 7. Origin 9. Origin 





=-l,y=2 


31. y =0 
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31. a. Suppose we have symmetry about both axes. Then (x, y) on the curve implies that (—x, y) is on the curve 
by symmetry about the y axis; this, in turn, implies that (—x, —y) is on the curve by symmetry about the 
x axis. Thus we have symmetry about the origin. 

b. Suppose we have symmetry about the x axis and the origin. Then (x, y) on the curve implies that (x, —y) 
is on the curve by symmetry about the x axis; this, in turn, implies that (—x, y) is on the curve by symmetry 
about the origin. Thus we have symmetry about the y axis. 

c. Symmetry about the y axis and the origin implies symmetry about the x axis by a similar argument. 


33. A graph can have (at least) two points of symmetry (a line, a sine curve, etc.), but it cannot have two and 
only two such points because two points of symmetry imply infinitely many such points. 


35. Translate to make the axes the lines of symmetry and use the argument of Problem 31. 


37. No, since (x, y) on the graph implies that (x, —y) is on it. Since a function must be single-valued, this cannot 
be the graph of a function. 
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Section 7.3 [pages 202-203] 
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ZN. 


< 





27. y 






4-3 -2 -i 





Section 7.4 [page 206] 


I. y 
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13. 15. 
‘ y 
5 
5 
x 
5 
= = 
9% y 21. Vx + Vy = Va 
x+2Vxy +yv =a 
2Vxv =a-x-y 
5 4xy = a> +x? + y° — ax — Jay + Ixv 


x? — xy + vy? - 2ax — 2ay + a’ = 0 
B- -4AC =4-4-1°-1=0. 
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Review 7 [page 207] 
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13. 





CHAPTER 8 


Section 8.1 [pages 211-212] 
1. 7/4, —777/6, 37/2, 77/6 2. 60°, 180°, 135°, —90° 





15. 





375 
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Section 8.2 [page 215] 
1. ‘ 








377 
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Answers to Odd-Numbered Problems 379 





Section 8.3 [page 219] 
l. y 
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Section 8.4 [page 222] 
1. y 3. y > y 





382 


19. y 


Review 8 [page 223] 


21. 


23. 
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e~-e* 
e~+e* 
y = sinh! x 


e>—e 
x = sinh y = 5 


-y 


2x =e*—-e” 
e*>—2x—-—e °=0 
e” —2xe*° -1=0 


oe EVER +4 


5 =x+Vx°t+ 1 
Since e” > 0, we may drop the minus. 
e=x+Vx?4+ 1 


y = In(x + Vx? + 1) 
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384 


CHAPTER 9 


Section 9.2 [pages 231-232] 
1. y 







@ (2. 45°) 
e( 1, 7/3) 





(0, 30°) 







e(—1, 37/4) 





e(2, 300° ) 
(-—2, 90°) 
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2. (—4, 150°), (—2, 60°), (—1, 30°) 
3. (4, 57/3), (3, 5277/3), (0, 0) 
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35. There are many answers. Two possible ones are: 
} —>-r r—r 


G@— -8@, 6— -7 — 6. 
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Section 9.3 [pages 234-235] 
l. (V2, qr/4), (V2, 7 77/4) 3. (2, 0), (2, 7) 5. (1/2, 7/3), (1/2, Sar/3), (0. 27/2) = (0. 0) 





7. (V3/2, 1/3), (— V3/2, 57/3), (0,0) 9. (V2, 7/4) AN. (3, 109.5%), (3, 250.5%) 
13. (2+ V2, 1/4), (2 — V2, 37/4), (2 — V2, 57/4), (2 + V2, 7717/4) 

15. (1 — 1/V2, 7/4), (1 + 1/V2, 5277/4), (0, 7/2) = (0,0) ~=—-17. (1, 0), (— 1, 0) 

19. (0, 0), (1, 7/2) 


Section 9.4 [pages 238-239] 
he (C10). (V'3/2, 3/2), (1, 0), (-1, 1) 2. (2, 77/4), (2, 27/3), (4, 0), (W2, 57/4), (2, 37/2) 


3. r = 2 sec 0 Ss. r=] 7. r =csc 6 cot 6 9. r = 4/(cos 6 + 2 sin @) 11. tan 0 = 3 

13. x° + y? =a’ 15. V3x —y =0 17. x° + y’ — 4x =0 19. r =(cos 6— sin 8)/(1 + 2 sin 6 cos 6) 
21. r°— 2r(sin6 +cos@)+1=0 23. r?=sec@csc 6. 25. (x? + y¥’)) = (x? - y’y 

27, x° + yy? — 4y — 9 + 4y*/(x? + y’) = 0 (note that the origin is not a point of the given curve) 


29. (x ty)? +y?-1P =v? Bh y? = 2x +1 33. x° + y? = 3x + 2y 


Section 9.5 [pages 243-245] 
1. hyperbola, (0, 0), x = 2, 2 


3. ellipse, (0, 0), y = 2, 2/3 
5. parabola, (0, 0), vy = 3, 1 
7. ellipse, (0, 0), v = 3, 2/3 
9. Fr 


10/(3 + 2 cos 6) 


Il. r = 2/(1 + sin 6) 


13. r = 25/(4 + 5 cos @) 
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23. 


25. 
27. 


29. 


The shape of the conic is elliptical approaching a circle. The equation approaches r = k (k = ep), which 
is an equation of a circle. 


r = 184,900/(43 — 2 cos 6) 


cos(a — @) = p/r 
rcos @cosa +r sin @ sina =p 
x cosa +y sina —p =0 


The line through (x,, y,) and parallel to the given line is Ax + By — (Ax, + By,) = O. Both lines can be put 
into the normal form by dividing by + VA* + B’. Thus we have 


A B C 
SE 
NAS AB +VA'+ Bo + VA7+B: 
and 
Ax, + By, 


A B 
ey ————— ry 
+ VA? + B’ +VA7+B + VA?+B: 
By choosing the same sign in both cases, the polar coordinates of Q, and Q> are 
2) = 
"Ve VAT + B SN + VAR + B 


Thus the distance between them is 





; ite C - (- | _ [Ax + By, + C| 
+ VA’ + B’ + VA? + B’ VA’? + B’ 
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Section 9.6 [pages 251-252] 


lox =y’?’-2y+2 5S. y = (x + 1)’ 





1 MSN Oy = Sa 9..% =2 = 36 y = 35 = 35r Il. x =2+ 3r,y = 3 
13. x? — 2xyp + y? - 2x - 2y = 0 15. y> = x’ 
y 





17.(x — 2)? +(y + 1) = 1 19. (x - 3 - (y - 2) = 
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Zi. 


‘< 


| YN 
xX 
a 





Sl. x —x, =rQ.- x1), yY-—y =rQ2- yi) 
X— XX r(%2-— M1) 2-H 


y-y rQz2-y) yoy 





y 
l : ° 
(b) 
Section 9.7 [pages 255-258] 
1. x = 10007, y = —16r? + 1000V3r = 3. x = 1632, y = —16r? + 161; (16V3, 0) 
5. x = (vo cos 6)t, y = —16t? + (vo sin O)t 7. x = a(@ + sin 6), y = a(l + cos @) 
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ll. r = a(l = sin 6)/cos 6 13. r =(a+b-cos @)/cos 6 


15. x =a cos 6+ a6 sin 80, y =a sin 6 — a6 cos 8 17. x = 5a cos 6 — a cos 56, vy = Sa sin 0 


Review 9 [pages 258-260] 





7. (1, 1/2), (1, 32/2) 9. (= 1, 3277/2). (0, 0) = (0. 77/6) AD. (0 7/2), (1, 0), (— 1. 77) 
13. (a) (0. —1), (—2, 2); (b) (2W/2, 3277/4), (5, 77) 15. r = 6/(3 + 2 sin 6) 


7. y=x2? 42x - 5. 19, x? —2xy+ y?-—2x—-—2y4+1=0. 


y ' 





21. x=2r4+2,y= —8r 43. 
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23. (x? t+y -ypp~exr+y? 25. F(0.0).D: y = -2.e =1 


27. y? = 4x*°(1 — x’) 





CHAPTER 10 


Section 10.1 [pages 266-267 | 


1.5\2 3.5 5. V13l 75 #99 JD. (-2.1.2) 13. Cl. 2. 15. (-9. 7. -1) 


ty 
— 


17. (1. 1,5) 19. (1, 3.3 2) 21. (8. 4. —6) 254 (=e = 3) 252 aS Zi, 
2951155 






Pes Vo. z,) 





X —X,; = r(x. — X;) 
X =X, + (xX. — X)) 
By projecting onto the yv axis and the = axis. we get 
yryr7r2-yi) x2 Or 


Z = 25° Flz5: = 2)) 






P(x; V>> Z,) 


Section 10.2 [pages 272-273] 





4 
1. -6i- 2)+7k 3. -31- 4j- 3k 8. Sei - ej - ek 


! 5 3 
Pe tae ae es k 9.B=(4.0.8) I. A=(3.1.3) 
V35.. \352 35 
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13. A = (0, 6, —3/2), B = (4, 4, —1/2) 15. 60° 17. 77° 


19, 3i + 2j + 6k, —i — 6j + - —1, not orthogonal 21. 31 — 5j + 5k, i + 3j + 7k, 0, orthogonal 
4 4 4 7 7 

23. -it+-jt+—k ZS. Dien k 
3 3 3 6 3 6 

27. Suppose we have a vector v in space. Let us consider the respresentative of v with its tail at the origin O. 
The head is at P(a, b, C). Let us project P onto the coordinate axes, giving points A(a, 0, 0), B(O, b, 0), 
and C (0, 0, c). Since OA represents a vector of length |a| that is either in the direction of i or in the opposite 
direction, depending upon whether a is positive or negative, it represents ai. Similarly, OBrepresents bj 
and OC represents ck. It is clear that v = ai + bj + ck. 

Since the point P can be represented in rectangular coordinates by a triple (a, b, c) of numbers in one and 

only one way, the vector v has one and only one representation in component form. 


29. aii t+ b,j + c)k is presented by OP from (0, 0, 0) to (a, b), c) and azi + bj + c2k by OP, from (0, 0, 0) 
to (a2, b2, c2), or by P, P3 from (a;, by, c,) to (a; + a2, b; + bo, c; + C2). Hence the sum is represented by 
O 3 OF 

(a\i + by + cK) + (ai + boj + c2k) = (a, + a2)i + (db, + b2)§ + (C1 + €2)K. 
Let (ait + b,j + ck) — (ani + boj + c2k) = ai + bj + ck. Then 
ait by + ck = (api + boj + cok) + (ai + bj + ck) 
= (a, + a)jit (bo + bj + (+ c)k 

a, =a,+a b, = b, + b C.=ca+t+ec 

a=a, — az b=b, - b, CHO - 
ai + bj + ck is represented by OP from (0, 0, 0) to (a, b, c). Its length is 

V(a — 0) + (b — 0)’ + (c — 0) = Va? +b? +c’. 
Mang ai + bj + ck is represented by OP from (0, 0, 0) to (a, b, c). w = dai + dbj + dck is represented by 
00 from (0, 0, 0) to (da, db, dc). Clearly these points lie on the same line; so w is in the same direction 
as or the opposite direction from v, depending upon the sign of d. Furthermore 
lw| = Via? + d*°b? + d’c? = Vd*(a* + b*? +c’) = |d|lvi. 

Hence d(ai + bj + ck) = dai + dbj + dck. 

31. From Theorem 10.10 and Problem 30. 

jutvP=(utv)+(u+v) = lul? + 2u-v t+ |v? 
= |u|? + 2|ul + |v] + cos 6 + |v|? = |u|? + 2lul + |v] + |v? 
= ([u| + |v)’. 

Thus |u + v| Ss Ju| + |v]. 


Section 10.3 [pages 278-279] 

1. 84°, 64°, 27° 3. 103°, 116°, 29° 5: 125° 5125.125° 7. {—4, 2, 4} 9.425.252) 
11. {5, 1, —2} 13. (3, 8, 1), (4, 13, 3) 18. (3, 4, 5), (5, 5, 7) Mi Oy 35. = 2); Oy 33: = 3) 
19. x axis: {0°, 90°, 90°}, {1, 0, 0} 21. Parallel 23. Perpendicular 25. Coincident 


27. None 29. Perpendicular 


Section 10.4 [pages 286-287 | 


l = 54.3 =1-2rt Sa a 
= Ly = <= 73 5 4 
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SS Vee eee 











3.x =5+4t,y = -2+1t,z=1-2r2; = — = —_ 
7 Ms : 4 l 2 
eee hea 
Sok Hh 2 ya 1 ee ee, = y=! 
2 l 
7.x =4,y=4,z=1t+t;x =4,y =4 


11. 


13. 
15. 
21. 
31. 


~x =44+2t,y = -3t,z =54+ 4; 5 — 


x —4 y 2.5 








XS 8: yore’. ge] 
Y= 8 7 3.9 = 4" 26.2251 = SS SS 


x=S,yH=1ltt,z=3+tix =5,y —-l=z-3 
x=lry=-24+7,2 =3;x =1,2z =3 17. Do not intersect 19. Do not intersect 
The lines are identical 23. (2, 1, —1) 25. Perpendicular 27. None 29. Parallel 


x axis: {1, 0, 0}; y = 0, z =0 
y axis: {0, 1, 0}; x =0,z =0 
z axis: {0, 0, 1}; x =0, y =0 


Section 10.5 [pages 294-296] 


1. 
11. 
17. 
25. 


27. 


31. 


—5i+5j+5k 3.2i+j+7k 5. -i-j+3k 7. {1,-1,0} 9% {1,1,-1} 
{8, 5, —9} 3.x =3+ry=2-3t1,z=1-St 5.x =2+1ry =3-2t,2=1+ 41 
x=2+10t,y =t,z=5-8r 19. 24/V 30 21. 113/V 542 23. V26 


—> —> 
The area of AABC is A = 1/2 AB - BC - sin X BAC. If u is represented by AB, v by BC and 6 = X BAC, 
then A = 1/2|ul - |v| sin 6 = 1/2|u x vi. 


V 893/2 29. 13/2 



































ij k 
u*(v X w) = (qyi + bj + ck). jaz bd. © 
a, bs ¢3 
° ° b> C2 Qa C2). a? b; 
(aut bi) " cik) ( b, C3 Ax, C3 a3 b, ‘ 
_ br C2 _ a [a2 by 
= ie bs 63 i a3, C3 . oi b, 
Qa, b, Cy 
= |Q@2 b> C2 
a, bs ¢; 
ij k 


(u x v) “WwW = {a b, Cy] ° (a3i ae b3j + C3k) 
a2 b>, C2 
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b, Cy ~|@, Cy Qa, b, . 
= |j - + -(a3i + by) + c3k 
( bz C2 J G2 C2 a2 b> ( : J : 
b, C\ Q| C) Q\ b, 
=a —b +c 
: bz 2 : a2 2 : ar br 
a; b3 C3 ar b 
= 1a, b, Ci} = |Q@2 b> C2 
ar bz C2 a3 b; C3 


u:(v X w) = (u X v)° Ww 


33. 25 


Section 10.6 [pages 301-303] 





7. 3x —4y +z2+4=0 9. 3x —y —2z —17 =0 ll. 3x —4y + 22 +9=0 

13. 3x +y —-z-4=0 8.x +y-5=0 17.3%. 3y 4+ 2 = 23-=:0 19. 2x +y -9=0 
21. x + Sy + 3z — 26=0 23. 3x — 7y — 5z + 22 =0 25. X= 2 2h yy SHS Ke, 2H 1 8 
Zhe xX S244, ye 4 +25 29. Perpendicular 31. None 33. Parallel 35. (1, 3, 7) 
37. (4,1, -1) 39. Yes 


Section 10.7 [pages 309-310] 
1.5/2 3.0 5.0 £#71V2 ~~ = 9. 2,-5/2 11. V1I73. 13.572 15. V14/2 
17. V230/7 19.7 21. 11/2V26 23. V5 25. 52° 27. 80° 29. 146° 31. 42° 


33. A vector perpendicular to the plane is v = Ai + Bj + Ck. A, B, andC are not all 0. Suppose A # 0. Then 
a point in the plane is (—D/A, 0, 0). The vector u from (—D/A, 0, 0) to (4), y1, z:) is 
u = (x, + D/A)i + yj + zk. 


d= lu: v| _ A(x, + D/A) + By, + Cz,| 7 |Ax, + By, + Cz, + D| 


Iv| VA +B + C VA2+B°2+C? 
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Section 10.8 [page 313] 
1. 





11. Sphere: (1, 0, —2), 3 13. No locus 15. Sphere: (—1/2, 3/2, —1), 2 
17. Sphere: (1/3, —1/3, —2/3), 2V2/3 19. Point: (1, 1/2, —2) 
21. x7° + y? +27 -— Bx — 2y +42 + 12=0 23. x7 + y? +2°-— 4x — By — 14z + 65 = 0 
25. x2 + y2?+27- 4x -— 2y — 22 —-20=0, x7 + y? +2° — 14y + 142 + 72 = 0 
27. x7 + y? +27 — 27x + 35y — 63z — 28 = 0 
29. If (x, y, z) is on the sphere, its distance from the center Is r. 
VE hy RY Hk) Pe = 1) 7 


(x -—hyYt(y ~kyYP +z =] =F" 
The above argument is reversible since r is positive. 
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31. Ax? + Ay? + Az? + Gx+AHy +1z+J=0 


2 2 2 G H f J 
xo ey eZ? ae ey 2 0 
A A A A 
eG G? , xv H? , i J G? H? I’ 
XxX Te ee Xa er Mee ee ree ee De ee es We Sag ee freee eee ee 
A 4A A 4A A 4A A 4A 4A 4A 
G \? H \? I1\? G?+H’?4+IP—-4AJs 
x+—) +(y+—) +(2+—] =—— = K 
2A 2A 2A 4A 


If K > 0, the equation represents a sphere; if K = 0, it represents a point; if K < 0, it has no locus. 


Section 10.9 [pages 319-320] 


1. Ellipsoid 3. Circular paraboloid 5. Circular cone 





7. Circular paraboloid 9. Hyperboloid of two sheets 
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11. Hyperbolic paraboloid 13. Hyperboloid of two sheets 





17. Hyperboloid of two sheets 





19. Hyperboloid of one sheet 21. Hyperbolic paraboloid 23. Circular cone 
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25. Hyperboloid of one sheet 27, 2° =x? +y” 29. x’? + 4y’? + 92’? = 36 





Section 10.10 [pages 324-325] 

1. a. (V2, V2, 1) b. (—3/2, 3V3/2, -2) 2. a. (V2, 45°, 3). (2, 7/2, —2) 

3. a. (3/2V2, 3/2V2, 3V3/2_ b. (0, 0, 1) 

4. a. (2V2, 45°, 90°) b. (3, Arccos (2/V5), Arccos (—2/3)) 

5. a. (5, 30°, Arccos (4/5)) b. (2V2, 7/4, 37/4) 6. a. (2, 45°, 2V3)_b. (2, 2717/3, 0) 
7.r=2,psing =2 9. r°=2,p =csc g cot ¢ 

11. r? cos 20 — z* = 1, p*(sin’ » cos 20 — cos’ ¢) = 1 13. r°-—z* = 1, p’ = —sec 29 
15. z = 2xy Wz2=x' 4+ y’ 19. xy = z(z # 0) 21. x7 +9? +27-x=0 


Review 10 [pages 325-327] 
1. (—1, 2, 2) 3. (60°, 120°, 45°) 5. Parallel 


Se + 3 ~ § 
x24 3ry=-3- 2,2 85465 ==? = 


llkx-—2y-4=0 13. 1/3 15. 2V3/3 17. 68° —- 19. Point: (1/2, 1, —3/2) 





9 ls D55=2) 


21. Hyperbolic cylinder 23. Hyperbolic paraboloid 


2 
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25. z=x 27. x°+y?+27-2e+y =0 29. A = (1/2, 9/2, —5), B = (7/2, 7/2, -1) 
31.x =3 + 18t,y =5+7t,z =-2-31 33. llx — 6y — 7z — 53 =0 35. Oblate spheroid 


37. Letu=i, v=j, w=j+k 
VX w=i, uX(v xX w) =0, 2 
uxv=k, (uv) xX w= -i, 
u X (v X w) #(u X v) X Ww 








INDEX 


Abscissa, 2 
Absolute value of a vector, 40 
Addition of ordinates, 205—206, 211 
Addition of vectors, 39 
Amplitude, 210 
Analytic proofs, 7-8 
Angle 
between two lines, 24-31, 307 
between two planes, 308 
between two vectors, 48-49, 268-269, 306 
bisector, 27-30, 78-79 
direction, 274, 276 
of incidence, 138 
of inclination, 17 
of reflection, 138 
of rotation, 168 
Arcsin. See Inverse trigonometric functions 
Asymptote 
honzontal, 185-188 
of a hyperbola, 133 
odd and even, 192-196 
slant, 204-205 
vertical, 184-185 
Averages, method of, 89-91 
Axes 
rectangular, 2-3, 261 
rotation of, 168-179 
translation of, 152-168, 320 
AXIS 
conjugate, of a hyperbola, 132 
major, of an ellipse, 124 
minor, of an ellipse, 124 
of a parabola, 118 


Axis (cont.) 
polar, 224 
transverse, of a hyperbola, 132 


Basis vectors, 41, 267 


Cardioid, 227, 231, 258 
Center 
of a circle, 95 
of an ellipse, 124 
of a hyperbola, 132 
of a sphere, 311 
Circle(s), 95-114, 231, 244-245 
definition of, 95 
degenerate cases, 98-99 
equation of 
general form, 96 
in polar coordinates, 231, 244-245 
standard form, 95 
families of, 108-114 
involute of, 258 
Cissoid of Diocles, 260 
Completing the square, 96-97, 157-159 
Components of a vector, 41, 268 
Conchoid, 257 
Cone, equation of, 317-318 
Conic sections, 115—180, 203-206, 232, 239-244 
degenerate cases, 115-116, 160 
in polar coordinates, 232, 239-244 
reflection properties, 138-147 
and a right circular cone, 147-150 
Conjugate axis of a hyperbola, 132 
Conjugate hyperbolas, 135 
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Coordinate line, 1 
Coordinate plane, 261 
Coordinates 
cylindrical, 320-321 
left-hand, 261-262 
polar, 224—245 
rectangular, 1-3, 261-262 
relationship between rectangular and cylindrical, 


321 

relationship between rectangular and _ polar, 
235-239 

relationship between rectangular and spherical, 
322-323 


right-hand, 261-262 

spherical, 322-325 
Cosecant. See Trigonometric functions 
Cosine. See Trigonometric functions 
Cotangent. See Trigonometric functions 
Covertex of an ellipse, 124 
Cross product, 287-296 
Curve fitting, 88-93 
Cycloid, 254-255 
Cylinder, 310-311 

directrix of, 310 

generatrix of, 310 
Cylindrical coordinates, 320-321 


Degenerate cases 
of a circle, 98-99 
of an ellipse, 115-116, 159-160 
of a hyperbola, 115-116, 160 
of a parabola, 115-116, 160 
of a sphere, 312 
Descartes, René, 3 
Difference of two vectors, 40 
Directed line segment, 38-39 
equivalence, 38 
head, 38 
tail, 38 
Direction angles 
of a line, 276 
of a vector, 274 
Direction cosines 
of a line, 276 
of a vector, 274 
Direction numbers 
of a line, 276 
of a vector, 275 
Directnx 
of a cylinder, 310 
of an ellipse, 127 
of a hyperbola, 136-137 
of a parabola, 115 
Distance 
between parallel lines, 76, 295 


Index 


Distance (cont.) 


between parallel planes, 309 
between skew lines, 290-295 
between two points, 4-10, 263 
from a point to a line, 74-81, 245, 305-306 
from a point to a plane, 303-305 
Domain 
of an equation, 198-203 
of a function, 31 
of parametric equations, 247 
Dot product, 48-55, 269 


e (base of the natural logarithm), 216 
Eccentricity 

of an ellipse, 127, 240 

of a hyperbola, 136-137, 240 

of a parabola, 128, 240 
Ellipse, 123-131, 155-163, 232, 239-244 

definition of, 123 

degenerate cases, 115-116, 159-160 

equation of 

general form, 156 
standard form, 124-125, 155 

in polar coordinates, 232, 239-244 
Ellipsoid, 314 
Elliptic cone, 317-318 
Elliptic paraboloid, 316 
Epicycloid, 258 
Equation of a locus, 33-36, 252-258 
Equations of rotation, 169, 172 
Equations of translation, 153 
Equilibrium of forces, 59 
Equivalent directed line segments, 38 
Equivalent forces, 56-60 
Exponential functions, 216-219 


Falling bodies, 252-255 
Familes 

of lines, 81-88 

of circles, 108-114 
Focus 

of an ellipse, 123 

of a hyperbola, 131 

of a parabola, 115 
Forces 

equivalent, 56-60 

in equilibrium, 59 

represented by vectors, 56-60 
Function, 31 

vector valued, 248-252 


Generatrix of a cylinder, 310 
Graph 

of an equation, 30-33 

of a number, | 


Index 


Graph (cont. ) 


of parametric equations, 245-252 
in vector functions, 248-252 
in polar coordinates, 226-232 


Head of a directed line segment, 38 
Hyperbola, 131-138, 155-163 
conjugate, 135 
definition, 131 
degenerate case, 115-116, 160 
equation of 
general form, 156 
standard form, 132-134, 155 
in polar coordinates, 232, 239-244 
Hyperbolic functions, 220-222 
definition of, 220 
graphs of, 220-222 
Hyperbolic paraboloid, 317 
Hyperboloid 
of one sheet, 315 
of two sheets, 315-316 
Hypocycloid, 258 


Incidence, angle of, 138 
Inclination of a line, 17 
Inner product, 50, 269 


Intercepts 

of a curve, 183-184 

of a line, 68 

odd and even, 192-196 
Invariant 


under translation, 165, 168 

under rotation, 176-179, 203-204 
Inverse hyperbolic functions, 222 
Inverse trigonometric functions, 212-215 
Involute of a circle, 258 


Latus rectum 
of an ellipse, 124-125 
of a hyperbola, 134 
of a parabola, 118 
Left-hand coordinate system, 261-262 
Lemniscate, 228, 232 
Length of a vector, 40 
Limacon, 227, 232 
Line(s) 
equation of, 62-93, 245, 249-251, 279-287 
from empirical data, 88-93 
general form, 71 
intercept form, 69 
normal form, 81, 245 
parametric, 249-251, 279-287 
point-slope form, 62 
slope-intercept form, 68 
symmetric, 284 


403 


Line(s) (cont.) 
two-point form, 64 
vertical, 64 
families of, 81-88 
parallel, 72-73, 278 
perpendicular, 72-73, 278 
in space, 279-287 
Logarithm, 218-219 
definition, 218 
tables, 330-331 


Major axis of an ellipse, 124 
Midpoint formulas, 14-16, 266 
Minor axis of an ellipse, 124 
Multiplication of vectors 

cross product, 287 

dot product, 50, 269 

scalar multiple, 40 


Nappe of a cone, 115, 147 
Natural logarithm. See Logarithm 
Normal form of a line, 81, 245 
Normal line to a plane, 296-303 


Oblate spheroid, 314 
Octant, 261 
Ordinate(s), 2 

addition of, 205-206 
Origin, 1, 224, 261 
Orthogonal vectors, 50, 269 
Outer product, 287 


Parabola, 115-122, 154-163 
definition of, 115 
degenerate cases, 115-116, 160 
equation of 
general form, 156 
standard form, 118-119, 155 
in polar coordinates, 232, 239-244 
Paraboloid 
elliptic, 316 
hyperbolic, 317 
Parallel lines, 21-22, 72-73, 278 
Parallel planes, 301 
Parameter, 82, 245 
Parametric equations, 245-258 
for a line in the plane, 249-251 
for a line in space, 279-287 
of a locus, 252-258 
Period, 209 
Perpendicular lines, 21-22, 72-73, 278 
Perpendicular planes, 301 
Perpendicular vectors, 50, 269 
Plane, 296-303 
Point-of-division formulas, 10-16, 264-265 
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Point of intersection 
in polar coordinates, 232—235 
in rectangular coordinates, 31—33 
Polar axis, 224 
Polar coordinates, 224-245 
conic sections, 232, 239-244 
graphs, 226-232 
relationship between polar and rectangular coordi- 
nates, 235-239 
Pole, 224 
Prime factors, table of, 333 
Product 
cross, 287-296 
dot, 48-55, 269 
inner, 50, 269 
outer, 287 
scalar, 50, 269 
vector, 287 
Projectile, 252-255 
Projection of one vector upon another, 51-53, 
270-273 
Prolate spheroid, 314 


Quadrant, 3 
Quadric surfaces, 314-320 


Radian, 209 
Radical axis, 111 
Radius 
of a circle, 95 
of a sphere, 311 
Range of a function, 31 
Rectangular coordinates 
relationship between rectangular and cylindrical 
coordinates, 321 
relationship between rectangular and polar coordi- 
nates, 235-239 
relationship between rectangular and spherical co- 
ordinates, 322-323 
Reflection, angle of, 138 
Reflection properties of conics, 138-147 
Representative of a vector, 39, 270 
Residual, 89 
Right-hand coordinate system, 261-262 
Rose, four-leafed, etc., 228, 231 
Rotation, 168-179 
equations of, 169-172 


Scalar, 40 

Scalar multiple, 40 

Scalar product, 50, 269 

Secant. See Trigonometric functions 
Sector, 209 


Index 


Selected points, method of, 88-89 
Sine. See Trigonometric functions 
Slope of a line, 17-19 
Sphere, 311-313 
equation of 
general form, 312 
standard form, 311 
Spherical coordinates, 322-325 
Spheroid 
oblate, 314 
prolate, 314 
Square roots, table of, 333 
Squares, table of, 333 
Strophoid, 257 
Sum of two vectors, 39 
Symmetry 
about the axes, 190-191, 228-232 
about the origin, 192, 228-232 


Tail of a directed line segment, 38 
Tangent. See Trigonometric functions 
Tangent line 
to conics, 144-147 
to an ellipse, 128-131 
to a hyperbola, 138 
to a parabola, 120-122 
Trace of a surface, 314 
Translation, 152-168, 320 
equations of, 153, 320 
Transverse axis of a hyperbola, 132 
Tnigonometric functions, 208-212 
tables of, 332 


Vector(s), 38-61, 248-252, 267-273, 287-295 
basis, 41, 267 
definition of, 39 
difference, 40, 267 
directed along a line, 276 
functions, 248-252 
in the plane, 38-61 
product, 287-296 
proofs, 55-57 
representative of, 39, 270 
in space, 267-273, 287-295 
sum, 39, 268 

Vertex 
of an ellipse, 124 
of a hyperbola, 132 
of a parabola, 118 


Witch of Agnesi, 259 


Zero vector, 39 
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